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Introduction 

The aim of this work is to present a geometric construction of modules over Lusztig's 
small quantum groups. To give a better idea of a problem, we first make some 
historical remarks. 

I.l. The story begins with Knizhnik-Zamolodchikov system of differential equa- 
tions 

dZj^ K Zi Zj 

i = 1, . . . ,n. Here (f){z) = (f){zi, . . . , Zn) is a function of complex variables with values 
in a tensor product M = Mi®M2®. . . M„ of g-modules, q being a semisimple complex 
Lie algebra. One fixes an invariant symmetric inner product on q, given by a tensor 
^ £ ® 0- For i 7^ j, Qij is the endomorphism of M induced by the multiplication by 
Q, acting on Mj Mj, and k is a non-zero complex parameter. The system (1.1) is of 
primary importance. It was discovered by physicists, [KZ] , as a system of differential 
equations on correlation functions in Wess-Zumino-Witten models of two dimensional 
conformal field theory. 

As was discovered in the other physical paper [DF] (based on the fundamental work 
by Feigin and Fuchs, [FF]), the correlation functions in conformal field theories may 
be expressed in terms of the following integrals of hypergeometric type 

Hzi, ... ,Zn)^ I r(zi, ... ,Zn]h,... ,tN)ll {zi - tjp^ n (tp - Uf^'dt (7.2) 

where r{z]t) is a rational function, aij,bpq are complex numbers. So, we are dealing 
with integrals over homology cycles of some one-dimensional local systems over a 
configuration space 

X^(^i,...,^„)=C^\ u {^. = ^.}\ U {ip = h} (^-3) 

l<i<n; l<j<N l<P<q<N 

(the coordinates on being ti), these integrals depending on zi, . . . , as on pa- 
rameters. The integrals I{zi,... ,Zn), as functions of z, satisfy the Gauss-Manin 
differential equations. These results have been obtained by the powerful technique of 
hosonization in the representation theory of Virasoro and Kac-Moody Lie algebras. 

Inspired by these (and other) physical works, one wrote down in [SVl] the complete 
(for generic k) set of solutions of KZ equations in terms of the integrals (1.2). In 
this paper, an interesting phenomenon has been found. It turned out that the the 
contragradient Verma modules over g and the irreducible ones could be realized in 
some spaces of logarithmic differential forms over the spaces {z) (in the same 
manner, their tensor products appeared over the spaces X^(^i, . . . , z^)). The picture 
resembled very much the classical Beihnson-Bernstein theory of localization of 0- 
modules, [Bl]. The role of the flag space G/B is played by the above configuration 
spaces; in order to restore the whole module, one has to consider the spaces [z) 
for all A^. The Verma modules are connected with the !-extensions of some standard 
local systems, their contragradient duals — with ^-extensions. 

The other part of the story is the important Kohno-Drinfeld theorem, [K], [D], 
which says that the monodromy of the solutions of (I.l) is expressible in terms of the 
it!-matrix of the quantized enveloping algebra UqQ. The quantization parameter q is 
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connected with the parameter k in (I.l) through the identity 

5 = exp(27ri/ft;) (/.4) 

Another proof of this theorem follows from the results of [SVl], since the monodromy 
of the integrals (1.2) may be explicitely calculated. Moreover, it turned out that the 
results of [SVl] may be transferred into the topological world, with cycles replacing 
differential forms, and this way one got the realization of standard representations of 
the quantum group f/^g, cf. [SV2]. As B.Feigin put it at that time, "differential forms 
are responsible for the Lie algebra g, and cycles — for the quantum group" . 

The idea to realize standard representations of quantum groups in certain cohomology 
of configuration spaces appeared also in [FW]. The important role of the adjoint 
representation and certain higher- dimensional local systems over the configuration 
spaces of curves of higher genus was first revealed in [CFW] . 

One noted (cf. [S]) that in the topological world, the standard representations of a 
quantum group are realized in certain spaces of vanishing cycles, and the operators 
of the quantum group as the Lefschetz-Deligne canonical and variation maps between 
them. This implied the idea that some categories of representations of quantum 
groups could be realized geometrically as categories of compatible systems of perverse 
sheaves (smooth along some natural stratifications) over various configuration spaces. 
Here the main point of inspiration was Beilinson's Gluing theorem, allowing one to 
glue perverse sheaves from various spaces of vanishing cycles, [B2]. In the present 
work, we suggest a construction of such geometric category. 

1.2. Here is a brief guide through the text. It consists of six parts. Part contains 
a detailed overview of Parts I — V, which constitute the main body of the work. 
We recommend the reader to look through this part. (Practically) all the results of 
the work are precisely formulated, and the exposition may be in some respects more 
clear. We also recommend to look through the introductions to all Parts, where their 
contents is described. 

The plan of Parts I and II resembles that of [SVl]. In part I, we give some general 
results concerning perverse sheaves on the affine plane smooth along the stratification 
associated by an arrangement of hyperplanes. This is a nice subject in itself, maybe 
of independent interest. To each perverse sheaf as above, we assign a linear algebra 
datum, by means of which one can compute the cohomology of this sheaf. 

Part II contains some important results concerning the perverse sheaves on configu- 
ration spaces. Technically, it is a base of our main results. In particular, it contains 
the proof of all results announced in [SV2] (so, it may be instructive to look through 
op. cit. before reading Part II). 

Part HI contains our main definition — of the tensor category J^S of factorizable 
sheaves. A factorizable sheaf is certain compatible collection of perverse sheaves over 

configuration spaces, cf. Definition 4.2. We recommend to read Part 0, Introduction, 
1.2, where this definition is explained in a slightly different language. This is the main 
hero of the present work. 

The main theorem of this work claims that this category is equivalent to the category 
C connected with Lusztig's small quantum group, cf. Theorem 17.1. See also Theorem 
18.4 for a similar result, but with the generic quantization parameter 
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In Parts IV and V, we want to globalize our constructions. The category TS is a local 
object — factorizable sheaves leave on a (formal) disk. As it is usual in conformal 
field theory, we can place these sheaves into points of an arbitrary algebraic curve C. 
As a result, we get some interesting perverse sheaves on symmetric powers of C. 

In Part IV, we study the case of a projective line. It turns out that the cohomology 
of the above "glued" perverse sheaves are expressible in terms of the Arkhipov's 
" semiinfinite" cohomology of the quantum group, cf. Theorem 8.4. In Part V, we 
study the case of an arbitrary curve C, and families of curves. As an application, we 
get the semisimplicity of the local systems of conformal blocks in Wess-Zumino-Witten 
models, cf. Corollary 19.9. 

1.3. In this work, we live in the topological world. To go back to the world of differen- 
tial equations, one should pass from perverse sheaves to P-modules. If one translates 
our constructions to the language of I'-modules, one gets a geometric description of 
0- modules (at least for a generic k), cf. [KSl], [KS2]. If one could say that the present 
work puts [SV2] in a natural framework, then [KSl], [KS2] play the similar role for 
[SVl] . Kohno-Drinfeld theorem then translates into Riemann-Hilbert correspondence. 

1.4. We believe that the geometry studied in this work is an instance of the semiin- 
finite geometry of the configuration space of a curve. We learnt of this concept from 
A. Beilinson in 1991. It is intimately, though mysteriously, related to the geometry of 
semiinfinite flag space we learnt from B. Feigin since 1989. For example, the definition 
of the category VS of factorizable sheaves on the semiinfinite fiag space just copies 
the definition of factorizable sheaves in the present work, cf. [FM]. Also, the semiin- 
finite cohomology of the small quantum group arise persistently in the computation 
of IC-hypercohomology of both configuration spaces and Quasimaps' spaces (finite- 
dimensional approximations of the semiinfinite fiag space) , cf . [FK] and [FFKM] . The 
more striking parallels between the two theories are accounted for in [FKM] . 

1.5. The ideas of A. Beilinson and B. Feigin obviously penetrate this whole work. 
During the preparation of the text, the authors benefited from the ideas and sugges- 
tions of P. Deligne, G. Felder and D. Kazhdan. We are very obliged to G. Lusztig for 
the permission to use his unpublished results. The second author is happy to thank 
L. Positselski whose friendly help came at the crucial moment. Our special gratitude 
goes to D. Kazhdan and Yu.I. Manin for the important incouragement at the initial 
(resp. final) stages of the work. 
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Part 0. OVERVIEW 



1. Introduction 



1.1. Let (/, ■) be a Cartan datum of finite type and {Y,X,... ) the simply connected 
root datum of type (/,■); cf. 

Let / > 1 be an integer. Set i = 2); to simplify the exposition, we will suppose in 
this Introduction that di := i-i/2 divides i for all i G /; we set £i := i/di. We suppose 
that all ii > 3. Let p G X be the half-sum of positive roots; let G X be defined 
by = — 1 {i & I)- We define a lattice C F by = {p G X\ for all p' G 

X,p ■ p' G iZ}, and set d^ = card(X/Y£). 

We fix a base field k of characteristic not dividing /. We suppose that k contains a 
primitive l-th root of unity (, and fix it. Starting from these data, one defines certain 
category C. Its objects are finite dimensional X-graded k-vector spaces equipped with 
an action of Lusztig's "small" quantum group u (cf. [[C2[] ) such that the action of its 
Cartan subalgebra is compatible with the X-grading. Variant: one defines certain 



algebra u which is an "X-graded" version of u (see |12.2|) , and an object of C is a finite 

dimensional u-module. For the precise definition of C, see 2.11 , p. 13 . For / prime and 
chark = 0, the category C was studied in [ [A J S[ | , for chark > and arbitrary /, C was 
studied in [[AW|| . The category C admits a remarkable structure of a ribbor^ category 
(Lusztig). 



1.2. The main aim of this work is to introduce certain tensor category JF5 of geomet- 
ric origin, which is equivalent to C. Objects of are called (finite) factorizable 
sheaves. 

A notion of a factorizable sheaf is the main new concept of this work. Let us give an 
informal idea, what kind of an object is it. Let D be the unit disk in the complex 
planeQ. Let V denote the space of positive y-valued divisors on D. Its points are 
formal linear combinations ' ^ ^ •= N[/],x G D). This space is a disjoint 
union 

V= Y[ 

where D'^ is the subspace of divisors of degree v. Variant: D'^ is the configuration 
space of V points running on D; its points are (isomorphism clases of) pairs of maps 

(J — ^ D, i Xj] n : J — > I, j ^ ij), 

J being a finite set. We say that we have a finite set {xj} of (possibly equal) points of 
D, a point Xj being "coloured" by the colour ij. The sum (in Y) of colours of all points 
should be equal to u. The space is a smooth affine analytic variety; it carries a 
canonical stratification defined by various intersections of hypersurfaces {xj = 0} and 
{xj' = Xj"}. The open stratum (the complement of all the hypersurfaces above) is 
denoted by A"". 



^in other terminology, braided balanced rigid tensor 

^Onc could also take a complex afRne line or a formal disk; after a suitable modification of the 
definitions, the resulting categories of factorizable sheaves are canonically equivalent. 
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One can imagine D as a F^-graded smooth stratified variety. Let A = jj A'^ G V he 
the open F+-graded subvariety of positive F- valued divisors on — {0}. We have an 
open F+-graded subvariety = U A"^" C A. 

Let us consider the (F"^) ^-graded variety 

AxA = Y[ A''' X A""'; 
we define another ^-graded variety A x A, together with two maps 
(a) ^ X ^ ^ A^ ^ A 

respecting the F^-grading^; the map p is a homotopy equivalence. One can imagine 
the diagram (a) above as a "homotopy multiplication" 

: ^ X ^ y A; 

this "homotopy map" is "homotopy associative"; the meaning of this is explained in 
the main text. We say that ^ is a (^'''-graded) "homotopy monoid"; C ^ is a 
" homotopy sub monoid" . 

The space D is a "homotopy ^-space": there is a "homotopy map" 

m-p : V X A — > V 
which is, as above, a diagram of usual maps between F^-graded varieties 

{h)VxA^ V^A 

p being a homotopy equivalence. 

For each /i G X, i/ G , one defines a one- dimensional k- local system over 
A'^° . Its monodromies are defined by variuos scalar products of "colours" of running 
points and the colour /i of the origin G -D. These local systems have the following 
compatibility. For each /i G X, z^i, z/2 G F^, a factorization isomorphism 

is given (where m,p are the maps in the diagram (a) above), these isomorphisms 
satisfying certain (co) associativity property. The collection of local systems {X^} is 
an X-graded local system 1 = ® l^i over A° . One could imagine the collection of 
factorization isomorphisms {^/^(z^i, 2^2)} as an isomorphism 

0: m;^oX^XKX 

We call X the braiding local system. 

Let X* be the perverse sheaf on A which is the Goresky-MacPherson extension of the 
local system X. The isomorphism above induces a similar isomorphism 

This sheaf, together with 0*, looks like a "coalgebra"; it is an incarnation of the 
quantum group u. 

A factorizable sheaf is a couple 

(/i G X ("the highest weight"); a perverse sheaf X over X>, smooth along the canonical 
stratification) . 

•^a (F"*") ^-graded space is considered as a F+-graded by means of the addition {Y^Y — ^ ■ 
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Thus, X is a collection of sheaves X'^ over V^. These sheaves should be connected by 
factorization isomorphisms 

satisfying an associativity property. Here m,p are as in the diagram (b) above. One 
could imagine the whole collection {^(z/i, z/2)} as an isomorphism 

ip : m*^X ^TMX 

satisfying a (co) associativity property. We impose also certain finiteness (of singu- 
larities) condition on X. So, this object looks like a "comodule" over I*. It is an 
incarnation of an u-module. 

We should mention one more important part of the structure of the space V. It 
comes from natural closed embeddings l,^ : P ^ I?[z/] (were [u] denotes the shift of 
the grading); these mappings define certain inductive system, and a factorizable sheaf 
is a sheaf on its inductive limit. 

The latter inductive limit is an example of a "semiinfinite space". 
For the precise definitions, see Sections |^, ^ below. 

The category J-'S has a structure of a braided balanced tensor category coming from 
geometry. The tensor structure on J-'S is defined using the functors of nearby cycles. 
The tensor equivalence 

$ : ^ C 

is defined using vanishing cycles functors. It respects the braidings and balances. This 
is the contents of Parts I-III. 



1.3. Factorizable sheaves are local objects. It turns out that one can "glue" them 
along complex curves. More precisely, given a finite family {Xa}a(^A of factorizable 
sheaves and a smooth proper curve C together with a family {xa, Tq}^ of distinct 
points Xq G C with non-zero tangent vectors at them (or, more generally, a family 
of such objects over a smooth base S), one can define a perverse sheaf, denoted by 

on the (relative) configuration space C^. Here u G is defined by 
(a) u = J2aeA /^a + {2g - 2)pe 

where g is the genus of C, fia is the highest weight of Xa. We assume that the right 
hand side of the equality belongs to Y~^. 

One can imagine this sheaf as an "exterior tensor product" of the family {Xa} along 
C. It is obtained by "planting" the sheaves Xa into the points Xa- To glue them 
together, one needs a "glue". This glue is called the Heisenberg local system Ti; 
it is a sister of the braiding local system I. Let us describe what it is. 

For a finite set A, let A4a denote the moduli stack of punctured curves (C, {xa, ToIa) 
as above; let rj : Ca — ^ M.A be the universal curve. Let 6a = det(i??7^,Cc'A) be the 
determinant line bundle on M-a, and M.A;S — ^ TWa be the total space of 6a with the 
zero section removed. For u G Y^, let r]" : Ca — ^ A^a be the relative configuration 
space of u points running on Ca', let C Ca be the open stratum (where the running 
points are distinct and distinct from the punctures Xa). The complementary subscript 
0^ will denote the base change under A4a;S — ^ -^a- The complementary subscript 



9 



{)g will denote the base change under M.A,g ^ -Ma, ■M.A,g being the substack of 
curves of genus g. 

The Heisenberg local system is a collection of local systems 'Hfi-A,g over the stacks 
C'^g.^. Here fl is an A-tuple {fia} £ ^ = ^{f^] g) is defined by the equality (a) 
above. We assume that fl is such that the right hand side of this equality really 
belongs to . The dimension of 'Hft-A,g is equal to df; the monodromy around the 
zero section of the determinant line bundle is equal to 

(b) C = (_l)card(/)^-12p.p_ 

These local systems have a remarkable compatibility ("fusion") property which we do 
not specify here, see Section |15. 

1.4. In Part IV we study the sheaves | x | ^^'* Xa ^oi C = P^. Their cohomology, when 
expressed algebraically, turn out to coincide with certain " semiinfinite" Tor spaces 
in the category C introduced by S.M.Arkhipov. Due to the results of Arkhipov, this 
enables one to prove that "spaces of conformal blocks" in WZW models are the natural 
subquotients of such cohomology spaces. 

|(C) 

1.5. In Part V we study the sheaves | x |^ Xa for arbitrary smooth families of punc- 
tured curves. Let | x |^ ^ Xa denotes the "universal exterior product" living on C'^g.g 

where z/ = g) is as in [T]^ (a) above, fl = {fia}, fi'a being the highest weight of Xa. 
Let us integrate it: consider 

L [^A,g ■■= RV:i[^A, ^^y^ 

it is a complex of sheaves over A4A,g;S with smooth cohomology; let us denote it 
(®A '^a)g- The cohomology sheaves of such complexes define a fusion structur^ on 
J-'S (and hence on C). 

The classical WZW model fusion category is, in a certain sense, a subquotient of one 
of them. The number c, |1.3| (b), coincides with the "multiplicative central charge" of 
the model (in the sense of ||BFM|| ) . 



As a consequence of this geometric description and of the Purity Theorem, ||BBD|| , the 



local systems of conformal blocks (in arbitrary genus) are semisimple. The Verdier 
duality induces a canonical non-degenerate Hermitian form on them (if k = C). 

1.6. We should mention a very interesting related work of G.Felder and collaborators. 
The idea of realizing quantum groups' modules in the cohomology of configuration 
spaces appeared independently in |FW|. The Part V of the present work arose from 



our attempts to understand ||CFW 



1.7. This work consists of 6 parts. Part is an overview of the Parts I-V. More 
precisely. Chapter 0.1 surveys the Parts I-III; Chapter 0.2 is an exposition of Part 
IV, and Chapter 0.3 is an exposition of Part V. The proofs are given in the Parts 
I-V. Part contains no proofs, but we hope that it clarifies the general picture to 
some extent. Each part starts with a separate Introduction. The references within 
one Part look like 1.1.1, and the references to other parts look like 1. 1.1.1. The first 
author would like to stress that his contribution is limited to chapters 1,2 of Part V. 



^actually a family of such structures (depending on the degree of cohomology) 
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The remaining authors would hke to note that these chapters consitute the core 
Part V. 
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Chapter 1. Local. 

2. The category C 

2.1. We will follow Lusztig's terminology and notations concerning root systems, 
cf. lETl. 



We fix an irreducible Cartan datum (/, ■) of finite type. Thus, J is a finite set together 
with a symmetric Z- valued bilinear form z/i,z/2 ^— ui ■ 1^2 on the free abelian group 
Z[/], such that for any i & I, i - i is even and positive, for any i^j in I, 2i-j/i-i<0 
and the I x /-matrix {i ■ j) is positive definite. We set di = i ■ i/2. 

Let d = maxjg/ rfj. This number is equal to the least common multiple of the numbers 
di, and belongs to the set {1, 2, 3}. For a simply laced root datum d = 1. 

We set Y = Z[I],X = Hom(F, Z); (, ) : Y x X — > Z will denote the obvious pairing. 
The obvious embedding I ^ Y will be denoted by i 1— > z. We will denote hj i ^ i' 
the embedding I --^ X given by = 2i ■ j/i ■ i. (Thus, (Y,X,...) is the simply 

connected root datum of type (J, ■), in the terminology of Lusztig.) 

The above embedding I G X extends by additivity to the embedding Y G X. We 
will regard Y as the sublattice of X by means of this embedding. For z/ G F, we will 
denote by the same letter u its image in X. We set Y^ = N[/] C Y. 

We will use the following partial order on X. For yUi,/i2 G X, we write /ii < fi2 if 
— yUi belongs to Y^. 

2.2. We fix a base field k, an integer / > 1 and a primitive root of unity C G k as in 
the Introduction. 

We set £ = / if / is odd and i = 1/2 if / is even. For i G /, we set ii = di). Here 
(a, b) stands for the greatest common divisor of a, b. We set Q = We will assume 
that ii > 1 for any i G / and ii > + 1 for any i ^ j in I. 

We denote by p (resp. pi) the element of X such that {i, p) = 1 (resp. {i, pi) = ii — 1) 
for all i & I. 

For a coroot /5 G V, there exists an element w of the Weyl group W of our Cartan 
datum and i G / such that w{i) = (3. We set ip := this number does not depend 
on the choice of w and i. 

We have p = \Y1, Pi = \Yl, {^a~ the sums over all positive roots a G X. 
For a G Z, i G /, we set \a\i = 1 - C~'^"' . 

2.3. We use the same notation /ii, p^ ^ for the unique extension of the bilinear 
form on y to a Q- valued bilinear form on Y ®z Q = X ®z Q- 

We define a lattice = {A G X\ for all yU G X, A ■ /i G £Z}. 

2.4. Unless specified otherwise, a "vector space" will mean a vector space over k; ® 
will denote the tensor product over k. A "sheaf (or a "local system") will mean a 
sheaf (resp. local system) of k- vector spaces. 

If (T, S) is an open subspace of the space of complex points of a separate scheme of 
finite type over C, with the usual topology, together with an algebraic stratification S 
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satisfying the properties [BBD] 2.1.13 b), c), we will denote by AiiT; S) the category 



of perverse sheaves over T lisse along S, with respect to the middle perversity, cf. 
EKDj 2.1.13, 2.1.16. 



2.5. Let 'f be the free associative k-algebra with 1 with generators 6i {i G /). For 
u = ^ ^[^y Ist 'fi, be the subspace of 'f spanned by the monomials ■ . . . ■ 
such that J2j ij = in N[J]. 

Let us regard 'f ® 'f as a k-algebra with the product {xi ® X2){yi ® 1/2) = C^'^xiyi ® 
X2y2 G 'fu,yi G 'f/i)- Let r denote a unique homomorphism of k-algebras 'f — > 
'f (g) 'f carrying Oi to 1 ® Oi + Oi ® 1 {i e I). 

2.6. Lemma-definition. There exists a unique k-valued bilinear form (-, ■) on 'f such 
that 

(i) (1,1) = 1; {ei,9j)=5ij {i,jel);{u) ix,yy') = {r{x),y y') for all x,y,y' e 'f. 
This bilinear form is symmetric. □ 

In the right hand side of the equality (ii) we use the same notation (-, ■) for the bilinear 
form on 'f 'f defined by (xi 0X2, yi ® 2/2) = (a^i, l/i)(a^2, 2/2)- 

The radical of the form 'f is a two-sided ideal of 'f. 

2.7. Let us consider the associative k-algebra u (with 1) defined by the generators 
ej, 9i {i & I), Ky {y G Y) and the relations (a) — (e) below. 

(a) = 1, KyK^ = Ky+^ (z/,/i G F); 

(b) Kye, = C^^^^'hiKy (zg/,i/GF); 

(c) K,ei = C^'''''^OiK, (teI,iyeY); 

(d) e,e, - C^9je, = 6,,{1 - Rr^) {1,3 G /). 

Here we use the notation Ky = Hi K^^y-i (z/ = ^d)- 

(e) If f{Oi) G 'f belongs to the radical of the form (-, ■) then f{Oi) = f{ei) = in u. 

2.8. There is a unique k-algebra homomorphism A : u — > u Cg> u such that 
A(ei) =ei®l + k;^ (g) Ei] A(^,) =61®! + Kr^ ® Oi] A{Ky) = Ky®Ky 

for any i & 1,1/ Here u (g u is regarded as an algebra in the standard way. 

There is a unique k-algebra homomorphism e : u — > k such that e(ej) = e{6i) = 
0,e(Ky) = 1 {i e I,u eY). 

2.9. There is a unique k-algebra homomorphism s : u — > u°pp such that 

s{ei) = -eiku siOi) = -OiKu s{K,) = K^, {iel,ue Y). 
There is a unique k-algebra homomorphism s' : u — > u°pp such that 

s\ei) = -k,ef, s'{e,) = -KA; s\Ky) = K^y g /, z/ G F). 



2.10. The algebra u together with the additional structure given by the comultipli- 
cation A, the counit e, the antipode s and the skew-antipode s' , is a Hopf algebra. 
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2.11. Let us define a category C as follows. An object of C is a u- module M which is 
finite dimensional over k, with a given direct sum decomposition M = ©agx Mx (as 
a vector space) such that K,^x = C'^'^'^'^x for any G Y, A G X, a; G Ma. A morphism 
in C is a u-linear map respecting the X-gradings. 

Alternatively, an object of C may be defined as an X-graded finite dimensional vector 
space M = © Mx equipped with linear operators 

Oi-.Mx^ Mx-i', er.Mx-^ Mx+v {ieI,XeX) 

such that 

(a) for any i, j & I , \ & X, the operator tiOj — Q'Wjei acts as the multiphcation by 
5ij[{i, on Ma. 

Note that [(z, A)]i = [{dii, A)] = [i' ■ A]. 

(b) If f{Oi) G 'f belongs to the radical of the form (-, ■) then the operators f{6i) and 
/(ej) act as zero on M. 

2.12. In [ [C2| Lusztig defines an algebra ug over the ring B which is a quotient 
of Z[f,f^^] (f being an indeterminate) by the /-th cyclotomic polynomial. Let us 
consider the k-algebra U|< obtained from by the base change B — > k sending 
V to The algebra is generated by certain elements Ei,Fi,Ki {i G /). Here 
Ei = Fn = Fj>^^ in the notations of loc.cit. 

Given an object M G C, let us introduce the operators Ei, Fi, Ki on it by 

Ei ~ 2 ^i-^ii Ei Oi, Ki Ki- 

2.13. Theorem. The above formulas define the action of the Lusztig's algebra u^^ on 
an object M. 

This rule defines an equivalence of C with the category whose objects are X -graded 
finite dimensional \i\^-modules M = ©Ma such that KiX = for any i G I, X G 

X,x e Ma. □ 

2.14. The structure of a Hopf algebra on u defines canonically a rigid tensor structure 
on C (cf. |KgiV, Appendix). 

The Lusztig's algebra Uk also has an additional structure of a Hopf algebra. It induces 
the same rigid tensor structure on C. 

We will denote the duality in C by M i— > M*. The unit object will be denoted by 1. 

2.15. Let u~ (resp. u"*", u°) denote the k-subalgebra generated by the elements 
9i {i G /) (resp. {i G /), Ky {y G Y)). We have the triangular decomposition 
u = u^u^u"*" = u+u^u". 

We define the "Borel" subalgebras u-° = u~u°, u-° = u^'^u^; they are the Hopf 
subalgebras of u. 

Let us introduce the X-grading u = ©Ua as a unique grading compatible with the 
structure of an algebra such that Oi G u_j', Cj G Uj', Ky G Uq. We will use the induced 
gradings on the subalgebras of u. 
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2.16. Let C-° (resp. C-°) be the category whose objects are X-graded finite di- 
mensional u-°- (resp. u-'^-) modules M = ©M^ such that K,^x = C'^^'^'^x for any 

G F, A G X, X G Mx. Morphisms are u-*^- (resp. u-*^-) linear maps compatible with 
the X-gradings. 

We have the obvious functors C — > C-° (resp. C — > C-°). These functors admit the 
exact left adjoints ind"<o : C-° — > C (resp. ind„>o : C-° — ^ C). 

For example, indJ^>o (M) = u ®u>o M. The triangular decomposition induces an iso- 
morphism of graded vector spaces ind">o (M) = u~ ® M. 

2.17. For A G X, let us consider on object k'*' G C-° defined as follows. As a graded 
vector space, k'^ = = k. The algebra u-° acts on k'^ as follows: e^x = 0, K^yX = 
C^'^'^h (i E I,u eY,x ek^). 

The object M(A) = ind">o(k'^) is called a (baby) Verma module. Each M(A) has a 
unique irreducible quotient object, to be denoted by L{X). The objects L{X) (A G X) 
are mutually non-isomorphic and every irreducible object in C is isomorphic to one of 
them. Note that the category C is artinian, i.e. each object of C has a finite filtration 
with irreducible quotients. 

For example, L{0) = 1. 

2.18. Recall that a braiding on C is a collection of isomorphisms 

Rm,m' : M ® M' ^ M' ® M {M, M' E C) 

satisfying certain compatibility with the tensor structure (see |[KH| IV, A. 11). 

A balance on C is an automorphism of the identity functor b = {Bm '■ M — ^ M (M G 
C)} such that for every M,N E C, hM®N o ipM ® &Af)~^ = Rn,m o Rm,n (see loc. cit.). 

2.19. Let w denote the determinant of the / x /-matrix {{i,j')). From now on 
we assume that char(k) does not divide 2w, and k contains an element (' such that 
(C)^^ _ such an element For a number q G 2^^, denote (C')^'^'^- 

2.20. Theorem. (G. Lusztig) There exists a unique braided structure {Rm^n} on the 
tensor category C such that for any A G X and M E C, if ^ E X is such that M^i ^ 
implies /i' < ii, then 

RL{x),Mi^®y) = C^'^y(S)x 

for any x G L{X),y G M^. □ 

2.21. Let n : X — > tt-Z be the function defined by 

n(A) = ■ X - X ■ pi. 

2.22. Theorem. There exists a unique balance b on C such that for any A G X, 
6^(,) = C("). □ 

2.23. The rigid tensor category C, together with the additional structure given by 
the above braiding and balance, is a ribbon category in the sense of Turaev, cf. [Q 
and references therein. 
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3. Braiding local systems 

3.1. For a topological space T and a finite set J, will denote the space of all maps 
J — > T (with the topology of the cartesian product). Its points are J-tuples {tj) of 
points of T. We denote by T"^" the subspace consisting of all {tj) such that for any 
/ j" in J, tj> ^ tjn. 

Let u = ^ii ^ . Let us call an unfolding of z/ a map of finite sets tt : J — > I 
such that card(7r~^(i)) = for all i. Let denote the group of all automorphisms 
a : J J such that ir o a — tt. 

The group acts on the space T"^ in the obvious way. We denote by the quotient 

space T'^/Sjy. This space docs not depend, up to a unique isomorphism, on the choice 
of an unfolding tt. The points of T" are collections (tj) of /-colored points of T, 
such that for any /, there are i^i points of color i. We have the canonical projection 
rpj — ^ rpu^ g^igQ denoted by tt. We set T"" = 7r{T-^°). The map tt restricted to 

T"^" is an unramified Galois covering with the Galois group E^. 

3.2. For a real r > 0, let D{r) denote the open disk on the complex plane {t G 
C| \t\ < r} and D{r) its closure. For ri < r2, denote by A{ri,r2) the open annulus 
D{r2)-D{n). 

Set D = D{1). Let D denote the punctured disk D — {0}. 

3.3. For an integer n > 1, consider the space 

En = {(ro, . . . ,r„) e M"+^| = ro < n < . . . < = 1}. 
Obviously, the space En is contractible. 

Let Ji, . . . , Jn be finite sets. Set J = Ua=i Ja- Note that D'^ = D-^^ x . . . x D-^". Let 
us untroduce the subspace - .-'n G En x . By definition it consists of points 
((ra);(t^) e -D-^", a = 1,... ,n) such that t| G ^(?^a-i, ''^a) for a = 1,... ,n. The 
canonical projection En x D"^ — )• D'^ induces the map 

m(Ji,... , J„) : D''-''-^D'. 

The image of the above projection lands in the subspace D"^^ x D"^^ x . . . x D"^" C 
D'^^ X ... X D''" = D''. The induced map 

p(Ji, . . . , Jn) : D-^i'-'-^" — > D-^' X b-^^ X ... X f)-^" 
is homotopy equivalence. 

Now assume that we have maps Ha : Ja — which are unfoldings of the elements 
Ua. Then their sum tt : J — / is an unfolding of z/ = i/i + . . . + i/n- We define 

the space D^'^'-^''^ G En x as the image of D^^^-'J-^ under the projection Id x tt : 
En X D"^ — > En X D^. The maps m(Ji, . . . , Jn) and p{Ji, . . . , J„) induce the maps 

and 

... ,Un)- D"^'-'''^ — ^ D"^ X b''^ X ...X b"" 
respectively, the last map being homotopy equivalence. 
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3.4. We define the open subspaces 



and 



We have the maps 
and 

(a=l,...,n — 1) defined in an obvious manner. They induce the maps 



and 



and similar maps between "o"-ed spaces. All the maps p are homotopy equivalences. 

All these maps satisfy some obvious compatibilities. We will need the following par- 
ticular case. 

3.5. The rhomb diagram below commutes. 

my/' ""V^ 

JJV\,V2^Vi ^1/1+1/2, 
DV\ X 1)1^1+^2 ]Jl'W^2,l'3 JJl'l+y2 X ^!^3 

tttN^ 

^\ 

3.6. We will denote by A" and call an open I-coloured configuration space the collec- 

tion of all spaces ^B^^'-''^""} together with the maps {ma{i'i, ■ ■ ■ , i^n),Pa{^i, ■ ■ ■ , ^n)} 
between their various products. 

We will call a local system over A°, or a braiding local system a collection of data (a), 
(b) below satisfying the property (c) below. 

(a) A local system over D^" given for any u G Y~^, E X. 

(b) An isomorphism (t)fx{vi,V2) : rrfX'^^^^^'^ P*{^^^ I^^T^-i/J given for any 1^1,^2 G 
y+,/x e X. 

Here p = 1^2) and m — m{i'i,U2) are the arrows in the diagram D'^^° x D'^^° 

JJVl,l'20 '"^ ^ JJVl+1'20 
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The isomorphisms 1^2) ai'e called the factorization isomorphisms. 

(c) (The associativity of factorization isomorphisms.) For any ui, 1^2, G ^ 1^ ^ 
the octagon below commutes. Here the maps m,p are the maps in the rhombic 

diagram above, with D, D replaced by D°. 



m*p* (J' 




Written more concisely, the axiom (c) reads as a "cocycle" condition 

(c)' (p^^il^l, V2) O (j)f,{ui + 1/2, Z^a) = 0^_^i(z/2, Z^s) O 0^(1/1, U2 + Us)- 



3.7. Correctional lemma. Assume we are given the data (a), (b) as above, 
with one- dimensional local systems I^. Then there exist a collection of constants 
c^(^i)^2) e k* (/i e X, z/i,z/2 G Y~^) such that the corrected isomorphisms 
(f)'^{ui,V2j — c^(z^i, ^'2)0/i(z^i, 2^2) satisfy the associativity axiom (c). □ 

3.8. The notion of a morphism between two braiding local systems is defined in an 
obvious way. This defines the category of braiding local systems. Bis. 

Suppose that X — {X^; 0^(z/i, t/2)} and J — {J^^;ipix{i'i,i'2)} are two braiding local 
systems. Their tensor productX®J is defined by {X®jy^ — X^® J"^, the factorization 
isomorphisms being 0^(z/i,z/2) ® '4'fi{^i,^2)- This makes Bis a tensor category. The 
subcategory of one-dimensional braiding local systems is a Picard category. 

3.9. Example. Sign local system. Let L be a one-dimensional vector space. Let 

ly e Y'^. Let tt : J — > I be an unfolding of u, whence the canonical projection 
• • • 

TT : 0^^° — > 0"°. Pick a point x — (xj) e D-^° with all Xj being real; let x — Tr{x). 

The choice of base points defines the homomorphism ni{D'^°; x) — > E^. Consider its 
composition with the sign map — > fJ,2 ^ k*. Here 112 — {il} is the group of 

square roots of 1 in k*. We get a map s : 7ri(X)^°; x) — > k*. It defines a local system 
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Sign'^{L) over D'^° whose stalk at x is equal to L. This local system does not depend 
(up to the unique isomorphism) on the choices made. 

Given a diagram 

• • • • 

• • • 

we can choose base point Xi G D^^ and x G £)'^i+'^20 ^^(^ that there exists y G D"^'"'^ 
with p{y) = {xi,X2) and m{y) = x. Let 

V2) : m*Sign'''+''%Li (g) L2) ^ p* {Sign''' (Li) M Sign''%L2)) 

be the unique isomorphism equal to Idi-^^L^ over y. These isomorphisms satisfy the 
associativity condition (cf. (c)' above). 

Let us define the brading local system Sign by Sign'^ — Sign''{l), 0yn(z^i,t'2) = 
(f)^'^{i'i,i'2)- Here 1 denotes the standard vector space k. 

3.10. Example. Standard local systems J , Z. Let v G Y'^ ^ let tt : J — > I be an 

unfolding oiv^n — card(J), tt : — 0^"° the corresponding projection. Let L be 
a one-dimensional vector space. For each isomorphism cr : J {1, ■ ■ ■ , ^t-}, choose a 

point x{a) = {xj) G D-^° such that all Xj are real and positive and for each /, /' such 
that cr{j') < (T{j"), we have Xf < Xf. 

Let us define a local system J^{L) over as follows. We set J^{L)^^„) = L for all 
(7. We define the monodromies 

along the homotopy classes of paths 7 : x^ — > x^' which generate the fundamental 
groupoid. Namely, let Xj' and Xj" be some neighbour points in x{a), with Xj' <^ Xj" . 
Let 7(j', j")^ (resp. 7(j',j") ) be the paths corresponding to the movement of Xjn in 
the upper (resp. lower) hyperplane to the left from Xj' position. We set 

Let Xj be a point in x{a) closest to 0. Let be the path corresponding to the 
counterclockwise travel of Xj around 0. We set 

The point is that the above fromulas give a well defined morphism from the funda- 
mental groupoid to the groupoid of one-dimensional vector spaces. 

The local system JJ^{L) admits an obvious E^-equivariant structure. This defines the 

local system J^{L) over 0^"° . Given a diagram 

• • • • 

let 

^^-^^(z/i, U2) : m* J--+-(Li ® L2) ^ P*iJ;'{L,) K ^-.,(1.2)) 

be the unique isomorphism equal to IdL^(^L2 over compatible base points. Here the 
compatibility is understood in the same sense as in the previous subsection. These 
isomorphisms satisfy the associativity condition. 

We define the braiding local system J — J^iX)-> ^2) = ^^'"'^(^i) ^2)- 
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We define the braiding local system X by X = ® Sign. The local systems J', X are 
called the standard local systems. In the sequel we will mostly need the local system 
X. 

4. Factorizable sheaves 

4.1. In the sequel for each u e y+, we will denote by S the stratification on the space 
D'^ the closures of whose strata are various intersections of hypersurfaces given by the 
equations tj = 0, tjr — tj". The same letter will denote the induced stratifications on 
its subspaces. 

4.2. Set X;;* = j!,X;[dimI)''°] e MiD"; S) where j : ^ is the embedding. 
Given a diagram 

• • • • 

the structure isomorphisms 4>n{i'i, 1^2) of the local system X induce the isomorphisms, 
to be denoted by the same letters, 

Obviously, these isomorphisms satisfy the associativity axiom. 

4.3. Let us fix a coset c e X/Y. We will regard c as a subset of X. We will call a 
factorizable sheaf M. supported at c a collection of data (w), (a), (b) below satisfying 
the axiom (c) below. 

(w) An element A = A(A^) e c. 

(a) A perverse sheaf M.'' G M.{D'^; S) given for each u e y+. 

(b) An isomorphism ^^2) : m*M'''^'^'"^ p*{M''^ lEIX^i'^J given for any i^i, 1^2 G 
Y+. 

Here p, m denote the arrows in the diagram D"^ x I)''^ ^ i:)^i''^2 ^ 2?^'i+^'2 
The isomorphisms ^2) are called the factorization isomorphisms. 

(c) For any i^i, 1^2, 1^3 £ the following associativity condition is fulfilled: 

Ipi^Ui, V2) O ^^(^^1 + ^2, 1^3) = (t)\-ui{^2-, 1^3) O ^('^l, ^^2 + 1^3)- 

We leave to the reader to draw the whole octagon expressing this axiom. 

4.4. Let M. — [M^] i/^ii^i, 1^2)} be a factorizable sheaf supported at a coset c e X/Y, 
A = X{M). For each A' > A, i/ e Y+, define a sheaf M^, e M{D''; S) by 

j^u^ ^ I t(A' - A),M^-^'+^ if 1/ - A' + A e y+ 
1^ otherwise. 

Here 

denotes the closed embedding adding v' points sitting at the origin. The factorization 
isomorphisms 'i/'(z/i, z/2) induce similar isomorphisms 
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4.5. Let Ai^M be two factorizable sheaves supported at c. Let A G X be such that 
A > and A > A (A/"). For v > v' m , consider the following composition 

rA(z/, p') : Hom(A^^, ATj;) ^ Hom(m*A^^, m*J\f^) ^ 

^ Hom(p*(A15;' K J,%<-),/(< K J,%<-)) = Hom(A1^',<). 
Let us define the space of homomorphisms Hom(7Vl, A/") by 

Hom(A^,A/') = lim lim Ylom{Ml,M^) 

Here the inverse limit is taken over u G Y^, the transition maps being txIu, v') and 
the direct limit is taken over A G X such that A > A(A^),A > A(A/'), the transition 
maps being induced by the obvious isomorphisms 

With these spaces of homomorphisms and the obvious compositions, the factorizable 
sheaves supported at c form the category, to be denoted by TS^- By definition, the 
category TS is the direct product Ocex/y ^S^- 

4.6. Finite sheaves. Let us call a factorizable sheaf M = {Ai"} G J-'Sc finite if 
there exists only a finite number of z/ G Y^ such that the conormal bundle of the 
origin O G A'^ is contained in the singular support of J^'^. Let J-'Sc C J-'Sc be 
the full subcategory of finite factorizable sheaves. We define the category J^S by 
J-'S = ricex/y ^<Sc- One proves (using the lemma below) that J-'S is an abelian 
category. 

4.7. Stabilization Lemma. Let M,J\f G J^Sc, fJ^ & X^, > X{M),i2 > A (A/"). 
There exists uq G Y^ such that for all > vq the canonical maps 

nom{MM) Hom(A<;;,Ar;) 

are isomorphisms. □ 

4.8. Standard sheaves. Given /i G X, let us define the "standard 
sheaves" A4(/i), and supported at the coset /i + F, by 
X{M{^l)) = X{VM{fi)) = X{C{fi)) = fi; 

j being the embedding D'^ ^ D". The factorization maps are defined by functoriality 
from the similar maps for X*. 

One proves that all these sheaves are finite. 



5. Tensor product 



In this section we will give (a sketch of) the construction of the tensor structure on 



the category J-'S. We will make the assumption of [2.191° 



5.1. For 2; G C and a real positive r, let D{z; r) denote the open disk {t G C| \t — z\ < 
r} and D{z] r) its closure. 

^Note that these assumptions are not necessary for the construction of the tensor structure. They 
are essential, however, for the construction of braiding. 
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5.2. For V G F"*", let us define the space D'^{2) as the product D x D'^. Its points 
will be denoted {z; (tj)) where z E D, (tj) G D'^. Let us define the open subspaces 

b''{2) = {{z; {tj)) G D^(2)| ^0,z for all j}; £)''(2)° = b''{2) n {D x 0"°). 

For G F+, let us define the space L)'^''''(2) as the subspace of M>o x 0"+"' [2) 
consisting of all elements (r; z; {tj)) such that < r < 1 and v of the points tj live 
inside the disk D{r) and v' of them inside the annulus A{r, 1). 

We have a diagram 

(a) D^'ii) X i)*^' ^ ^'^''^'(2) ^ ^'^+'''(2). 

Here p((r; z; {tj))) = {{z; {tj/)), {tj")) where tji (resp. tjn) being the points from the 
collection {tj) lying in D{r) (resp. in A{r, 1)); m((r; z; {tj))) = {z; {tj)). The map p is 
a homotopy equivalence. 

For z/i, z/2, z/ G F+, let L)'^i;'^2;!^(2) be the subspace of M>o x M>o x 0^^+"^+" {2) consisting 
of all elements {ri;r2;z; {tj)) such that D{ri) U D{z;r2) C D; D{ri) fl D{z;r2) = 0; 
1^1 of the points {tj) lie inside -D(ri), 1/2 of them lie inside D{z;r2) and u of them lie 
inside D - {D{ri) U D{z] ra)). 

We have a diagram 

(b) D"^ X L)'^^ X b''{2) ^ D''^'''-''''{2) ^ L)'^i+'^2+!-(2). 

Here p((ri; ra; ,2; {tj))) = {{tj'); {tj" — z); {tj"')) where tj' (resp. tj",tj"') are the points 
lying inside D{ri) (resp. D{z; rg), D-{D{ri)UD{z; rg))); m((ri; rs; {tj))) = {z; {tj)). 
The map p is a homotopy equivalence. 

5.3. We set D^'"' {2) = D"'^' {2) n (M>o x b^+^'{2)); b"'^' {2)° = D"'''' {2) n (M>o x 
l)u+u' (^2)°); b''^'''-''''{2) = D''^-^''^'''{2) n (M>o X M>o x I)^'i+'^2+i^(2)); b"^'"'''" {2)° = 
j^ur,u2;u^2) n (M>o X M>o X b''^+''^+'^ {2)°) . 

5.4. Given /xi, G X, z/ G F"*", choose an unfolding vr : J — > I of the element p. In 



the same manner as in p.lO| , we define the one-dimensional local system J7j^_^ over 



D^{2)° with the following monodromies: the monodromy around a loop corresponding 
to the counterclockwise travel of the point z around (resp. tj around 0, tj around 
z, tj' around tj") is equal to the multiplication by ^"2/xi-^2 (^^esp. C,'^i^^"^^j) ^ (^"^tJ^i-nij) ^ 

^-2-n{j')-K{j")y 



As in loc. cit., one defines isomorphisms 



where p, m are the morphisms in the diagram |5.2| (a) (restricted to the D°-spaces) 
and 



where p,m are the morphisms in the diagram ^]2| (b) (restricted to the D°-spaces), 
which satisfy the cocycle conditions 
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(d) (0^i(z/i, u[) m (j)^^{u2, o 0;.i,^2(z/i + v[- z/2 + z/^; z/) = 

(we leave to the reader the definition of the corresponding spaces). 



5.5. Let us consider the sign local systems introduced in |3]^. We will keep the same 
notation Sign" for the inverse image of the local system Sign" under the forgetting 

of z map D"{2)° — > D"° . We have the factorization isomorphisms 

(a) 0'5*^"^(z/, v') : rrfSigrf^"' ^ p*{Sign'' K Sign"'); 

(b) 1/3; i^) : m*Sign"^+"'^" ^ p*{Sign"^ K Sign"^ K Sign") 
which satisfy the cocycle conditions similar to (c), (d) above. 

5.6. We define the local systems X^^^^g over the spaces D"{2)° by 

The collection of local systems {2" } together with the maps (p'f,, uoi^^^') — 
0Mi,/^2('^' ^')®<P^'^"{'^, v') and 0^1,^2(1^1; 1^2] i^) = 0^1,^2 (i^i; 1^2; z/)®0'^*^''(i/i; 1^2; i^), forms 
an object X(2) which we call a standard braiding local system over the configuration 

space ^(2)° = {D"{2)°}. It is unique up to a (non unique) isomorphism. We fix such 
a local system. 

5.7. We set I^l^^ = jul^^^^^[dimb"{2)°] where j : b"{2)° ^ b"{2) is the open 

embedding. It is an object of the category M.[D"{2); S) where S is the evident strat- 
ification. The factorization isomorphisms for the local system X induce the analogous 
isomorphisms between these sheaves, to be denoted by the same letter. The collection 
of these sheaves and factorization isomorphisms will be denoted T{2)* . 

5.8. Suppose we are given two factorizable sheaves Ai,J\f. Let us call their gluing, 
and denote by Ai Kl A/", the collection of perverse sheaves [Ai ^JV)" over the spaces 
D"{2) [v G Y^) together with isomorphisms 

^(z/i;i.2;^) : m*{M^U)" ^p*{M"^ MU"'^ K X,7^)_,^,,(^)_,J, 

p, m being the maps in the diagram |5.2| (b), which satisfy the cocycle condition 
(V>^(z/i, u[) M V'^(z/2, u'2)) o ^(z/1 + U2 + ^'2, y) = 
= (|)\{Myu^,x{^^)-u2il^l, 1^2, ^) ° '^{^i] ^2] v + + z/g) 
for all z^i , , z/2 , z/2 , z/ G . 

Such a gluing exists and is unique, up to a unique isomorphism. The factorization iso- 
morphisms 4>^ii,n2{^i] ^2] ^) for X(2)* and the ones for J^,Af, induce the isomorphisms 

^^^(z/, z/') : m*(A^ K Ar)'^+'^' ^ p*((A^ K AT)'^ K J,-;V,(^)_ J. 

satisfying the obvious cocycle condition. 
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5.9. Now we can define the tensor product Ai ® A/" G J-'S. Namely, set ® A/") = 
X{M) + X{Af). For each u G Y+, set 

Here "^z^o '■ Ai{D'^(2)) — > M.{D'^) denotes the functor of nearby cycles for the 
function D^{2) — > D sending {z; (tj)) to z. Note that 

The factorization isomorphisms ^p'^^ induce the factorization isomorphisms between 
the sheaves {Ai ® A/')''. This defines a factorizable sheaf Ai (S> A/". 

One sees at once that this construction is functorial; thus it defines a functor of tensor 
product : J-^S x J^S — ^ J-'S. 

The subcategory J^S C J-'S is stable under the tensor product. The functor : 
J-'S X J^S — > J-'S extends uniquely to a functor ® : J^S ® J-^S — > J-'S (for the 
discussion of the tensor product of abelian categories, see | p2| 5). 

5.10. The half-circle travel of the point z around from 1 to —1 in the upper 
halfplane defines the braiding isomorphisms 

Rmm ■■ M (g)M ^ M (g) M. 

We will not describe here the precise definition of the associativity isomorphisms for 
the tensor product 0. We just mention that to define them one should introduce into 
the game certain configuration spaces D'^{3) whose (more or less obvious) definition 
we leave to the reader. 

The unit of this tensor structure is the sheaf 1 = C{0) (cf. |4.8| ). 

Equipped with these complementary structures, the category J-'S becomes a braided 
tensor category. 



6. Vanishing cycles 

GENERAL GEOMETRY 

6.1. Let us fix a finite set J, and consider the space D-^ . Inside this space, let us 
consider the subspaces = D-^ fl W and D'^^ = fl M>q. 

Let H. be the set {arrangement) of all real hyperplanes in of the form Hj : = 
or Hjijii : tj' = tj'/. An edge L of the arrangement 7i is a subspace of which 
is a non-empty intersection f]H of some hyperplanes from Ti. We denote by L° the 
complement L — [JL', the union over all edges L' G L of smaller dimension. A facet 
of 7i is a connected component F of some L°. We call a facet positive if it lies entirely 
inside D'^'^. 

For example, we have a unique smallest facet O — the origin. For each j G J, we have 
a positive one-dimensional facet Fj given by the equations tj' = (j' ^ j); tj > 0. 

Let us choose a point wp on each positive facet F. We call a flag a sequence of 
embedded positive facets F : Fq C . . . Fp] we say that F starts from Fq. To such a 
flag we assign the simplex Af — the convex hull of the points Wpg, . . . ,WFp. 
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To each positive facet F we assign the following two spaces: Dp = U^f, the union 
over all flags F starting from F, and Sp = U^f'; the union over all flags F' starting 
from a facet which properly contains F. Obviously, Sp C Dp. 

6.2. Given a complex /C G 'D{D'^\ S) and a positive facet F, we introduce a complex 
of vector spaces $J^(/C) by 

^tilC) = RV {Dp, Sp;iq[- dim F]. 

This is a well defined object of the bounded derived category of finite dimensional 
vector spaces, not depending on the choice of points wp. It is called the complex of 
vanishing cycles of /C across F. 

6.3. Theorem. We have canonically ^p{DIC) = D^p{IC) where D denotes the 
Verdier duality in the corresponding derived categories. □ 

6.4. Theorem. If M e M{D-^]S) then H\^+{M)) = for i ^ 0. Thus, 
induces an exact functor 

$J : M{D-^;S) — > Vect 
to the category Vect of finite dimensional vector spaces. □ 

6.5. Given a positive facet E and /C G V{D'^,S), we have Sp = {jpej^^iE) ^f, the 
union over the set J^^{E) of all positive facets F D E with dimF = dimF + 1, and 

RTiSp, U Sp; /C) = ©pe^i(z,) RT{Dp, Sp; /C). 

6.6. For two positive facets E and F G J-'^{E), and }C{D'^;S), let us define the 
natural map 

u = : $+(/C) — . $+(/C) 
called canonical., as the composition 

RT{Dp,Sp;K,)[-p\ — > RT{Se, U 5,.,;/C)[-j9] — . i?r(5ij; /C)[-p] ^ 

-^RT{Dp,Sp)[-p+l] 

where p = dimF, the first arrow being induced by the equality in |6.5| , the last one 
being the coboundary map. 

Define the natural map 

t; = t;|(/C):$+(/C)^$+(/C) 
called variation, as the map dual to the composition 

D$+(/C) = $+(D/C) "-^^ <^UDIC) = D^+{iq. 
BACK TO FACTORIZABLE SHEAVES 
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6.7. Let z/ G y. We are going to give two equivalent definitions of an exact functor, 
called vanishing cycles at the origin 

: M{D'';S) — > Vect. 

First definition. Let / : — > D be the function f{{tj)) = For an object /C G 
VlD^-^S), the Deligne's complex of vanishing cycles $/(/C) (cf. ||D3|| ) is concentrated 



at the origin of the hypersurface / ^(0). It is t-exact with respect to the middle 
t-structure. We set by definition, <!>{M) = if°($/(A^)) {M G mId^-^S)). 

Second definition. Choose an unfolding oiu, it : J — > L Let us consider the canonical 
projection vr : D'^ — > . For K, G V{D'^;S), the complex 7r*/C is well defined as 
an element of the S7r-equivariant derived category, hence $o(7r*(/C)) is a well defined 
object of the S7r-equivariant derived category of vector spaces (O being the origin 
facet in D'^). Therefore, the complex of S^-invariants $Q(7r*/C)^'' is a well defined 
object of T>{*). If /C G M{D'^;S) then all the cohomology of $o(7r*/C)^'' in non-zero 
degree vanishes. We set 

{Ai G Ai{D'^; S)). The equivalence of the two definitions follows without difficulty 
from the proper base change theorem. In computations the second definition is used.0 

6.8. Let A4 he a factorizable sheaf supported at c G X/Y, A = For u G Y^, 
define a vector space ^{A4)\-u by 

If /i G X, yU ^ A, set $(A^)^ = 0. One sees easily that this way we get an exact 
functor $ from J-'Sc to the category of X-graded vector spaces with finite dimensional 
components. We extend it to the whole category J^S by additivity. 

6.9. Let M G A = \{M), v = Y.m ^ Y^- Let i G / be such that Vi > 0. 
Pick an unfolding of u, n : J — > /. For each j G 7r^^(z), the restriction of vr, 
Tij : J — {]} — > /, is an unfolding oi v — i. 

For each j G 7r^^(i), we have canonical and variation morphisms 

(the facet Fj has been defined in |6.1| ). Taking their sum over 7r^^(z), we get the maps 

Y^u, : ©,e^^i(,)$+ (vr*^'^) ^ ^^{t:* M) : ^t;, 

Note that the group acts on both sides and the maps respect this action. After 
passing to S7r-invariants, we get the maps 

(a) $+.(7r*^'^)^-. = {®ye.--(i)^\X^*M'')f- ^ <l>+(7r*A^'^)^- = ^{M\. 

Here j G vr^^(z) is an arbitrary element. Let us consider the space 

F^ = {(V) G D'\t^ = r,ty G D{r') for all f ^ j} 

where r, r' are some fixed real numbers such that < r' < r < 1 . The space F^ is 
transversal to Fj and may be identified with D'^~^^\ The factorization isomorphism 
induces the isomorphism 



^its independence of the choice of an unfolding foUows from its equivalence to the first definition. 
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which in turn induces the isomorphism 

which is STT^.-equivariant. Taking -invariants and composing with the maps (a), we 
get the maps 

(b) e, : $ (A^)._. = $+(7r*A^'^-0^^ ^ HM), : 9, 
which do not depend on the choice of j G 7r~^(i). 

6.10. For an arbitrary A4 G J-'S, let us define the X-graded vector space as 

6.11. Theorem. The operators ei,9i {i G /) acting on the X-graded vector space 
^{M) satisfy the relations |^Tj| (a), (b). □ 

6.12. A factorizable sheaf Ai is finite iff the space ^{Ai) is finite dimensional The 
previous theorem says that $ defines an exact functor 

$ : — >C. 

One proves that $ is a tensor functor. 

6.13. Example. For every A G X, the factorizable sheaf C{X) (cf. [4.8|) is finite. It 
is an irreducible object of J-'S, and every irreducible object in J^S is isomorphic to 
some £(A). We have <^{C{X)) = L{X). 

The next theorem is the main result of the present work. 

6.14. Theorem. The functor $ is an equivalence of braided tensor categories. □ 

6.15. Remark. As a consequence, the category J-'S is rigid. We do not know a 
geometric construction of the rigidity; it would be very interesting to find one. 
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Chapter 2. Global (genus 0) 

7. Cohesive local systems 



7.1. From now on until the end of part we make the assumptions of p.l9|. In the 



operadic notations below we partially follow ||BD 



7.2. Operad V. For a nonempty finite set J, let D{J) denote the space whose points 
are J-tuples {xj, Tj} {j G J) where Xj G D and Tj is a non-zero tangent vector at Xj, 
such that all points distinct. 

Let -D(J) be the space whose points are J-tuples {0^} of holomorphic maps 0j : D — > 
D (j G J), each (pj having the form (pj^z) = Xj + TjZ {xj G D,Tj G C*), such that 
4>j{D) n (f)j'{D) = for j ^ j'. We shall identify the j-tuple {0j} with the J-tuple 
{xj,Tj}, and consider r,- as a non-zero tangent vector from T^jD, thus identifying 
Tj.^,D with C using the local coordinate z — xj. So, tj is the image under (pj of the 

unit tangent vector at 0. We have an obvious map p{J) '■ D{J) — > D{J) which is a 
homotopy equivalence. 

If p : K — > J is an epimorphic map of finite sets, the composition defines a holomor- 
phic map 

J 



where Kj := p ^(j). If L — ^ K — ^ J are two epimorphisms of finite sets, the square 

m(cr) 



UKD{Lk)xUjD{K,)xD{J) ^ UKD{Lk)xD{K) 
Umiaj) I im(o-) 

UjDiL,)xDiJ) DiL) 

commutes. Here aj : Lj — > Kj are induced by a. 

Let * denote the one element set. The space D{*) has a marked point, also to be 
denoted by *, corresponding to the identity map (j) : D — > D. 

If p : J' — ^ J is an isomorphism, it induces in the obvious way an isomorphism 
p* : -D(J) — D{J') (resp. D{J) D{J')). The first map coincides with m(p) 
restricted to (J\j *) x D{J). In particular, for each J, the group Sj of automorphisms 
of the set J, acts on the spaces D{J), D{J). 

The map m(J — > *) restricted to * x D{J) is the identity of D{J). 

We will denote the collection of the spaces and maps {D(J),m(p)} by P, and call it 
the operad of disks with tangent vectors. 

7.3. Coloured local systems over T). \f p : K — > J is an epimorphism of finite 
sets and vr : K — > X is a map of sets, we define the map p^^ii : J — > X by 
P*'^U) = 7r(/c). For j G J, we denote Kj := p~^{j) as above, and iTj : Kj — > X 
will denote the restriction of vr. 

Let us call an X-coloured local system J over T> a collection of local systems J7'(7r) 
over the spaces -D(J) given for every map vr : J — > X, J being a non-empty finite 
set, together with factorization isomorphisms 

(Pip) : mipY Jin) ^ 0^J^(7r,) M Jip^n) 
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given for every epimorphism p : K — > J and vr : K — > X, which satisiy the 
properties (a), (b) below. 

(a) Associativity. Given a map vr : L — > X and a pair of epimorphisms L K — ^ 
J, the square below commutes. 

Note that vrj^cij = ((T*7r)j. 

For /i G X, let TT^ : * — > X be defined by 7r^(*) = p. The isomorphisms 0(id^,) 
restricted to the marked points in D{*), give the isomorphisms J7'(7r^)* k (and 
imply that the local systems J{t^^) are one-dimensional). 

(b) For any vr : J — > X, the map 0(idj) restricted to (Hj *) x D{J), equals idj'(7r). 
The map 0(J — > *) restricted to * x D{J), equals idj(^T,y 

7.4. The definition above implies that the local systems J^{tt) are functorial with 
respect to isomorphisms. In particular, the action of the group on D{J) lifts to 
Jin). 



7.5. Standard local system over V. Let us define the "standard" local systems 
J{n) by a version of the construction |3.10. 



We will use the notations of loc. cit. for the marked points and paths. We can identify 
D{J) = D'^° X (C*)"^ where we have identified all tangent spaces TxD {x G D) with 
C using the local coordinate z — x. 

We set J{Ti)x(a) = k, the monodromies being T^(^jtjt>-j± = ^Ti-OO-TrO")^ ^nd the mon- 
odromy Tj corresponding to the counterclockwise circle of a tangent vector tj is 
^-2n7r0)_ rjnj^g factorization isomorphisms are defined by the same condition as in 
loc. cit. 

This defines the standard local system J over T). Below, the notation J will be 
reserved for this local system. 



7.6. Set P = P^(C). We pick a point oo G P and choose a global coordinate 
z : A^(C) = P — {oo} C. This gives local coordinates: z — x ai x & A-'^(C) and 
1/z at oo. 

For a non-empty finite set J, let P{J) denote the space of J-tuples {xj,rj} where Xj 
are distinct points on P, and tj is a non-zero tangent vector at xj. Let P{J) denote 
the space whose points are J-tuples of holomorphic embeddings (pj : D — > P with 
non-intersecting images such that each (pj is a restriction of an algebraic morphism 
P — > P. We have the 1-jet projections P{J) — >■ P{J)- We will use the notation 
P{n) for P({1,... etc. 

An epimorphism p : K — > J induces the maps 

mp(p): \{D{K,)^P{J)^P{K) 
J 
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and 

mp{p): X{D{K^)^P{J)^P{K). 



For a pair of epimorphisms L — ^ K — ^ J, the square 

Y{kD{Lj,)xY{jD{K,)xP{J) ""-^^ UKD{Lk)xP{K) 
Uniiaj) I i mp(cr) 

UjDiL,)xPiJ) P(L) 

commutes. 

li p : J' — ^ J is an isomorphism, it induces in the obvious way an isomorphism 
p* : P{J) --^ P{J') (resp. P{J) --^ P{J')). This last map coincides with mp{p) 
(resp. fhp{p)) restricted to (Hj*) x P{.J) (resp. (Hj *) x P{J))- 

The collection of the spaces and maps {P{J),mp{p)} form an object P called a ng'/it 
module over the operad P. 

7.7. Fix an element p, E X. Let us say that a map tt : J — > X has /eve/ /i if 
Ej7r(j) = /i. 

A cohesive local system Ti of level p, over P is a collection of local systems 7^(7r) over 
P{J) given for every tt : J — > X of level /i, together with factorization isomorphisms 

given for every epimorphism p : K — > J and tt : — > X of level yU, which satisfy 
the properties (a), (b) below. 

(a) Associativity. Given a map vr : L — f X and a pair of epimorphisms L — ^ — ^ 
J, the square below commutes. 

mp{pymp{ayn{Ti) \^^J{'Kk)^mp{pyn{a.Tx) 
(j)p{pa) i i (f)p{p) 



(b) For any vr : J — > X, the map 0p(idj) restricted to (Jlj *) x P{J), equals id7^(^). 

7.8. The definition above implies that the local systems Ti.{n) are functorial with 
respect to isomorphisms. In particular, the action of the group on P{J), lifts to 

n{n). 

7.9. Theorem. For each /i G X such that p, = 2pi modY^, there exists a unique up 
to an isomorphism one- dimensional cohesive local system Ti = 7Y^^^ of level p, over P. 
□ 



The element G X is defined in |2]^ and the lattice in |2]3 . 

lYioTo. now on, let us fix such a local system Ti'^^'^ for each p, as in the theorem. 

7.10. Note that the obvious maps p{J) : P{J) — > P{J) are homotopy equivalences. 
Therefore the local systems 'Hiji) (vr : J — > X) descend to the unique local systems 
over P{J), to be denoted by the same letter. 
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8. Gluing 

8.1. Let us fix a finite set K. For v G F^, pick an unfolding of u, it : J — > I. 
Consider the space P'^; its points are formal linear combinations i^j ^ P)- 

We define the space P''{K) = P{K) x P"] its points are tuples {yu, t^, J2 (k G 

K,yk e P,Tk ^ in Ty^P), all yk being distinct. Let P^iXy (resp. P^iK)') be 
the subspace whose points are tuples as above with all xj distinct from yk and pair- 
wise distinct (resp. all Xj distinct from y^). We will use the notation P^{n) for 
P''({1,... ,n}),etc. 

Let v' G and z7 = {z/^} G iX^)^ be such that + ^' = ^- Define the space 

pt^y Q P{K) X P" consisting of tuples {0^, S such that for each k, Uk of the 

points Xj lie inside (j)k{D) and z/' of them lie outside all closures of these disks. 

Let G be the zero K-tuple. Define the space P^K) := P^'". We have 

obvious maps 

(a) UkD^'^ X P^'{K) P'^y "^^^ P'^iK). 

Let G {Y^)^ be such that z7^ + z7^ = z7. Define the space 

pu^;^;u ^ pi^^^ X X p(^j^) X pi. consisting of all tuples {0^; r^; 0'^; E ^{j)xj} such 
that Tfc < 1; 0fc(-2) = (j)'f.{rkz), and z/^ (resp. z/|, z/') from the points Xj lie inside 4>k{D) 
(resp. inside the annulus ^'^(D) - 0fc(D), inside P - U ^U^))- We set P'^'''' := pO;'^;'^', 
cf. K 



We have a commutative romb (cf. 
(b) 

P^{K) 



m / \m 



pi>^\u^+v' pV^+v^y 



YlD^l X P^'+^'iK) pp';i^^y YlD^l+^l X P''\K) 
rri\^ V y^"^ 

WD'^l X -[{h'^l X P'^'(ir) 



Here z/^ := ^l- 

8.2. Let P{K;J) be the space consisting of tuples {yk]Tk;Xj} {k G K^j G 
J,yk,Xj G P, Tfc 7^ in Ty^P), where all points Xk,yj are distinct. We have 
P^{Ky = P{K; J)/S^. We have an obvious projection P{KUJ) — ^ P{K; J). 



8.3. Let {A^fc} be a i^-tuple of factorizable sheaves supported at some cosets in 
X/Y; let fik = KMk). 
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Let TT : K]JJ — > X be a map defined by 7r(/c) = /i^, 7r(j) = — 7r(j) E I "—>■ X . 
The local system 7i(7r) over P{KY[J) descends to P{K] J) since C^'^^'') = 1 for all 
i & I; this one in turn descends to the unique local system Ti'^ over P'^{K)°, due 
to S^-equivariance. Let us define the local system := H'^ ® Sigrf . Here Sigrf 
denotes the inverse image of the sign local system on P'^° (defined in the same manner 
as for the disk, cf. ^ under the forgetful map P''{K)° — ^ P''^ 

Let IHy^ be the perverse sheaf over P^{K)* which is the middle extension of 
7i^[dimP^(ii')]. Let us denote by the same letter the inverse image of this perverse 
sheaf on the space P'^{K) with respect to the evident projection P'^{K) — > P^{K)' . 

8.4. Let us call an element v G admissible (for a i^-tuple {/ife}) ii ^ ^ ^ = 



Ipi modlf, see pT3 . 



8.5. Theorem - definition. For each admissible u, there exists a unique, up to a 
unique isomorphism, perverse sheaf, denoted by | x f^^^ M.k, over P^{K), equipped with 
isomorphisms 

^{v- v') : m*g^^^ ^ p*(g^ Ml^ K nf_,) 
given j or every diagram \8. i| (a) such that for each rhomb \871\ (b) the cocycle condition 
ct^{U'- v') o ^{V\ + v') = (0^ ^^^{ul uD) o + u^- v') 

holds. □ 

8.6. The sheaf [^^■' M.k defines for each if-tuple oiy = {yk, t^} of points of P with 



non-zero tangent vectors, the sheaf x ^'^^ Aik over P^ , to be called the gluing of the 



factorizable sheaves Aik into the points {yk, Tk) 



8.7. Example. The sheaf | x j^ '^ C{jj,k) is equal to the middle extension of the sheaf 



9. Semiinfinite cohomology 

In this section we review the theory of semiinfinite cohomology in the category C, due 
to S. M. Arkhipov, cf. [Ark . 



9.1. Let Cr be a category whose objects are right u-modules A^, finite dimensional 
over k, with a given X-grading N = ©agx A^a such that xK^ = C^'^'^'^'^x for any 
z/ G y, A G X, X G N\. All definitions and results concerning the category C given 
above and below, have the obvious versions for the category Cr- 

For M G C, define G Cr as follows: (M^)a = (M_a)* (the dual vector space); the 
action of the operators 6'j, being the transpose of their action on M. This way we 
get an equivalence ^ : C°pp Cr- 
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9.2. Let us call an object M E C u^- (resp. u+-) good if it admits a filtration whose 
successive quotients have the form indJJ>o(M') (resp. indJJ<o(M")) for some M' G C-° 
(resp. M" G C-°) (cf. |2.16| ). These classes of objects are stable with respect to the 
tensor multiplication by an arbitrary object of C. 

If M is u~- (resp. u+-) good then M* is u~- (resp. u+-) good. 

If M is u~-good and M' is u+-good then M ® M' is a projective object in C. 

9.3. Let us say that a complex M* in C is concave (resp. convex) if 

(a) there exists fi E X such that all nonzero components M* have the weight A > 
(resp. A < /i); 

(b) for any A G X, the complex M* is finite. 

9.4. For an object M G C, we will call a left (resp. right) u^-good resolution of M 
an exact complex 

... — > P-^ — > P° — > M — ^ 

(resp. 

— > M — > i?° — > R'^ — > ...) 
such that all (resp. i?*) are u^-good. 

9.5. Lemma. Each object M E C admits a convex \x~-good left resolution, a concave 
W^-good left resolution, a concave u~ -good right resolution and a convex u^-good right 
resolution. □ 

9.6. For G C,., M G C, define a vector space N^cM as the zero weight component 
of the tensor product N (which has an obvious X-grading). 

For M, M' G C, we have an obvious perfect pairing 

(a) Homc(M, M') ® (M'^ ®c M) — > k. 

9.7. M, M' E C,N E Cr and n G Z, define the semiinifinite Ext and Tor spaces 

Extc' (M, M') = i^"(Homc(P^(M), Ry{M'))) 

where R\^{M) (resp. Ry{M')) is an arbitrary u+-good convex right resolution of M 
(resp. u~-good concave right resolution of M'), 

Tor|+„(iV,M) = i/-"(P>(iV) ®c R^iM)) 

where Py{N) is an arbitrary u^-good convex left resolution of N. 

This definition does not depend, up to a unique isomorphism, upon the choice of 
resolutions, and is functorial. 

These spaces are finite dimensional and are non-zero only for finite number of degrees 
n. 

The pairing ^]6| (a) induces perfect pairings 

Exty^"(M, M') (g) Tori+„(M'^, M) — >k{neZ). 
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10. CONFORMAL BLOCKS (GENUS 0) 

In this section we suppose that k = C. 

10.1. Let M G C. We have a canonical embedding of vector spaces 

Homc(l,M) ^ M 

which identifies Homc(l, M) with the maximal trivial subobject of M. Here "trivial" 
means "isomorphic to a sum of a few copies of the object 1". Dually, we have a 
canonical epimorhism 

M — ^ Honic(M,l)* 

which identifies Homc(M, 1)* with the maximal trivial quotient of M. Let us denote 
by (M) the image of the composition 

Homc(l, M) — > M — > Homc(M, 1)* 

Thus, (M) is canonically a subquotient of M. 

One sees easily that if C M is a trivial direct summand of M which is maximal, 
i.e. not contained in greater direct summand, then we have a canonical isomorphism 
(M) -—>■ N. For this reason, we will call (M) the maximal trivial direct summand of 
M. 

10.2. Let 7o G y denote the highest coroot and Po E Y denote the coroot dual to 
the highest root (70 = /3o for a simply laced root datum). 

Let us define the first alcove C X by 

= {A G X\ {i,X + p) >0 for all i G /; (70, X + p) < £} 

if d does not divide i, i.e. if ii = i for all i E I, and by 

A^ = {A G X\ {i,X + p) > for all i G /; {f3o, X + p) < ip^} 

otherwise, cf. 3.19 {d is defined in |]l], and if^^ in Note that ip^ = i/d. 



10.3. For Ai, . . . , A„ G A^, define the space of conformal blocks by 

(L(Ai), . . . , L(A„)) := (L(Ai) ® . . . ® L(A„)). 

In fact, due to the ribbon structure on C, the right hand side is a local system over 
the space P{n) := -P({1, . . . ,n}) (cf. |pi|| ). It is more appropriate to consider the 
previous equality as the definition of the local system of conformal blocks over P{n). 

10.4. Theorem. (Arkhipov) For each Ai, . . . , A„ G A^, the space of conformal blocks 
(L(Ai), . . . ,L{Xn)) is naturally a subquotient of the space 

Tor|i+o(l,, L(Ai) (g)...(g) L{Xn) ® L{2pe)). 

More precisely, due to the ribbon structure on C, the latter space is a stalk of a local 
system over P{n+1), and inverse image of the local system (L(Ai), . . . ,L{Xn)) under 
the projection onto the first coordinates P{n + 1) — > P{n), is a natural subquotient 
of this local system. 

Here Ir is the unit object in Cr. 

Examples, also due to Arkhipov, show that the local systems of conformal blocks are 
in general proper subquotients of the corresponding Tor local systems. 
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This theorem is an immediate consequence of the next lemma, which in turn follows 
from the geometric theorem |11.2| below, cf. |11.3 . 



10.5. Lemma. We have Torio_^„(l,., L(2p^)) = k if n = 0, and otherwise. □ 

10.6. Let g be the simple Lie algebra (over k) associated with our Cartan datum; let 
g be the corresponding affine Lie algebra. 

Let A4S denote the category of integrable g-modules of central charge n — h. Here k 
is a fixed positive integer, h is the dual Coxeter number of our Cartan datum. AiS 
is a semisimple abelian category whose irreducible objects are ii(A), A G where 
/ = 2dK, i.e. i = dn (we are grateful to Shurik Kirillov who pointed out the necessity 
of the factor d here) and £(A) is the highest weight module with a highest vector v 
whose "top" part g ■ f is the irreducible g-module of the highest weight A. 

According to Conformal field theory, AiS has a natural structure of a ribbon category, 

cf. H, [0. 



The usual local systems of conformal blocks in the WZW model may be defined as 

(£(Ax), . . . , 2.{Xn)) = YLoiRMsil, ii(Ax) ® . . . ® i:(A„)) 

the structure of a local system on the right hand side is due to the ribbon structure 
on MS. 

10.7. Let ( = exp(7r-\/— l/(i/t). We have an exact functor 

0: MS — >C 

sending ii(A) to L{X). This functor identifies MS with a full subcategory of C. 

The functor does not respect the tensor structures. It admits the left and right 
adjoints, 0^,0". For M EC, let {M)j^s denotes the image of the composition 

o /(M) — >M — ^00 0«(M). 

We have the following comparison theorem. 

10.8. Theorem. We have naturally 

0(071 ® 071') = (0(971) ® 0(971'))a^5- 



This follows from the combination of the results of |[AP|| , ||KL|| , [ p3| and 



10.9. Corollary. For any Ai, . . . , A„ G A^, the functor cf) induces an isomorphism of 
local systems 

(£(AJ,...,i:(An)) = (i:(AJ,...,£(A„)). □ 
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11. Integration 
We keep the notations of the previous section. 

11.1. Let K he a. finite set, m = card(i^'), {Aik} a -ft'-tuple of finite factorizable 
sheaves, A4k G ^^Cki l^k '■= A(A^fc)- Assume that u := J2k /^fc — 2p£ belongs to Y~^. 

Let 1] : P''{K) — > P{K) be the projection. 

11.2. Theorem. We have canonical isomorphisms of local systems over P{K) 

R''-^^V*i[^K = Tor|_,(lr,®K <f(A^k)) (a G Z), 

the structure of a local system on the right hand side being induced by the ribbon 
structure on C. □ 



11.3. Proof of Lemma |10.5| . Apply the previous theorem to the case when the 



ii'-tuple consists of one sheaf C{2pg) and z/ = 0. □ 

11.4. From now until the end of the section, k = C and ( = exp(7r-\/— I/c/k). Let 
Ai, . . . , A„ G Ai. Let u = Ylm=i -^m! assume that z/ G Y^. Set /i = {Ai, . . . , A„, 2pi}. 

Let rj be the projection P'^{n + 1) := P'^{{1, ... ,n + 1}) — > P{n + 1) and p : 
P{n + 1) — y P{n) be the projection on the first coordinates. 

Let H^J denote the middle extension of the sheaf H'^*. By the Example |8^ , 

11.5. Theorem. The local system p*{L{Xi), . . . ,L(A„)) is canonically a subquotient 
of the local system 



This theorem is an immediate corollary of the previous one and of the Theorem [10.4 



11.6. Corollary. In the notations of the previous theorem, the local system 
(L(Ai),... ,L(An)) is semisimple. 

Proof. The local system p*(L(Ai), . . . , L(A„)) is a subquotient of the geometric local 



system R '^rj^l-C^, and hence is semisimple by the Beilinson-Bernstein-Deligne- 



Gabber Decomposition theorem, |PBD|| , Theoreme 6.2.5. Therefore, the local system 



(L(Ai), . . . , L{Xn)) is also semisimple, since the map p induces the surjection on the 
fundamental groups. □ 

11.7. For a sheaf JF, let denote the sheaf obtained from by the complex conju- 
gation on the coefficients. 

If a perverse sheaf JF on P*^ is obtained by gluing some irreducible factorizable sheaves 
into some points of P then its Verdier dual is canonically isomorphic to JF. There- 
fore, the Poincare- Verdier duality induces a perfect hermitian pairing on i?r(P'^;jF). 

Therefore, in notations of theorem |11.5| , The Poincare- Verdier duality induces a non- 
degenerate hermitian form on the local system i?~^"~^?7*7i|i^. 
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By a little more elaborated argument using fusion, one can introduce a canonical 
hermitian form on the systems of conformal blocks. 

Compare [Q , where a certain hermitian form on the spaces of conformal blocks (de- 
fined up to a positive constant) has been introduced. 



11.8. By the similar reasons, the Verdier duality defines a hermitian form on all 
irreducible objects of C (since the Verdier duality commutes with cf. Theorem 



6J). 



12. Regular representation 

12.1. From now on we are going to modify slightly the definition of the categories C 
and J-'S. Let be the lattice 

Xe = {fieX^Q\ H-Yee£Z} 

We have obviously X G Xe, and X = Xi if d\i. 

In this Chapter we will denote by C a category of Xi-graded (instead of X-graded) 
finite dimensional vector spaces M = (Bx^XfMx equipped with linear operators 6i : 
Mx — > Mx-i', €i : Mx — > Mx+i' which satisfy the relations |2.11| (a), (b). This makes 
sense since {dii, X) = i' ■ X E Z for each i E I, X E X^. 

Also, in the definition of TS we replace X by X^. All the results of the previous 
Chapters hold true verbatim with this modification. 

We set d^ = caxd^Xn/Yn)] this number is equal to the determinant of the form /xi, /i2 ^ 
j/ii ■ /X2 on Y£. 

12.2. Let u C u be the k-subalgebra generated by Ki,ei,9i {i G /). Following the 



method of ||L1|| 23.1, define a new algebra u (without unit) as follows. 



If /i', n" G X^, we set 



/I' 

i&I iel 



Let vr^',^" : u — ^ ^I'U^" be the canonical projection. We set 1^ = 7r^,^(l) G u. The 
structure of an algebra on u is defined as in loc. cit. 

As in loc. cit., the category C may be identified with the category of finite dimensional 
(over k) (left) u-modules M which are unital, i.e. 

(a) for every x E M, E^gx, = ^• 

If M is such a module, the X^-grading on M is defined by = l^M. 

Let u' denote the quotient algebra of the algebra u by the relations K^' = 1 [i E I). 
Here U := (^jj- We have an isomorphism of vector spaces u = u' ® k[Y£], cf. |12.5| 
below. 
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12.3. Let a : C Cr be an equivalence defined by aM = M (M G C) as an X^- 
vector space, mx = s{x)m (x G u, m G M). Here s : u — > u°pp is the antipode. We 
will use the same notation a for a similar equivalence Cr C. 

Let us consider the category C ® C (resp. C ® Cr) which may be identified with the 
category of finite dimensional u®u- (resp. u® (u)°pp-) modules satisfying a "unitality" 
condition similar to (a) above. Let us consider the algebra u itself as a regular u ® 
(u)°PP-module. It is infinite dimensional, but is a union of finite dimensional modules, 
hence it may be considered as an object of the category Ind(C ®Cr) = IndC ® IndC^ 
where Ind denotes the category of Ind-objects, cf. |P4|| §4. Let us denote by R the 
image of this object under the equivalence Id ® a : IndC ® IndC^ — ^ IndC ® IndC. 

Every object O G C ® C induces a functor Fo : C — > C defined by 

Fo{M) = a{aM®c O). 

The same formula defines a functor Fq : IndC — > IndC for O G Ind(C ® C). 

We have Fr = Idindc- 

We can consider a version of the above formalism using semiinfinite Tor's. An object 
O G Ind(C ® C) defines functors Fo-^+n '■ IndC — > IndC (n G Z) defined by 

Fo-f+n{M) = aTor|+„(aM, O). 

12 A. Theorem, (i) We have F^.^^n = Idindc ^/'^ = 0, and otherwise. 

(ii) Conversely, suppose we have an object Q G Ind(C ® C) together with an iso- 
morphism of functors (p : Fr,;2>+, Fq.^+,. Then (p is induced by the unique 
isomorphism R — ^ Q. □ 

12.5. Adjoint representation. For fi G Y^, let T(/i) be a one-dimensional u(S)(u)°pp- 
module equal to L{fj,) (resp. to aL{—fi)) as a u- (resp. (u)°pp-) module. Let us consider 
the module T^R = R (S) 7'(Ai) G Ind(C C?> C). This object represents the same functor 
IdindC) hence we have a canonical isomorphism t^ : R — ^ T^R- 

Let us denote by ad G IndC the image of R under the tensor product ® : Ind(C ® 
C) — > IndC. The isomorphisms above induce an action of the lattice on ad. Set 
ad = ad/Yi. This is an object of C C IndC which is equal to the algebra u' considered 
as a u-module by means of the adjoint action. 

In the notations of |10.7| , let us consider an object 



G MS, 

cf. \WM 4.5.3. 



12.6. Theorem. We have a canonical isomorphism (ad)_A45 = Sidj^g. □ 

13. Regular sheaf 

13.1. Degeneration of quadrics. The construction below is taken from ||KL|| II 15.2. 

Let us consider the quadric Q C x x given by the equation uv = t where 
{u,v,t) are coordinates in the triple product. Let / : Q — > A^ be the projection to 
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the third coordinate; for t G denote Qt := f'^it). For t 0, Qt is isomorphic to 
P^; the fiber Qq is a union of two projective fines clutcfied at a point: Qo = Qu^ Qv 
wfiere Qu (resp. Q^) is an irreducible component given (in Qq) by tfie equation v = 
(resp. u = 0) and is isomorpfiic to P^; tfieir intersection being a point. We set 
'Q = f-\A' - {0}). 

We fiave two sections xi,X2 : — > Q given by xi{t) = {oo,0,t), X2(t) = {0,oo,t). 
Consider two "coordinate cfiarts" at tfiese points: tfie maps 0i,02 ^ P"*^ x A^ — ^ Q 
given by 

Tfiis defines a map 

(a) : - {0} P(2), 

in tfie notations of 17.61. 



13.2. For V G V^, let us consider tfie corresponding (relative over A^) configuration 
scfieme : Q/^^i — > A^. For tfie brevity we will omit tfie subscript /^i indicating 
tfiat we are dealing witfi tfie relative version of configuration spaces. We denote by 
Q^* (resp. Q^°) tfie subspace of configurations witfi tfie points distinct from Xi,X2 
(resp. also pairwise distinct). We set 'Q^° = Q'^°\a'^-{o}, etc. 

Tfie map above, composed witfi tfie canonical projection P(2) — > -P(2), induces 
tfie maps 

>Quo — ^ pu^2) {u G r+) 

(in tfie notations of For u G and /ii,/i2 G Xi sucfi tfiat + ^2 ~ ^ = 2p£, 



let ^2 denote tfie local system over 'Q'^° wfiicfi is tfie inverse image of tfie local 
system 'H'^-^^^j,^ over P''(2)°. Let J^^'^fj,^ denote tfie perverse sfieaf over 'Q^'i^) wfiicfi 
is tfie middle extension of JT"^^ [dim Q'^] . 

13.3. Let us take tfie nearby cycles and get a perverse sfieaf ^/"(iJ^'^j) over (5o*(C). 
Let us consider tfie space Qq* more attentively. Tfiis is a reducible scfieme wfiicfi is a 
union 

Ul+U2=l' 

tfie component A*^^ x A*^^ corresponding to configurations wfiere ui (resp. z/2) points 
are running on tfie affine fine Qu — Xi{0) (resp. Q^ — a;2(0)). Here we identify tfiese 
affine lines witfi a "standard" one using tfie coordinates u and v respectively. Using 
tfiis decomposition we can define a closed embedding 

wfiose restriction to a component A"^^ x A'^^ sends a configuration as above, to tfie 
configuration wfiere all remaining points are equal to zero. Let us define a perverse 
sfieaf 

T^Z,. = e M{A^{C) X A^(C);5) 

Let us consider tfie collection of sfieaves {'^J^j'^^J /^i'/^2 ^ Xi, v G + yU2 — = 

Ipt). One can complete tfiis collection to an object 7?, of tfie category Ind(jF5 ®TS) 
wfiere TS®TS is understood as a category of finite factorizable sfieaves corresponding 
to tfie square of our initial Cartan datum, i.e. I]} I, etc. For a precise construction, 
see Part V. 
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13.4. Theorem. We have $(7^) = R. □ 
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Chapter 3. Modular 

14. Heisenberg local systems 

In this section we sketch a construction of certain remarkable cohesive local systems 
on arbitrary smooth families of compact smooth curves, to be called the Heisenberg 
local systems. 

In the definition and construction of local sustems below we will have to assume that 
our base field k contains roots of unity of sufficiently high degree; the characteristic 
of k is assumed to be prime to this degree. 



14.1. From now on until 14.11 we fix a smooth proper morphism / : C — > S of 
relative dimension 1, S being a smooth connected scheme over C. For s G S", we 
denote Cg := f~^{s). Let g be the genus of fibres of /. 

Let Ss denote the total space of the determinant line bundle Sc/s = det Rf^:Q^^g 
without the zero section. For any object (?) over S (e.g., a scheme over S, a sheaf 
over a scheme over S, etc.), we will denote by (y)s its base change under Ss — > 5*. 

Below, if we speak about a scheme as a topological (analytic) space, we mean its set 
of C-points with the usual topology (resp. analytic structure). 

14.2. We will use the relative versions of configuration spaces; to indicate this, we 
will use the subscript /s- Thus, if J is a finite set, Cjg will denote the J-fold fibered 
product of C with itself over 5", etc. 

Let C{J)/s denote the subscheme of the J-fold cartesian power of the relative tangent 
bundle Tc/s consisting of J-tuples {xj^Tj} where Xj G C and Tj 7^ in Tc/s,xi the 
points Xj being pairwise distinct. Let C{J)/s denote the space of J-tuples of holo- 
morphic embeddings (pj : D x S — > C over S with disjoint images; we have the 1-jet 
maps C{J)/s — > C{J)/s. 

An epimorphism p : K — > J induces the maps 

mc/s{p) : \{D{K,) x C{J)/s C{J)/s 
J 

and 

mc/s{p) ■■ \{D{Kj) X C{J)/s ^ C{K),s 
J 

which satisfy the compatibilities as in [7^. 



14.3. We extend the function n to (see |12.1j ) by n{p) = ^p ■ p — fi ■ pi (/i G 



We will denote by J' the X^-coloured local system over the operad of disks V which 



is defined exactly as in [775|, with X replaced by X, 



14.4:. A cohesive local system Ti of level /i G over C/S is a collection of local 
systems 7i(7r) over the spaces C{J)/s;S given for every map n : J — > Xg of level p 
(note the base change to Ss\), together with the factorization isomorphisms 

Here we have denoted by the same letter ?^(7r) the lifting of H^n) to C/s-s- The 
factorization isomorphisms must satisfy the obvious analogs of properties |7]^ (a), (b). 
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14.5. Now we will sketch a construction of certain cohesive local system over C/S 
of level (2 — 2g)pi. For alternative beautiful constructions of TC, see [ [BF |. 

To simplify the exposition we will assume below that g > 2 (the construction for 
g < 1 needs some modification, and we omit it here, see Part V). Let us consider the 
group scheme Pic(C/S') ® Xi over 5*. Here Pic(C/5') is the relative Picard scheme. 
The group of connected components 7ro(Pic(C/S') is equal to Xe. Let us denote 

by J^ac the connected component corresponding to the element (2 — 2g)pi; this is 
an abelian scheme over S, due to the existence of the section S — > Jac defined by 

For a scheme S' over S, let Hi{S' / S) denote the local system of the first relative 
integral homology groups over S. We have Hi{Jac/ S) = Hi{C / S) ® X^. We will 
denote by uj the polarization of Jac (i.e. the skew symmetric form on the latter local 
system) equal to the tensor product of the standard form on HiiC / S) and the form 

(a^i, /^2) ^ -ffJ'i ■ fJ'2 on Xi. Note that the assumption g > 2 implies that -ffJ'i ■ /i2 ^ ^ 
for any /ii,/i2 G X^. Since the latter form is positive definite, u is relatively ample 
(i.e. defines a relatively ample invertible sheaf on Jac). 



14.6. Let a = X^'^M ■ £ set Supp(Q;) = ^ 0}. Let us say that a is 

admissible if ^^/^ = (2 — 2g)pf . Let us denote by 

the Abel-Jacobi map sending X " ^^^^ to X ^^/^ ® If a is admissible then the map 
aj^ lands in Jac. 

Let denote the following relative divisor on CJ^ 

Here A^j, (/i, v G Supp(a)) denotes the corresponding diagonal in CJ^. Note that all 
the multiplicities are integers. 

Let TT : J — > Xe be an unfolding of a. We will denote by D"^ the pull-back of to 
Cjg. Let us introduce the following line bundles 

on Cjg, and 

on C'J'g (the action of is an obvious one). Here Tj denotes the relative tangent 

line bundle on C'J^ in the direction j. Note that the numbers -fn(/x) (/x G Xi) are 
integers. 



14.7. Proposition. There exists a unique line bundle C on Jac such that for each 
admissible a, we have Ca = aja('^)- The first Chern class ci{C) = — [u;]. □ 
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14.8. In the sequel if Cq is a line bundle, let Cq denote the total space its with the 
zero section removed. 

The next step is the construction of a certain local system over Cs- Its dimension is 
equal to d^ and the monodromy around the zero section of C (resp. of the determinant 
bundle) is equal to C"^^^*^^ (resp. (^—\y^W(^-'^'ipi-piy The construction of is outlined 
below. 

The previous construction assigns to a triple 

(a lattice A, a symmetric bilinear form ( , ) : A x A — > Z, z/ G A) 

an abehan scheme Jacp^ := (Pic(C/S') ® ^){2g-2)u over S", together with a line bundle 
£a on it (in the definition of C\ one should use the function njy(/x) = |/i ■ + ■ z/). 

We considered the case A = X^, (yUi, ^,2) = -f^-i ■ Ai2, v = —pi- 

Now let us apply this construction to the lattice A = © Y^, the bilinear form 
((/ii, z/i), (/i2, z/2)) = -7(1^1 ■ /i2 + z^2 ■ Ail + z^i ■ 1^2) and u = {-pi, 0). The first projection 
A — > Xi induces the morphism 

p : J'acA — ^ J^ac 
the fibers of p are abelian varieties Jac{Cs) ®Yt {s E S). 



14.9. Theorem, (i) The line bundle Ca is relatively ample with respect to p. The 
direct image £ : = p^C^ is a locally free sheaf of rank d^. 

(ii) We have an isomorphism 

det(f) = /:®5'^?(-^^'^(^^)+6"^). 

□ 

Here 5 denotes the pull-back of the determinant bundle 5c /s to Jac. 



14.10. Let us assume for a moment that k = C and C, = exp(— ^ ). By the result 



of Beilinson-Kazhdan, pK|| 4.2, the vector bundle £ carries a canonical flat projective 



connection. By loc. cit. 2.5, its lifting to det(£^)* carries a flat connection with the 
scalar monodromy around the zero section equal to exp(^^!^Fi). We have an obvious 
map 

By definition, is the local system of horizontal sections of the pull-back of £ to Cs- 
The claim about its monodromies follows from part (ii) of the previous theorem. 

This completes the construction of for k = C and C, = exp(— 2-^^). The case of 
arbitrary k (of sufficiently large characteristic) and ( follows from this one. 



14.11. Let us consider an obvious map q : C{J)/S;S — > ^/S;5- The pull-back q*C{'7i) 
has a canonical non-zero section s. Let 7Y(7r) be the pull-back of the local system 
$j to g*£(7r). By definition, we set ?i(vr) = s*7Y(7r). For the construction of the 
factorization isomorphisms, see Part V. 
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14.12. Let Q be the simple Lie algebra connected with our Cartan datum. Assume 
that C = 6^P(^^^d^) some positive integer k, cf. |10.6| {d is defined in p.l|) . 



We have 12pe- pe = I2p- p mod I, and rk(X) = dimg mod 2. By the strange formula of 
Freudenthal-de Vries, we have 12p ■ p = dh dimg where h is the dual Coxeter number 
of our Cartan datum. It follows that the monodromy of 7i around the zero section of 
the determinant line bundle is equal to exp(7rV— 1 ('^~^)^'^'™g ^^ This number coincides 
with the multiplicative central charge of the conformal field theory associated with 
the affine Lie algebra g at level k (see [ [BFM^ 4.4.1, 6.1.1, 2.1.3, P1JY[| 1.2.2), cf [TO 
below. 

UNIVERSAL HEISENBERG SYSTEMS 



14.13. Let us define a category Sew as follows (cf. fBl^'MII 4.3.2). Its object A is 
a finite set A together with a collection A^^ = {n} of non-intersecting two-element 
subsets n d A. Given such an object, we set A^ = [Jn^ n, A^ = A — A^. A morphism 
/ : A — > B is an embedding if : B ^ A and a collection Nf of non-intersecting two- 
element subsets oi B — A such that A^^ = A^b U A^/- The composition of morphisms is 
obvious. {Sew coincides with the category Sets^^, in the notations of ||BI''M|| 4.3.2.) 



For A G Sew, let us call an A-curve a data (C, {xa,Ta}Ao) where C is a smooth 
proper (possibly disconnected) complex curve, {xa, Ta}A0 is an A°-tuple of distinct 
points Xa G C together with non-zero tangent vectors at them. For such a curve, 
let Ca denote the curve obtained from C by clutching pairwise the points Xa' with 
Xa" ij^ = «"}) for all sets n G A^^- Thus, the set A^^ is in the bijection with the 
set of nodes of the curve Ca (Ca = C if A^a = 0)- 

Let us call an enhanced graph a pair F = (F, g) here F is a non-oriented graph and 
g = {fi'f }i)evert(r) ^s a N- valued 0-chain of F. Here Vert(F) denotes the set of vertices 
of F. Let us assign to a curve Ca an enhanced graph T{Ca) = (F(Cyi), g(CA)). By 
definition, T{Ca) is a graph with Vert(F(CA)) = T^oiC) = { the set of irreducible 
components of Ca} and the set of edges Edge(F(CA)) = A^^, an edge n = {a', a"} 
connecting the vertices corresponding to the components of the points Xa',Xa"- For 
V G TTo{C), g{CA)v is equal to the genus of the corresponding component C„ C C. 

14.14. Let J^A denote the moduli stack of A-curves (C, . . . ) such that the curve Ca 
is stable in the sense of | DM|| (in particular connected). The stack A^^ is smooth; 



we have J^a = ]lg>o-^A,g where A4A,g is a substack of A-curves C with Ca having 
genus (i.e. dim H^{C a, 0-(j^)) equal to g. In turn, we have the decomposition into 
connected components 

MA,g = II M^o^g^r 
r,Ao 

where ^A^o g r Is the stack of A-curves (C, {xa, t^}) as above, with T{Ca) = F, A° = 
{A°}^gYgj.^(Pj, y4° = U A'^, such that Xa lives on the connected component C^ for 
a G 

We denote by r] : CA,g — ^ ■^A,g (resp. fj : CA,g — > ■^A,g) the universal smooth 
curve (resp. stable surve). For u G Y^, we have the corresponding relative configu- 
ration spaces C^.g) ^A°g; ^A,g- ^'^^ brevity we omit the relativeness subscript /M.A,g 
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from these notations. The notation C^n etc., will mean the restriction of these 
configuration spaces to the component -Mxo gr- 

Let J^g be the moduli stack of smooth connected curves of genus g, and A4g be 
its Grothendieck-Deligne-Mumford-Knudsen compactification, i.e. the moduli stack 
of stable curves of genus g. Let f/ : Cg — > M.g be the universal stable curve; let 
5g = det Rf]^:{uj^j-j^J be the determinant line bundle; let M.g-5 — > M.g be its total 
space with the zero section removed. 

We have obvious maps A4A,g — ^ -Mg- Let the complementary subscript {■)s denote 
the base change of all the above objects under Mg-s — > M.g- 

14.15. Let us consider the configuration space C^g] it is the moduli stack of v distinct 
points running on A-curves (C, {Xq, Ta}) and not equal to the marked points Xa- This 
stack decomposes into connected components as follows: 



'A,g — J_L ^AO,g,r 



where z7 = {^'^},;evert(r) and C'^o ^^^^S moduli stack of objects as above, with 
T{Ca) = r and points running on the component C^. The decomposition is taken 
over appropriate graphs F, decompositions ^4° = IJA^ and the tuples z7with J2^v = ^■ 

Let us call an Ao-tuple fl = {/ia} G X/° {g, h')-good if 

(a) EaeAO yUa - = (2 - 2g) pi mod Y^. 

Given such a tuple, we are going to define certain local system Ti.'^.A,g ^^^^ ^Ag;^' 
us describe its restriction T-Ci r-n to a connected component Ci^ r. r- 

Let F' be the first subdivision of F. We have Vert(F') = Vert (F ) U Edge (F) = 
7ro(C') U Na- The edges of F' are indexed by the pairs (n, a) where n G Na, a E n, the 
corresponding edge e„_a having the ends a and n. Let us define an orientation of F' 
by the requierement that a is the beginning of Cn^a- Consider the chain complex 

C,ir;Xe/Ye)^Co{T';X,/Y,). 
Let us define a 0-chain c = c'^ E Co(F'; Xi/Y^) by 

c(^) = J2 + C^gv - 2)p£ -Uy {v e 7ro(C)); c{n) = 2pi (n E Na)- 

The goodness assumption (a) ensures that c is a boundary. By definition, 

'^fl;AO,g,V ~ ®X: d.X=c 

Note that the set {x| dx = c} is a torsor over the group Hi(T'; Xi/Yi) = i/i(F; X^/Yi). 



The local system Hx is defined below, in [14.18|, after a little notational preparation. 



14.16. Given two finite sets J,K, let C{J;K)g denote the moduli stack of objects 
(C, {xj}, {yk,Tk})- Here C is a smooth proper connected curve of genus g, {xj} is a 
J-tuple of distinct points Xj G C and {yk^Tk} is a i^'-tuple of distinct points yk E C 
together with non-zero tangent vectors Tk E Ty^C . We suppose that yk 7^ Xj for all 

We set C{J)g := C(0; J)g. We have the forgetful maps C{JY[K)g — > C{J; K)g. 
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The construction of |14.5| — 114.11| defines the Heisenberg system 7i(7r) over the smooth 
stack C{J)g-s for each vr : J — > X^. 

Given v G F^, choose an unfolding of u, tt : J — > I, and set C^lKYg := C{J; K)/!!^^. 
Given a i^-tuple Jl = {fik} ^ , define a map n : J]JK — > Xi by 7r(j) = — 7r(j) G 
-/ C X£ (j G J), 7f(A;) = fii, {k e K). The local system 7^(7r) over C{JY[K)g.5 
descends to C{J;K)g-s since (^2n(~i) _ ^^^^^ then to C^^Ky^.g, by S7r-equivariance; 
denote the latter local system by H'^, and set T-C^ = ® Sign" , cf. p73| . 

14.17. Lemma. If fl = fl' mod Y^^ i/ien we /iave canonical isomorphisms Hp; = H^,. 
□ 



Therefore, it makes sense to speak about H^ for /I G (X^/Y^ 



14.18. Let us return to the situation at the end of |14.15| . We have 
r = (r, {^j^gvert(r))- Recall that A° = U we have also = U^l 

where Al := {a G Xa G C^,} (f G Vert(r). Set A^, = A°lJ^i, so that A = U A- 
We have an obvious map 

(a) A^^O g^p ^ nvert(r) 
and a map 

(b) ^^o^gj ^ nvert(r) C"'''(v4„)°^ 

over (a). For each f, define an A^-tuple fi{x'iv) equal to /ia at a G A° and x(<3a,n) at 
a G n C A^. By definition, the local system over C^0gr-<5 inverse image of 

the product 

E]vert(r) '^Ax\v) 

under the map (b) (pulled back to the determinant bundle). 

This completes the definition of the local systems H^.^g. They have a remarkable 
compatibility property (when the object A varies) which we are going to describe 
below, see theorem |14.23| . 



14.19. Let TXg denote the fundamental groupoid vr(C^°g.^). We are going to show 
that these groupoids form a cofibered category over Sew. 

14.20. A morphism / : A — > B in Sew is called a sewing (resp. deleting) if A^ = 
(resp. Nf = 0). A sewing / with card(X/) = 1 is called simple. Each morphism is a 
composition of a sewing and a deleting; each sewing is a composition of simple ones. 

(a) Let / : A — > B he a, simple sewing. We have canonical morphisms 

• 

and 



over pf, cf. [|BFM1] 4.3.1. Here M.B,g (resp. C^g) denotes the Grothendieck-Deligne- 



Mumford-Knudsen compactification of J^B,g (resp. of C^g) and dM.B,g (resp. dC^g) 
denotes the smooth locus of the boundary M.B,g — ■M.B,g (resp. C'ffg — C^B,g)- The 
subscript s indicates the base change to the determinant bundle, as before. 
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Composing the specialization with the inverse image under p^j°^ , we get the canonical 
map : f^^g — > f^^g. 

(b) Let / : A — > i? be a deleting. It induces the obvious morphisms (denoted by the 
same letter) 

/ : Ma,9;& ' ■^B,g;5 

and 

The last map induces : T^ g — > '^B,g- 

Combining the constructions (a) and (b) above, we get a category Tg cofibered in 
groupoids over Sew, with fibers T^^g- 

14.21. Let 'Tie.p"c;A,g category of finite dimensional representations of Tj^ g (over 
k) with the monodromy c G k* around the zero section of the determinant bundle. 
The previous construction shows that these categories form a fibered category TZep'^.g 
over Sew. 

14.22. For A G Sew, let us call an yl°-tuple fl = {fJ^a} G Xf ' good if J2ao ^J'a G Y. 
If f : B — > A is a morphism, define a -B°-tuple f*fl = by /i'^ = /ij-i(b) if 
b G if{A^), and otherwise. Obviously, J2bo l^'b = I^ao l^a- 

Given a good fl, let us pick an element v G Y'^ such that z/ = I] /^a + (2^7 — 
2) pi mod Yi. We can consider the local system 'H'^.^ g as an object of 'R-ep'^.^ g where 

C = (_l)card(/)^-12p-p_ 

14.23. Theorem. For any morphism f : B — > A in Sew and a g-good jl G Xf^ , we 
have the canonical isomorphism 

J '^fi;A,9 ~ '^ffi\B,g- 

In other words, the local systems 'H'^.^ g define a cartesian section of the fibered 
category TZep'^^.g over Sew/A. Herec= (_i)card(/)^-i2p.p^ □ 

15. Fusion structures on J^S 

15.1. Below we will construct a family of "fusion structures" on the category J-'S 
(and hence, due to the equivalence $, on the category C) indexed by m G Z. We 
should explain what a fusion structure is. This is done in |15.8| below. We will use a 
modification of the formalism from IBFMI 4.5.4. 



15.2. Recall that we have a reg ular object 7^ G Ind(J^5®^), cf. Section |T|. We 
have the canonical isomorphism t(TVj = TZ where t : Ind(JFiS®^) — ^ Ind(jF5'^^) is the 
permutation, hence an object Tin £ Ind(J-'iS®^) is well defined for any two-element set 
n. 

For an object A G Sew, we set A = U A^^. Let us call an A-collection of factorizable 
sheaves an A-tuple {'^sjagi where Xa G J^S^^ if a G A° and Xa = IZa if 5 G A^^- 



47 



We impose the condition that Y.a&Ao = G Xi/Y. We will denote such an object 
{Xa] 'R.n}A- It defines an object 

®A {Xa,nn} := (®a6A0 X^) ® (®„67V^ 7^„) G Ind(^5®^). 

li f : B — > A is a morphism in Sew, we define a S-coUection lZn}B = {3^b}_B 

by = A'.-i(^) for h G 1 if 6 G 5° - if{A^) and if 6 G A^b = A^a U iV/. 

15.3. Given an A-collection {Xa,lZn}A with \{Xa) = fia such that 
(a) u := Eao yUa + {2g - 2)p, G F+, 

one constructs (following the pattern of |8]^) a perverse sheaf | x f^ ^^ {X^, TZn} over 
C'^A,g;5- It is obtained by planting factorizable sheaves Xa into the universal sections 
Xa of the stable curve CA,g, the regular sheaves Tin into the nodes n of this curve and 
pasting them together into one sheaf by the Heisenberg system Tijj.^ g. 

15.4. Given A G Sew and an A-coUection {Xa, 'R-n}A, choose elements /i^ > \{Xa) 
in Xg such that (a) above holds (note that G Y) . Below u will denote the element 
as in (a) above. 

Let X^ denote the factorizable sheaf isomorphic to Xa obtained from it by the change 
of the highest weight from X{Xa) to fia- For each m G Z, define a local system 
{^A {'^a;7^„})J"') over MA,g;5 as follows. 

Let {®A {^a] "^nD^^g r "^^^^^^ restriction of the local system to be defined to the 
connected component -Mao gr-s- definition, 

{^A {Xa;nn})%l^ := i?"^-'^'°^^----C(0S,,,r iK^T^n}). 

Here | x f^l ^ ^ {X^;TZn} denotes the perverse sheaf | x f^^^ {Xa,Tln} restricted to the 
subspace C^o ^ p.^. This definition does not depend on the choice of the elements 



15.5. Given a morphism / : B — > A, we define, acting as in |14.19| , |14.21| , a per- 
verse sheaf /*(! X {Xa] Tin}) over C'^B,g;5 and local systems /*((8>a {Xa] Tln})^g^^ over 

MB,g;5- 



15.6. Theorem. In the above notations, we have canonical isomorphisms 



This is a consequence of Theorem 14.23 above and the definition of the regular sheaf 



7^ as a sheaf of nearby cycles of the braiding local system, 13.3 . 



15.7. Corollary. We have canonical isomorphisms of local systems 
r{®A {A',;7^„})('") = {®B nXalTln})^^^ (m G Z). □ 
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15.8. The previous corollary may be expressed as follows. The various A-collections 
of factorizable sheaves (resp. categories TZep^.j^ of finite dimensional representations 

of " Teichmiiller groupoids" Teich^ = t^IMais) having monodromy c around the zero 
section of the determinant bundle) define a fibered category jFiS^ (resp. TZep^) over 
Sew. 

For any m E Z, the collection of local systems {0a {^a, '^n})^'"'* and the canonical 
isomorphisms of the previous theorem define a cartesian functor 

where c = (— l)'^^''<^(^)(^~i2p-p_ ^g^jj such a functor a fusion structure of multiplicative 
central charge c on the category J-'S. The category J-'S with this fusion structure will 
be denoted by J^S^'^K 



The difference from the definition of a fusion structure given in ||BFM|| 4.5.4 is that 



our fibered categories live over Sew = Sets^ and not over SetsK as in op. cit. 

15.9. Example. For A G Sew, let us consider an A-curve P = (F^, {xa,Ta}); it de- 
fines a geometric point Q of the stack J^A,g where g = card(A^^) and hence a geomet- 
ric point P = {Q, 1) of the stack A4A,g;5 since the determinant bundle is canonically 
trivialized at Q. 

15.9.1. Theorem. For an A-collection {Xa]TZn}, the stalk of the local system 
{^A '^a)g™^ o,t a point P is isomorphic to 

Tor|_^(l„ (®Ao HXa)) ® ad®3). 

To prove this, one should apply theorem [11. 2| and the following remark. Degenerating 
all nodes into cusps, one can include the nodal curve Pa into a one-parameter family 
whose special fiber is P^, with ca.Td{A^) + g marked points. The nearby cycles of the 
sheaf I X |^ {Xa, TZn} will be the sheaf obtained by the gluing of the sheaves Xa and g 
copies of the sheaf $~^(ad) into these marked points. 

15.10. Note that an arbitrary A-curve may be degenerated into a curve considered in 
the previous example. Due to 15. 7| , this determines the stalks of all our local systems 



(up to a non canonical isomorphism). 

16. CONFORMAL BLOCKS (HIGHER GENUS) 

In this section we assume that k = C. 



16.1. Let us make the assumptions of |10.6| , |14.12| . Consider the full subcategory 



AiS C C. Let us define the regular object Hms by 

^Ms = ©MSA, (ii(/x) ® i:(^)*) G 

As in the previous section, we have a notion of A-collection {La;IlMSn}A (^ G 
Sew, {La} G AiS^°). The classical fusion structure on AiS, |[TUY|| , defines for each 
A-collection as above, a local system 

{La, ^MSn}) MS 

on the moduh stack A^A;<5- 
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We have A = {A, Na); let us define another object A' = {AU {*}, A^^). We have an 
obvious deleting : A' — > A. Given an A-coUection as above, define an A'-coUection 
in {La, L{2pi); R„}yi' in the category C. Using the equivalence $, we transfer to C the 
fusion structures defined in the previous section on TS; we denote them ( )[.™'-'. 



The following theorem generalizes Theorem 11.5 to higher genus. 



16.2. Theorem. For each A G Sew, the local system {La',^MSn})MS on 
M.A';S is a canonical subquotient of the local system {/^a' {La, L{2p£);Iin})'c^ ■ '-' 

16.3. Let us consider the special case A = (A^,©); for an A-collection {La} a" in 
AiS, we have the classical local systems of conformal blocks (®ao {La})MS on AiA;6- 

16.4. Corollary. The local systems {^ao {La})MS o,re semisimple. They carry a 
canonical non- degenerate Hermitian form. 

In fact, the local system fXi^A" {La})MS is semisimple by the previous theorem 
and by Beilinson-Bernstein-Deligne-Gabber, [ |BBD[ | 6.2.5. The map of fundamental 



groupoids fA* '■ TeichA' — ^ TeichA is surjective; therefore the initial local system is 
semisimple. 



The Hermitian form is defined in the same manner as in genus zero, cf. 11.7 
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Part I. INTERSECTION COHOMOLOGY 
OF REAL ARRANGEMENTS 

1. Introduction 

1.1. Let A be a complex affine space, Ti a finite collection of hyperplanes in A. We 
suppose that all if G 7i are given by real equations, and denote by C H the 
subspace of real points. An arrangement Ti induces naturally a stratification of A 
denoted by Su (for precise definitions see section 2 below). The main goal of this 
part is the study of the category A^(A; S-h) of perverse sheaves (of vector spaces over 
a fixed ground field) over A which are smooth along Sji. 

In section 1 we collect topological notations and known facts we will need in the 
sequel. 

Section 2. To each object G 7W(A; Sji) we assign "a linear algebra data". Namely, 
for each facet oi Ti — i.e. a connected component of an intersection of some i^R's 
— we define a vector space (^f{M.)'-, if F is contained and has codimension 1 in the 
closure of another facet E, we define two linear operators between $^(A^) and $£;(A^) 
acting in opposite directions. These data contain all information about M. we need. 

In fact, it is natural to expect that the sheaf M. may be uniquely reconstructed from 
the linear algebra data above (one can check this in the simplest cases). 

The spaces (^p{M.) are defined using certain relative cohomology. They are similar 
to a construction by R. MacPherson (see |[B2||). The spaces $i?(7Vl) are analogous to 



functors of vanishing cycles. 

The main technical properties of functors ^ (^f{M.) are (a) commutation with 
Verdier duality, and (b) exactness. In fact, (b) follows from (a) without difficulty; 
the proof of (a) is the principal geometrical result of this part (see Theorem |3.5|) . 
Actually, we prove a more general statement concerning all complexes smooth along 
Sff. This is a result of primary importance for us. 

Using these linear algebra data, we define an exact functor from AilA^Sy) to com- 
plexes of finite dimensional vector spaces computing cohomology i?r(A; •), see The- 



orem |3.14| . This is the main result we will need below. The idea of constructing 
such functorial complexes on categories of perverse sheaves (quite analogous to the 
usual computation of singular cohomology using cell decompositions) is due to A. 



Beilinson, |pi|| . It was an important source of inspiration for us. 
A similar problem was considered in 0. 

In section 3 we present explicit computations for standard extensions of an arbitrary 
one-dimensional local system over an open stratum. The main result is the computa- 
tion of intersection cohomology, see Theorem [4.17|. In our computations we use some 



simple geometric ideas from M. Salvetti's work, | |Sa] | . However, we do not use a more 
difficult main theorem of this paper. On the contrary, maybe our considerations shed 
some new light on it. 



1.2. The idea of this work appeared several years ago, in some discussions with 
Helene Esnault and Eckart Viehweg. We use this occasion to express to them our 
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sincere gratitude. We are also very grateful to Paul Bressler for a stimulating dis- 
cussion. We thank Kari Vilonen for pointing out an error in an earlier version of the 
manuscript. 

2. Topological preliminaries 

In this section we introduce our notations and recall some basic facts from topology. 
Main references are [[Kl5|| , ||BBD|| . 



2.1. Throughout this work, all our topological spaces will be locally compact, in 
particular Hausdorff. {pt} will denote a one-point space. For a topological space X, 
ax '■ X — > {pt} will be the unique map. If F C X is a subspace, Y will denote the 
closure of Y . 

Throughout this chapter we fix an arbitrary ground field k. A vector space will mean 
a vector space over k. For a finite dimensional vector space V , V* will denote a dual 
space. Vect will denote a category of vector spaces. 

A sheaf will mean a sheaf of vector spaces. For a topological space X, Sh{X) will 
denote a category of sheaves over X, V*{X) will denote the derived category of Sh{X), 
* = -|-, — , 6 or will have the usual meaning. 

For p & 7j, T>-p{X) C T>{X) will denote a full subcategory of complexes /C with 
H'{}C) = for all i > p. 

If A, B are abelian categories, we will say that a left exact functor F : V* {A) — > 
V{B) {* = +,—,b or 0) has cohomological dimension < r, and write cd{F) < r, if 
H^{F{A)) = for any A E A and i > r. (Left exactness here means that H^{F{A)) = 
for i < 0). 

2.2. Let / : X — > y be a continuous map. We will use the following notations for 
standard functors. 

f* : x>{Y) — > V{X) — the inverse image; /* : V+{X) — > V^{Y) — (the right 
derived of) the direct image; f\ : T'+(X) — > V^{Y) — (the right derived of) the 
direct image with proper supports; f : V^iY) — > P+(X) — the right adjoint to f\ 
(defined when /i has finite cohomological dimension), see |[KS|| , 3.1. 

We will denote the corresponding functors on sheaves as follows: /* : Sh(Y) — > 
Sh{X); R'^f, : Sh{X) — > Sh{Y); R^fi : Sh{X) — > Sh(Y). 

We will denote i?r(X; ■) := px*; RTc{X; ■) := px\. For /C G V+{X), i G Z, we set 
H\X; K) := H\RT{X] /C)); i/*(X; /C) := H\RT^{X- K)). 

For V G Vect = Sh{{pt}) we denote by Vx the constant sheaf p*xV- 

If y is a subspace of X, we will use a notation iY,x, or simply iy if X is understood, 
for the embedding Y ^ X. If F is open in X, we will also write jy instead of iy. 

For /C G V{X), we will use notations /C|y := i^^^/C; Rr{Y;}C) : = 
Rr{Y; /C|y), H\Y; JC) := H\Y; JCy), etc. 

2.3. We have functors 

RHom : V-{XyPP x P+(X) — > P+(X), (1) 
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^ -.V-iX) xV*{X) — >V*{X) (2) 

where * =,—,b or 0; 

KRom = RTo RHom : V-{X)°~p~p x V+{X) — > V+{Vect) (3) 
For K,,Ce V\X) we have 

Hom2,(x)(/C, C) = iJ°(i?Hom(/C, £)) (4) 

We denote JC* := RHomiJC, kx). 



2.4. Let X be a topological space, j : t/ — > X an embedding of an open subspace, 
i : Y — > X an embedding of the complement. In this case = i\ and j' = j*. R^i^ 
and R^j\ are exact, so we omit R^ from their notation. j\ is the functor of extension 
by zero, v is the right derived of the functor R^v : Sh[X) — > Sh{Y) of the subsheaf 
of sections with supports in Y (in notations of ||KS|| , R^v{F) = Ty{F)). 

Let /C G T'''"(X). We will use the following notations for relative cohomology: 
RT{X,Y;IC) := RT{X;j,)C\u)] H\X,Y;1C) := H\RT{X,Y]1C)). 

If Z ^ y is a closed subspace, we have a canonical exact triangle 

ix-Y\^\x-Y — ^ ix-z\^\x-z — ^ iy-zi^W-z — ^ ix-Y\^\x-Y[^] (5) 

(of course, ix~Y = j) inducing a long cohomology sequence 

... — y H\X, Y- K) — > H\X, Z- /C) — > H\Y, Z; K) ^ W+\X, Y;IC) — > ... 

(6) 



2.5. Let X be a topological space such that the functor RTclX; ■) has a finite coho- 
mological dimension. We define a dualizing complex: 

uJx:=axkeV\X) (7) 

For /C e V^{X) we set DxJC = RHom{}C, ux) G T'^(X). If there is no risk of confusion 
we denote DIC instead of DxJC. We get a functor 

D : V\X)"PP — y V\X) (8) 

which comes together with a natural transformation 

Id^.(^) ^DoD (9) 



2.6. Orientations. (Cf. | )KS| |, 3.3.) Let X be an ra-dimensional C°-manifold. 



We define an orientation sheaf Orx as the sheaf associated to a presheaf 
U 1-^ Hom2(if"([/; Z), Z). It is a locally constant sheaf of abelian groups of rank 
1. Its tensor square is constant. By definition, orientation of X is an isomorphism 
Orx ^ Zx. 

We have a canonical isomorphism 

ujx ^ Orx ®z k[n] (10) 
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2.7. Homology. Sometimes it is quite convenient to use homological notations. Let 
Y C X he a, closed subspace of a topological space X {Y may be empty), /C G ©^(X). 
We define homology groups as 

H,{X,Y;T) ■.^H\X,Y;J^*)*. 

These groups behave covariantly with respect to continuous mappings. 

Let a he a relative singular n-cell, i.e. a continuous mapping 

a : {D'\ dD") (X, Y) 
where, denotes a standard closed unit ball in M". We supply with the standard 

o 

orientation. Let denote the interior of 15". 

Suppose that cr*/C|^^ is constant. Then by Poincare duality we have isomorphisms 

aD"; a*/C) = H'^{b''] a*]C)* ^ H\b''; a*IC). 

o o 

(recall that D"' is oriented). Thus, given an element s e H^{D^;]C), we can define a 
homology class 

cl{a]s) ■.= a,{s) e Hn{X,Y-}C). 
We will call the couple (a; s) a relative singular n-cell for fC. 
These classes enjoy the following properties. 

2.7.1. Homotopy. Let us call to cells ((Jo;so) and ((Ji,si) homotopic if there exists a 
map 

a : (D" X /, dD'' X /) — > {X, Y) 
(where / denotes a unit interval) such that c*/C|^ ^ is constant, and a section 

s e H\b'' X /; a*K:) 
such that (cr, s) restricted to x {i} is equal to (cxj; Sj), i = 0, 1. 
We have 

(H) i/(cro;so) is homotopic to {cri;si) then cl{ao;so) — cl{ai;si). 

2.7.2. Additivity. Suppose D" is represnted as a union of its upper and lower half-balls 
= U where = {{x^, . . . , x„) e r>"| x„ > 0} and = {(xi, . . . , x„) e 
x„ < 0}. Let us supply with the induced orientation. 

Suppose we are given a relative n-cell (cr; s) such that o"(D" fl ) Then its 

restriction to gives us two relative n-cells (cr^; Sj), i = 1, 2. We have 

(A) d((7; s) = cZ((7i; si) d((72; S2). 

2.8. We will call a local system a locally constant sheaf of finite rank. 

Let X be a topological space, i -.Y ^ X a, subspace. We will say that /C G T>[X) is 
smooth along Y if all cohomology sheaves H^{i*K,), p ^ Z, are local systems. 

We will call a stratification of X a partition X = [Js^s ^ i^to ^ finite disjoint of locally 
closed subspaces — strata — such that the closure of each stratum is the union of 
strata. 
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We say that K, G 'D{X) is smooth along S if it is smooth along each stratum. We 
will denote by V*[X;S) the full subcategory of T>*[X) (* = +, — ,6 or 0) consisting 
of complexes smooth along S. 



2.9. Let us call a stratification 5 of a topological space X good if the following 
conditions from PBD|| , 2.1.13 hold. 

(b) All strata are equidimensional topological varieties. If a stratum S lies in the 
closure of a stratum T, dim S < dim T. 

(c) If 2 : S' X is a stratum, the functor i^. : V^{S) — > V^i^X) has a finite 
cohomological dimension. If JF e Sh{S) is a local system, i^{J^) is smooth along S. 

Let 5 be a good stratification such that all strata have even dimension. We will 
denote by J^{X]S) C V^i^X^S) the category of smooth along S perverse sheaves 
corresponding to the middle perversity p{S) = — dim S/2, cf. loc. cit. 



2.10. Let X be a complex algebraic variety. Let us call its stratification S algebraic 
if all strata are algebraic subvarieties. Following ||BBD|| , 2.2.1, let us call a sheaf JF g 



Sh{X) constructible if it is smooth along some algebraic stratification. (According to 
Verdier, every algebraic stratification admits a good refinement.) We denote by T>l{X) 
a full subcategory of V^{X) consisting of complexes with constructible cohomology. 

We denote by M{X) C Vl{X) the cate gory of perverse sheaves corresponding to the 
middle perversity. It is a filtered union of categories A4{X; S) over all good algebraic 
stratifications S, cf. loc. cit. 

2.11. Let X be a complex manifold, / : X — > C a holomorphic map. Set Y = 
/-i(0), U = X - Y , let i : Y ^ X, j : U ^ X denote the embeddings. 

We define a functor of nearby cycles 

% : V\U) — > V\Y) (11) 

as ^/(/C) = ^/'/j*(/C)[— 1] where ipj is defined in [|KS|| , 8.6.1. 

We define a functor of vanishing cycles 

: V\X) — > V\Y) (12) 

as 0/ from loc. cit. 

2.12. Lemma. Let X be topological space, Y ^ X a closed subspace, T G ShiX). 
Then natural maps 

lim H\U]r) — ^ H\Y;J^), i E Z, 
where U ranges through all the open neighbourhoods of U, are isomorphisms. 
Proof. See 2.5.1, 2.6.9. □ 



2.13. Conic sheaves. (Cf. ||KS|| , 3.7.) Let ]R*+ denote the multiphcative group of 
positive real numbers. Let X be a topological space endowed with an ]R*"'"-action. 

Following loc. cit., we will call a sheaf JF over X conic (with respect to the given 
M*"'"-action) if its restriction to every M*"'"-orbit is constant. We will call a complex 
/C G T>{X) conic if all its cohomology sheaves are conic. 
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We will denote by Shu*+iX) C Sh{X), V^,+ {X) C V*{X), * = 6, +, - or 0, the full 
subcategories of conic objects. 

2.13.1. Lemma. Let U "-^ X be an open subset. Suppose that for every W^-orbit 
O G X , O n U is contractible (hence, non-empty). Then for every conic K, G ^^(X) 
the restriction morphism 

RT{X;IC) — > RV{U;iq 

is an isomorphism. 

Proof. See loc. cit., 3.7.3. □ 



3. Vanishing cycles functors 

3.1. Arrangements. Below we use some terminology from |pa|| . Let Ajr be a real 
affine space Ak of dimension A^, and TYr = {Hj^} a finite set of distinct real affine 
hyperplanes in Ar. Such a set is called a real arrangement. We pick once and for all 
a square root i = \f—\ G C. 

Let A = Ak ®k C denote the complexification of Ar, and 7^ = {i/} where H := 
(S)irC. (A finite set of complex hyperplanes in a complex affine space will be called 
a complex arrangement) . 

We will say that Ti. is central if ClHen ^ consists of one point. 
For a subset K. C H denote 

Hjc= f] H; jcH= U H, 

and 

Hr^k. = n H^, icH^ = [J H^. 

HeJC H€JC 

The nonempty subspaces H/c and H/c^r are called complex and real edges respectively. 
Set 

o 

Hk = Hjc- UL, 

o 

the union over all the complex edges L C H/c, L ^ H/c- We set H^^/c = H^^ic fl A^. 

o 

Connected components of Hj^^x: are called facets of Hr. Facets of codimension (resp., 
1) are called chambers (resp., faces). 

o 

Let us denote by S-h a stratification of A whose strata are all non-empty H/c. We will 

o 

denote by A-^ a unique open stratum 

Ah = ^0 = A H. 

In this Section we will study categories of sheaves T>{A; Sn) and A^(A; S-^). 
We will denote by S-^^ a stratification of Ak whose strata are all facets. We set 

o 

A-H.K = Ak —n H^. 

It is a union of all chambers. 
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3.2. Dual cells, (cf. ||Sa]| ). Let us fix a point on each facet F. We will call this 
set of points w = {^w} marking of our arrangement. 

For two facets F, E let us write F < E ii F C E and dim F < dim E. We will say 
that E is adjacent to F. We will denote by Ch(F) the set of all chambers adjacent to 
F. 

Let us call a flag a sequence of q — p + 1 facets F = {Fp < Fp+i < . . . < Eg) with 
dim Fi = i. We say that Fp is the beginning and Eg the end of F. 

Let us denote by a closed {q — ]9)-symplex with vertices ^^w, ... w. Evidently, 

C Eg. 

Suppose we are given two facets Fp < Eg, dimFj = i. We will denote 

Df,<f. = U 



the sum over all flags beginning at Fp and ending at Eg. This is a (g — p)-dimensional 
cell contained in Eg. 

For a facet F let us denote 



Df= U Df^c 

CeCh(F) 

We set 

'S'f := U De<c, 

E,C:F<E<C; 

the union over all facets E and chambers C. The space 5*^ is contained in Dp (in 
fact, in the defintion of Sp it is enough to take the union over all facets E such that 
dim E = dim F + 1). If g = codim F, then Dp is homeomorphic to a g-dimensional 
disc and Sp — to a (g — 1)- dimensional sphere, cf. |S^, Lemma 6. We denote 

o 

Dp := Dp — Sp. We will call Dp a dual cell corresponding to F. 

o o 

We set Dp^c '■= Dp^c H Dp. 



3.3. Generalized vanishing cycles. Let /C G {A; S-^) , F a p-dimensional facet. 
Let us introduce a complex 

$^(/C) := RT{Dp, Sp; }C)[-p] E V\pt) (13) 

This complex will be called a complex of generalized vanishing cycles of K, at a facet 
F. 

Formally, the definition of functor ^p depends upon the choice of a marking w. 
However, functors defined using two different markings are canonically isomorphic. 
This is evident. Because of this, we omit markings from the notations. 



3.4. Transversal slices. Let F be a facet of dimension p which is a connected com- 
ponent of a real edge Mk with the complexification M. Let us choose a real affine 
subspace of codimension p transversal to F and passing through ^w. Let L be its 
complexification. 

Let us consider a small disk G L with the centrum at = L fl M. We identify 
with an affine space by dilatation. Our arrangement induces a central arrangement 
Hl in L,. Given /C e V\A;Sn), define )Cl := «I,/C[-p]. 
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3.4.1. Lemma. We have a natural isomorphism 

D{Kl) ^ {DK)l (14) 

Proof. Consider an embedding of smooth complex manifolds il '■ L — > A. Let us 
consider the following complexes: ujl/^ := i'l^kji^ (cf. ||KS|| , 3.1.16 (i)) and Otl/^ : = 
Otl ®i Orp^. We have canonical isomorphism 

^^L/A OrL/A[-2p] ® k. 

The chosen orientation of C enables us to identify Or a and Ori, and hence Or^/^ 
with constant sheaves; consequently, we get an isomorphism 

^L/A ^ k[-2p]. 

The canonical map 

ij^/C — >i*lC®ujL/k (15) 

(cf. ||KS|| , (3.1.6)) is an isomorphism since singularities of /C are transversal to L (at 
least in the neighbourhood of ^w). Consequently we get an isomorphism i^/C — ^ 

Now we can compute: 

D{1Cl) = Ditm-p]) ^ D{tl)C)[2p] ^ z[D]C[p] ^ 2lD/C[-p] = {DK)^, 
QED. □ 

3.4.2. Lemma. We have a natural isomorphism 

$^(/C) ^ $ {.,^}(/Ci) (16) 

This follows directly from the definition of functors $. 

This remark is often useful for reducing the study of functors to the case of a 
central arrangement. 

3.4.3. Lemma. If M e M{A] Sn) then Ml e M{L,; Sn^ J. 
Proof follows from transversality of to singularities of Ai. □ 



3.5. Duality. Theorem. Functor commutes with Verdier duality. More pre- 
cisely, for every K, G T>^{K,S-}i) there exists a natural isomorphism 

(!>f{DIC) ^ D(^f{IC) (17) 



This is the basic property of our functors. 
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3.6. 1-dimensional case. To start with the proof, let us treat first the simplest case. 
Consider an arrangement consisting of one point — origin — in a one-dimensional 
space A. It has one 0-face F and two 1-faces E± — real rays ]R>o and M<o- A marking 
consists of two points w± G E± and F. We set w± = ±1 (we pick a coordinate on A). 

For a positive r denote A<r := {z G A| \z\ < r}, Sr '■= dA<r', A<r, A>r, etc. have 
an evident meaning. We also set A(^r',r") '■= ^>r' H A<r". A subscript M will denote 
an intersection of these subsets with A^. Evidently, Dp = A<i ]r, Sp = Si^^. Define 
Y 



n°'P'P ■ 



^>i,R, -f ■= i ■ Dp'^. 



One sees easily (cf. infra, Lemma ^.71 ) that one has isomorphisms 

<^p{}C) ^ Rr{A, Sp; /C) ^ i?r(A, D^fP; /C). (18) 

Let us choose real numbers e, r', r" such that 0<e<r'<l< r". Set Y := ei ■ Dp'^. 
Denote j := Ja-Sf- have natural isomorphisms 

D^f{JC) = DRT{A, Sp; K) = RT,{A; j^j* DJC) 

(Poincare duality) 

^ RT{A,A>r";j*j*DIC) = RT{A,YUA>r>r,jJ*DIC) 
(homotopy). Consider the restriction map 

res : RT{A,Y U A>r"; j*f DJC) — > RT{A<r',Y n A<r'; DJC) (19) 
We claim that res is an isomorphism. In fact. Cone (res) is isomorphic to 
i?r(A, A<^/ U A>,.// U Y;jJ*DIC) = Rr^{A^r"A<r' U Y;jJ*D}C) = 

= DRT{A^r" - i^<r' U r); j,j*/C) 

We have by definition 

RT{A^r" - i^<r' U r); j.j*/C) = i?r(A(^,,^//) - Y, Sp; K,) 

On the other hand, evidently K, is smooth over A(r',r")) ^"^^ we have an evident 
retraction of A^^r'y) on Sp (see Fig. 1). Therefore, i?r(A(r',r") — Y, Sp; /C) = which 
proves the claim. 

Sr" 



Sr' ^ 






f 1 


1 \ 



-e- 



Fig. 1 

A clockwise rotation by 7r/2 induces an isomorphism 

i?r(A<,,, Y n A<,,; DK) = RT{A<r', e ■ D'^^; DJC), 
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and the last complex is isomorphic to ^piDIC) by dilatation and (|18|). This proves 
the theorem for The statement for functors ^e± is evident. 

Let us return to the case of an arbitrary arrangement. 

3.7. Lemma. Suppose that Ti is central. Let F be the unique 0- dimensional 
facet. The evident restriction maps induce canonical isomorphisms 

(1) (2) (3) (4) 

$^(/C) = RT{Ak,Sf]1C) ^ RT{A,Sf;IC) = RT{K,Df'-lC) = RT{A^, DfP;}C) 

o 

where D°p^ = Ak — Dp. 

Proof. Let us fix a coordinate system with the origin at F, and hence a metric on A. 
For e > let f/f C Ajg denote the set of points x G Ajj having distance < e from Dp. 

It follows from 12. 121 that 



<I>f(/C) = RT{Df, Sf; /C) ^ lim RT{U„ Sf] /C). 

On the other hand, from p.l3.1| it follows that restriction maps 

RT{Ar, Sf; /C) — > RT{U,, Sf; /C) 

are isomorphisms. This establishes an isomorphism (1). To prove (3), one remarks 
that its cone is acychc. 

The other isomorphisms are proven by the similar arguments. We leave the proof to 
the reader. □ 



3.8. Proof of |3.5| . First let us suppose that Ti. is central and F is its 0-dimensional 
facet. We fix a coordinate system in A as in the proof of the lemma above. We have 
a decomposition A = Ar © i ■ Ajg. We will denote by 3?, 9 : A — > Ar the evident 
projections. 

Let A<r, etc. have the meaning similar to the one- dimensional case above. Let us 
denote j := Ja-Sf- We proceed as in one-dimensional case. 

Let us choose positive numbers r',r", e, such that 

o 

eDp C A<r' C Df C Df C A^r" 
Let us introduce a subspace 

Y = ei- 

We have isomorphisms 

D^FilC) = DRT{A,Sf;IC) 

(by Lemma p.7|) 



^ RT^{A;jSDlC) ^ RT{A,A>r";j*fDIC) ^ RT {A, Y U A>r"; J* J* DIC) 
(homotopy). Consider the restriction map 

res : RT{A,Y U A>r''; j^j* DJC) — > RT{A<r',Y n A<r'; DJC) (20) 
Cone (res) is isomorphic to 

i?r(A, A<^/ U A>,.// U Y;jJ*DIC) = i?re(A<^//, A<,. U Y;jJ*DK:) = 

= DRT{A^r" - i^<r' U Y);jij*}C) 
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We have by definition 

RT{A<r" - {A<r' U r); J!j*/C) = RT{A^r',r") " Y, Sf] JC) 

3.8.1. Lemma. Set AJj := Ar - {0}. We have RT{A - i ■ Ar, AJ^; /C) = 0. 
Proof. We have to prove that the restriction map 

i?r(A - i ■ Am; /C) — > RT{A'^;K:) (21) 

is an isomorphism. Consider projection to the real part 

TT : A - z • Am — > A'^. 

Evidently, 

i?r(A - i ■ Am; /C) = RT{A'^, 7r,/C). 
On the other hand, since /C is conic along fibers of vr, we have 

7r^,/C — > e*IC 

where e : AJ^ — > A — i-A^ denotes the embedding (cf. p.l3| ). This implies our lemma. 
□ 

It follows easily that Cone(res) is acyclic, therefore the map res is an isomorphism. 
In other words, we have constructed an isomorphism 

D^f{]C) ^ RT{A<r', Y n A<r']Diq. 

A clockwise rotation by 7r/2 induces an isomorphism 

RV{A<r', Y n A<,,; DK) ^ i?r(A<,/, e ■ D^?^; D/C), 

and the last complex is isomorphic to ^f{D}C) by dilatation and ^.7| (3). 

This proves the theorem for Note that we have constructed an explicit isomor- 
phism. 

3.8.2. If F is an arbitrary facet, we consider a transversal slice L as in p.4| . By the 
results of loc.cit., and the above proven case, we have natural isomorphisms 

This proves the theorem. □ 

3.9. Theorem. For every A4 G ^^(A;^-;.^) and every facet F we have 

H\<I>f{M)) = for alli^ 0. 

In other words, functors (^f are t-exact with respect to the middle perversity. 

Proof. First let us suppose that Ti is central and F is its 0-dimensional facet. Let 
us prove that $ir is right exact, that is, = for z > and every Jvi as 

above. 

In fact, we know that 
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3.9.1. if S is any stratum of S-^ of dimension p then A4\s E V-^p{S) 
by the condition of perversity. In particular, RT{A;A4) = i*pM. G V-^{{pt}). 
On the other hand, one deduces from p.9.1| that RT{Sf', G V-~^{{pt}). In fact. 



by definition Sp is a union of certain simplices A, all of whose edges lie in strata of 
positive dimension. This implies that i?r(A; A^|a) G V-~^{{pt}), and one concludes 
by Mayer- Vietoris argument, using similar estimates for intersections of simplices. 

Consequently we have 

$^(A^) ^ RT{A,Sf;M) G V^\{pt}), 

as was claimed. 



On the other hand by Duality theorem we have an opposite inequality, which 
proves that $ir is exact in our case. 

The case of an arbitrary facet is reduced immediately to the central one by noting 
that an operation of the restriction to a transversal slice composed with a shift by its 
codimension is t-exact and using (|lB). The theorem is proved. □ 



3.10. By the above theorem, the restriction of functors $i? to the abelian subcategory 
J^{A,S'h) lands in subcategory Vect C V{{pt}). 

In other words, we get exact functors 

$F ■.M{A,Sn) — > Vect (22) 

These functors commute with Verdier duality. 

We will also use the notation JHf for $i?(7Vl). 



3.11. Canonical and variation maps. Suppose we have a facet E. Let us denote 
by !Fac^{E) the set of all facets F such that E < F, dim F = dim E + 1. We have 

Se= U Df (23) 



Suppose we have K. G V{A,Sn)- 



3.11.1. Lemma. We have a natural isomorphism 

RTiSE, U Sf; /C) = ®Fe:Fac^ERnDF, Sf; /C) 

o 

Proof. Note that Se — [JFGTac^{E) ^f = UFeJ^aci(B) -^-F (disjoint union). The claim 
follows now from the Poincare duality. □ 

Therefore, for any F G !Fac^{E) we get a natural inclusion map 

iI:RT{Df,Sf-,1C)-^RT{Se, U Sf'^IC) (24) 

Let us define a map 

(/C) : $^(/C) ^ ^e{1C) 
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as a composition 

RT{Df, Sf; IC)[~p] ^ RT{Se, \J Sf'] )C)[-p] Rr{SE; )C)[-p] RT{De, Se)[-P+1] 

where the last arrow is the coboundary map for the couple {Se, De), and the second 
one is evident. 



This way we get a natural transormation 

Ue ■■ $F 

which will be called a canonical map. 
We define a variation map 



(25) 



(26) 



as follows. By definition, ^^(/C) is the map dual to the composition 



3.12. Lemma. Suppose we have 4 facets A, Bi, B2,C such that A < Bi < C, A < 
B2 < C and dim A = dim Bi — 1 = dim C — 2 (see Fig. 2). Then 







OU% = 


-uf 


and 












°< = 





For a proof, see below, 3.13.2 



C 




3.13. Cochain complexes. For each integer p, < p < A^, and Ai E A^(A, 5?^) 
introduce vector spaces 

C^P(A; M) = ®F:dimF=p Mf (27) 

For i > or i < -A^ set C^(A; M) = 0. 
Define operators 

d : C„^(A; M) — > C/+'(A; M) 

having components m^. 
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3.13.1. Lemma. (P = 0. 

Proof. Let us denote Xp := [jp.^:^^p^pDp. We have Xp D Xp+i. Evident embeddings 
of couples {Dp, Sp) "—^ {Xp,Xp^i) induce maps 

RT{Xp,Xp^,;M) — ^ ©F:dimF=p RT{Dp,Sp;M) 

which are easily seen to be isomorphisms. Thus, we can identify C~'^{A; A4) with 
Rr{Xp, Xp^i, A4). In these terms, d is a boundary homomorphism for the triple 
Xp D Xp+i D Xp+2. After this description, the equality = is a general fact from 
homological algebra. □ 



3.13.2. Proof of |3.12| . The above lemma is equivalent to the statement of |3.12| 



about maps u, which is thus proven. The claim for variation maps follows by duality. 
□ 

This way we get a complex C^(A; Ai) lying in degrees from — to 0. It will be called 
the cochain complex of our arrangement Ti.^ with coefficients in Ai. 

3.14. Theorem, (i) A functor 

M ^ C;^{A;M) 

is an exact functor from Ai{A; Sy) to the category of complexes of vector spaces, 
(a) We have a canonical natural isomorphism in 

C'^{A-M) ^ RT{A-M) 



Proof, (i) is obvious from the exactness of functors cf. Thm. p.9| . To prove (ii), 
let us consider the filtration 

A D Xo D Xi D . . . Xtv D 0. 

It follows easily from homotopy argument (cf. ^.V2\ ^.13| ) that the restriction 

RV{A-M) — > RV{Xq-M) 

is an isomorphism. On the other hand, a "Cousin" interpretation of C^(A;A^) 
given in the proof of Lemma |3.13.1| , shows that one has a canonical isomorphism 
RT{Xq]M)^CI^{A-M). □ 



4. Computations for standard sheaves 



4.1. Suppose we have a connected locally simply connected topological space X and 
a subspace Y (Z X such that each connected component of Y is simply connected. 
Recall that a groupoid is a category all of whose morphisms are isomorphisms. Let us 
define a Poincare groupoid vri(X; Y) as follows. 

We set Ob7ri(X; Y) = no{Y). To define morphisms, let us choose a point yi on each 
connected component Yi C Y. By definition, for two connected components Yi and 
Yj, the set of homomorphisms B.om^^(^x,Y)0^i^ ^) homotopy classes of 

paths in X starting at yi and ending at yj. 

A different choice of points yi gives a canonically isomorphic groupoid. If Y is reduced 
to one point we come back to a usual definition of the fundamental group. 
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Given a local system £ on X, we may assign to it a "fiber" functor 

Fc:7i,{X;Y)^Vect, 

carrying Yi to the fiber Cy. . This way we get an equivalence of the category of local 
systems on X and the category of functors iii{X, Y) — > Vect. 

4.2. Return to the situation of the previous section. It is known (cf. ||Br|| ) that the 

o 

homology group Hi^Afi; Z) is a free abelian group with a basis consisting of classes 
of small loops around hyperplanes H ElH.. Consequently, for each map 

ci -.l-L — ^ C* (28) 

there exists a one-dimensional local system C{c\) whose monodromy around H E Ti 
is equal to q{H). Such a local system is unique up to a non- unique isomorphism. 

Let us construct such a local system explicitely, using a language of the previous 
subsection. 

4.3. From now on we fix a real equation for each H & Ti, i.e. a linear function 
fn '■ Am — > M such that = f~^{0). We will denote also by fn the induced 
function A — > C. 

The hyperplane i^R divides Ar into two halfspaces: A^^^ = {x E Ak|///(x) > 0} 
and H = {x e Ak|//^(x) < 0}. 

Let F C -ff]R be a facet of dimension — 1. We have two chambers F± adjacent to 
F, where F± C A^^. Pick a point w G F. Let us choose a real affine line lu C Ak 
transversal to H^. and passing through w. Let / denote its complexification. 

The function fn induces isomorphism / — ^ C, and /^^^(IR) fl / = /k- Let us pick a real 
e > such that two points f^^{±e) fl Ir lie in F± respectively. Denote these points 
by w±. 




Fig. 3 



Let us denote by r+ (resp., r ) a counterclockwise (resp., clockwise) path in the upper 
(resp., lower) halfplane connecting e with — e. Let us denote 

This way we get two well-defined homotopy classes of paths connecting chambers 
and F_. The argument arg fn increases by =l=| along Tp. 
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Note that if H' is any other hyperplane of our arrangement then arg//// gets no 
increase along Tp. 

o 

4.4. Now suppose we have q as in (^). Note that all connected components of A-^^k 
— chambers of our arrangement — are contractible. Let us define a functor 

F(q2) : 7ii{An,An,R) — > Vectc 

as follows. For each chamber C we set F(q^)(C) = C. For each facet F of codimension 
1 which lies in a hyperplane H we set 

o 

It follows from the above remark on the structure of Hi{At-i) that we get a correctly 
defined functor. 

The corresponding abelian local system over A-^ will be denoted C{q^); it has a 
monodromy q(-ff)^ around H E Ti. If all numbers q(i?) belong to some subfield 
k C C then the same construction gives a local system of k-vector spaces. 

4.5. From now on until the end of this section we fix a map 

c^-.n — ^ k*, 

k being a subfield of C, and denote by C the local system of k-vector spaces C{g^) 
constructed above. We denote by the dual local system £(q^^). 

o 

Let j : A-j-c — > A denote an open embedding. For ? equal to one of the symbols !, * 
or !*, let us consider perverse sheaves £? := j?£[A^]. They belong to A^(A; Sn)', these 
sheaves will be called standard extensions of £, or simply standard sheaves. Note that 

DC^ ^ C-^] DC, = CV^ (29) 

We have a canonical map 

m : C\ — > (30) 
and by definition coincides with its image. 

Our aim in this section will be to compute explicitely the cochain complexes of stan- 
dard sheaves. 

4.6. Orientations. Let F be a facet which is a connected component of a real edge 
Lp- Consider a linear space Lp = A^/Lp- Let us define 

it is a free abelian group of rank 1. To choose an orientation of Lp (as a real vector 
space) is the same as to choose a basis vector in A^. We will call an orientation of Lp 
a coorientation of F. 

We have an evident piecewise linear homeomorphism of Dp = [jD f<c onto a closed 
disk in Lp] thus, a coorientation of F is the same as an orientation of Dp (as a C°- 
manifold); it defines orientations of all cells Dp^c- 
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4.6.1. From now on until the end of the section, let us fix coorientations of all facets. 
Suppose we have a pair E < F, dim E = dim F — 1. The cell D^; is a part of the 
boundary of Dp. Let us define the sign sgn{F,E) = ±1 as follows. Complete an 
orienting basis of by a vector directed outside Dp; if we get the given orientation 
of Dp, set sgn{F,E) = 1, otherwise set sga{F,E) = —1. 

4.7. Basis in ^f{C])*. Let F be a facet of dimension p. We have by definition 
By Poincare duahty, 

(recall that we have fixed an orientation of Dp). The space Dp — {Sp U?^ H^) is a 
disjoint union 

o 

Dp — {Sp U-H H^) = y Dp^c- 

CeCh{F) 

Consequently, 

H\Dp - {Sp Un H^y, C-') - ©cech{F)i^°(^F<c; C''). 

o 

By definition of C, we have canonical identifications H^{Dp^c] ^~^) = k. We will 

o 

denote by c{C\)p<^c £ '^'f('C)* the image of 1 G H^{Dp^c', '^^^) with respect to the 
embedding 

H''{bp^c;c-')^<^p{c,y 

following from the above. 

Thus, classes c{C\)p^c, C G Ch(F), form a basis of ^p{C\)*. 

4.8. Let us describe canonical maps for Ck If F < E, dim E = dim F + 1, let 
u* : ^p{C\)* — > ^p{C\)* denote the map dual to Up{C\). Let C be a chamber 
adjacent to F. Then 

u (c(£,)e<c) - j Q otherwise ^^^^ 

4.9. Basis in (^p{C^)* . We have isomorphisms 

^p{C,) ^ ^p{DCV^) = ^F{CV^y (32) 

Hence, the defined above basis {c{CV^)p^c}c&ch{F) of ^p{Ci^)*, gives a basis in 
$e(£*). We will denote by {c{C^)p^c}c&ch{F) the dual basis of ^p{C^). 

4.10. Example. Let us describe our chains explicitely in the simplest one- 



dimensional case, in the setup |3]^. We choose a natural orientation on A]r. A local 
system C = C{q^) is uniquely determined by one nonzero complex number q. By 
definition, the upper (resp., lower) halfplane halfmonodromy from to+ to W- is equal 
to q (resp., q^^). 
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4.10.1. Basis in ^p{C\)*. The space ^f{C\)* admits a basis consisting of two chains 
c± = c{C\)f<e± shown below, see Fig. 3(a). By definition, a homology class is 
represented by a cell together with a section of a local system over it. The 
section of C^^ over c+ (resp., c„) takes value 1 over w+ (resp., W-). 
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4.10.2. Basis in ^f{C^)* . Let us adopt notations of 3^, with /C = ^. It is easy to 
find the basis {-Dc+, Dc_} of the dual space 

<i>F{cr^) = H%A,A>r"]fj.DCr^y = H\A-{w+,w-},A>r";cy 

dual to {c{C~^)f<e+,c{C~^)f<e-}- Namely, Dc± is represented by the relative 1- 
chain 

1 




with evident sections of over them, see Fig. 3(a). 

Next, one has to deform these chains to chains Dc± with their ends on Y , as in Fig. 
3(b). Finally, one has to make a clockwise rotation of the picture by 7r/2. As a result, 
we arrive at the following two chains forming a basis of (£*)*: 



W- 



w+ 



Fig. 4 

The section of C^^ over c\ (resp., c_) has value 1 at w+ (resp., 
It follows from this description that the natural map 

m : ^f{C,)* — ^ ^f{Q* 



(33) 
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is given by the formulas 

m{c*^) = c+ + gc_; m(cl) = gc+ + c_ (34) 

By definition, spaces ^e±{'^'!)* may be identified with fibers Cw± respectively, for 
both ? =! and ? = *, and hence with k. Let us denote by c^^^ and c^^ the generators 
corresponding to 1 G k. 

It follows from the above description that the canonical maps u* are given by the 
formulas 

M*(c+) = c^^; u*{c-) = -c^_; (35) 

and 

= - «*(c*_) = qcl^ - c;_; (36) 

Let us compute variation maps. To get them for the sheaf C\, we should by definition 
replace q by in (^) and take the conjugate map: 

v*{cn,+ ) = c+ + q~^c-; v*{cn,_) = -q~~^c+ - c_ (37) 

To compute v* for note that the basis in 

if°(A, {w+, w^}; C7')* = H,{A, {w+, w_, 0}; C) 

dual to {c^,c*_}, is {g^^c„, g^^c+} (sic!) where c± denote the chains defined in the 
same way as c±, with C replaced by C^^. From this remark it follows that 

^*(4J=g-V; v*{cl_) = -q-'cl (38) 

4.11. Let us return to the case of an arbitrary arrangement. Let us say that a 
hyperplane H ^ 7i separates two chambers C, C if they lie in different halfspaces 
with respect to H^. Let us define numbers 

q(C,C')=nq(^)> (39) 

the product over all hyperplanes H E H separating C and C. In particular, q(C, C) = 
1. 

4.12. Lemma. Let F be a face, C G Ch(F). The canonical mapping 

m : $f(£.)* ^ ^FiCiY 

is given by the formula 

m{c{C,)F<c)= E q(C,C")c(/:!)F<c' (40) 

C'eCh(F) 

4.12.1. Since ^f{C^:) is dual to ^f{C\), we may view m as a bilinear form on ^p{C\). 
By ( ^Dj ) it is symmetric. 

Proof of lemma. We generalize the argument of the previous example. First consider 
the case of zero-dimensional F. Given a chain c(£r^)i?<c, the corresponding dual 
chain may be taken as 

Dcf<c = e ■ '^w ®i ■ Ak, 
were e is a sufficiently small positive real. Next, to get the dual chain c{C^:)f<c, 
we should make a deformation similar to the above one, and a rotation by |. It is 
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convenient to make the rotation first. After tlie rotation, we get a cfiain Ar — ei ■ '-^w. 
Tlie value of m{c{C^)F^c) is given by the projection of this chain to Ajj. 

The coefficient at c{C\)f<c' is given by the monodromy of C^^ along the following 
path from C to C. First, go "down" from '-''w to —ei ■ '-''w; next, travel in Aj^ — ei ■ 
along the straight line from —ei ■ to —ei and then go "up" to ^ w. Each 

time we are passing under a hyperplane separating C and C", we gain a factor 
q(if). This gives desired coefficient for the case dim F = 0. 

For an arbitrary F we use the same argument by considering the intersection of our 
picture with a transversal slice. □ 

4.13. Let £■ be a facet which is a component of a real edge Le;^'-, as usually L will 
denote the complexification. Let Hl C H he a subset consisting of all hyperplanes 
containg L. If we assign to a chamber C G Ch.{E) a unique chamber of the subar- 
rangement Hl comtaining C, we get a bijection of Ch.{E) with the set of all chambers 
of Hl. 

Let F < E he another facet. Each chamber C G Ch{F) is contained in a unique 
chamber of Hl- Taking into account a previous bijection, we get a mapping 

7r| : Ch(F) — > Ch{E) (41) 

4.14. Lemma. Let F be a facet, C G Ch(F). We have 

u*iciC.)p^c) = E sgn(F, EMC 7r|(C))c(/:.)^<,.(c), (42) 
the summation over all facets E such that F < E and dim E = dim F + 1. 
(Signs sgn(F, E) have been defined in [4.6.1| .) 



Proof. Again, the crucial case is dim F = — the case of arbitrary dimension 
is treated using a transversal slice. So, let us suppose that F is zero-dimensional. 
In order to compute the coefficient of m*(c(£=k)f<c) at c{C*)e<c' where E is a one- 
dimensional facet adjacent to F and C G Ch{E), we have to do the following. 

Consider the intersection of a real affine subspace Ak — e-i- (as in the proof of the 
previous lemma) with a complex hyperplane Me passing through and transversal 
to E. The intersection will be homotopic to a certain chain c{C^:)e<c" where C" is 
easily seen to be equal to 7r^(C), and the coefficient is obtained by the same rule as 
described in the previous proof. The sign will appear in accordance with compatibility 
of orientations oi Dp and De- n 

4.15. Let us collect our results. Let us denote by {h{C?)F<c}c&ch{F) the basis in 
$f(£?) dual to {c{C'r)F<c}, where ? =! or *. 

4.16. Theorem, (i) The complex C^{A; C\) is described as follows. For each p, 0< 
p < N, the space C^^(A; £1) admits a basis consisting of all cochains b{C\)E<c where 
F runs through all facets ofTi^ of dimension p, andC through Ch(F). The differential 

d : C^^(A; a) — > C/+^(A; £,) 

is given by the formula 

d{b{U)E<c)= E sgn{E,F)b{U)E<c (43) 

E:E<F, dim _B=dim F-1 
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(ii) The complex C^{A; C^) is described as follows. For eachp, < p < N , the space 
C^^{A; C^) admits a basis consisting of all cochains h{C^)F<c where F runs through 
all facets ofH.^ of dimension p , and C through Ch(F). The differential 

d : C„P(A; O ^ C/+'(A; £,) 

is given by the formula 

dibiU)F<c) = E sgn(i5^, FMC C')b{U)E<c', (44) 

the summation over all facets E < F such that dim E = dim F — 1 and all chambers 
C e Ch{E) such that vrf (C') = C. 

(Hi) The natural map of complexes 

m : C*(A;/:,) ^C*(A;/:,) (45) 

induced by the canonical map C\ — ^ is given by the formula 

m(6(/:0F<c) = E q(C,C")KA)F<c' (46) 

C"eCh(F) 

All statements have already been proven. 

4.16.1. Corollary. The complexes C^{A] C\) and C^{K; C^) described explicitely in 
the above theorem, compute the relative cohomology H'{A, nH] C) and the cohomology 

o 

of the open stratum H*{A,C) respectively, and the map m induces the canonical map 
in cohomology. 

Proof. This follows immediately from p.l4 n 

This corollary was proven in [|V|, Sec. 2, by a different argument. 

4.17. Theorem. The complex C^{A; Ci^,) is canonically isomorphic to the image 
of^. 

Proof. This follows from the previous theorem and the exactness of the functor 
M ^ C^(A;A<), cf Thm. (i). □ 



The above description of cohomology is analogous to Vl|| , p. I, whose results may 



be considered as a " quasiclassical" version of the above computations. 
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Part II. CONFIGURATION SPACES 
AND QUANTUM GROUPS 



1. Introduction 

1.1. We are starting here the geometric study of the tensor category C associated 
with a quantum group (corresponding to a Cartan matrix of finite type) at a root of 
unity (see ||A JS|| , 1.3 and the present part, |11.3| for the precise definitions). 



The main resuhs of this part are Theorems ^.18| , ^.23| , |12.7| and |12.8| which 



— estabhsh isomorphisms between homogeneous components of irreducible objects in 
C and spaces of vanishing cycles at the origin of certain Goresky-MacPherson sheaves 
on configuration spaces; 

— establish isomorphisms of the stalks at the origin of the above GM sheaves with 
certain Hochschild complexes (which compute the Hochschild homology of a certain 
"triangular" subalgebra of our quantum group with coefficients in the coresponding 
irreducible representation); 

— establish the analogous results for tensor products of irreducibles. In geometry, the 
tensor product of representations corresponds to a "fusion" of sheaves on configuration 
spaces — operation defined using the functor of nearby cycles, see Section [10. 



We must mention that the assumption that we are dealing with a Cartan matrix 
of finite type and a root of unity appears only at the very end (see Chapter 4). We 
need these assumptions in order to compare our representations with the conventional 
definition of the category C. All previous results are valid in more general assumptions. 
In particular a Cartan matrix could be arbitrary and a deformation parameter ( not 
necessarily a root of unity. 



1.2. Some of the results of this part constitute the description of the cohomology 
of certain "standard" local systems over configuration spaces in terms of quantum 
groups. These results, due to Varchenko and one of us, were announced several years 
ago in ||SV2|| . The proofs may be found in 0. Our proof of these results uses 



completely different approach. Some close results were discussed in 



Certain results of a similar geometric spirit are discussed in |FW 



1.3. We are grateful to A.Shen who made our communication during the writing of 
this part possible. 

1.4. Notations. We will use all the notations from the part I. References to loc. 
cit. will look like 1. 1.1. If a,b are two integers, we will denote by [a,b] the set of all 
integers c such that a < c < b; [1, a] will be denoted by [a]. N will denote the set of 
non- negative integers. For r G N, will denote the group of all bijections [r] — ^ [r]. 

We suppose that our ground field k has characteristic 0, and fix an element C ^ 
C ^ 0. For a G Z we will use the notation 

He = 1 - C-^-^ (47) 
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The word "t-exact" will allways mean t-exactness with respect to the middle perver- 
sity. 
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Chapter 1. Algebraic discussion 



2. Free algebras and bilinear forms 



Most definitions of this section follow |[L1|| and ||SV2|| (with slight modifications). We 
also add some new definitions and computations important for the sequel. Cf. also [|V|], 
Section 4. 



2.1. Until the end of this part, let us fix a finite set / and a symmetric Z- valued 
bilinear form u, v' i— >■ v-v' on the free abelian group (cf. ||L1|| , 1.1). We will denote 
by X the dual abelian group Hom(Z[/], Z). Its elements will be called weights. Given 
V e Z[J], we will denote by Ajy G X the functional i ■ u. Thus we have 

{K,fi) = u-fi (48) 

for all z/,/i G 



2.2. Let 'f denote a free associative k-algebra with 1 with generators 6i, i E I. Let 
be a sub monoid of consisting of all linear combinations of elements of / with 

coefficients in N. For v = Y,T-'d ^ we denote by '^^ the k-subspace of 'f spanned 
by all monomials Oi^Oi^ ■ . . . ■ such that for any i E I, the number of occurences of 
i in the sequence ii, . . . , ^p is equal to Ui. 

We have a direct sum decomposition 'f = ©i.eN[/] 'L, all spaces 'f^, are finite dimen- 
sional, and we have 'fo = ' 1; 'L ' 'fu' C 'fu+u'- 

Let e : 'f — > k denote the augmentation — a unique k-algebra map such that e(l) = 1 
and e{e,) = for all i. Set 'f+ := Ker(e). We have 'f+ = ©^^o 'L- 

An element x G 'f is called homogeneous if it belongs to 'f^, for some u. We then set 
\x\ = V. We will use the notation depth(x) for the number i^j if = I]t it will 
be called the depth of x. 

2.3. Given a sequence K = {ii, . . . ,iN), ij G I, let us denote by the monomial 
6*2^ • ... ■ 9ij^. For an empty sequence we set 6*0 = 1. 

For r G S^r let us introduce the number 

C(i?;r) = ^C'^ (49) 
the product over all a, b such that 1 < a < 6 < and r(a) > t(6). 

We will call this number the twisting number of the sequence K with respect to the 
permutation t. 

We will use the notation 

t{K) = (V(i), ir(2), . . . , ir{N)) (50) 
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2.4. Let us regard the tensor product 'f ® 'f (in the sequel ® will mean ®k unless 
specified otherwise) as a k-algebra with multiplication 

{xi O X2) ■ {x[ (g) 4) = C''''''''''''a^ia;'i ® 0:24 (51) 
for homogeneous X2, x[. Let us define a map 

A : 'f ^ 'f ® 'f (52) 
as a unique algebra homomorphism carrying to (8) 1 + 1 (g) ^j. 

2.5. Let us define a coalgebra structure on 'f (g) 'f as follows. Let us introduce the 
braiding isomorphism 

r : 'f® 'f ^ 'f® 'f (53) 

by the rule 

r(x®|/) =C'^'''^'y®x (54) 
for homogeneous x, y. By definition, 

A'f«'f: 'f® 'f^Cf® 'f)®('f® 'f) (55) 
coincides with the composition (1 g) r g) 1 /j) o (A g) A ij). 
The multiplication 

'f ® 'f ^ 'f (56) 

is a coalgebra morphism. 

2.6. Let us describe A more explicitely. Suppose a sequence K = {ii, . . . ji^), ij E I, 
is given. For a subset A ^ {ji, . . . , C [A^], ji < . . . < j„, let A' ^ [N] - A ^ 
{ki, . . . , /cjv-a}) /ci < . . . < k^-a- Define a permutation ta by the formula 

(r(l),... ,t(A^)) = (jl,j2,-- - ,ja,ki,k2,... ,kN-a) (57) 

— * — # 
Set ■= {ijll'i'j21 ■ ■ ■ lha)l ^A' '■= {ikn'ik2y ■ ■ ■ )^fcjv_a)- 

2.6.1. Lemma. 

AcK 

the summation ranging over all subsets A C [N] . 
Proof follows immediately from the definitions. □ 

2.7. Let us denote by 

AW : 'f 'f ^ (58) 
iterated coproducts; by the coassociativity they are well defined. 
Let us define a structure of an algebra on 'f^^ as follows: 

{xi . . . xn) ■ (yi ® ■ ■ ■ Vn) = C^i<' '""''''^'''xii/i ® . . . ® XNyN (59) 
for homogeneous Xi, . . . , x^', yi, • • • , yN- The map is an algebra morphism. 

2.8. Suppose we have a sequence K — (zi, . . . jIn)- Let us consider an element 
A(^)(^^); let AW(^^)+ denote its projection to the subspace 'f+®^. 
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2.8.1. Lemma. 



tSSjv 



Proof follows from p.6.1| by induction on A^. □ 



2.9. For each component 'f^ consider the dual k-space 'f*, and set 'f* := © 'f*. 
Graded components A : 'fj^+j,/ — > 'f^® 'f„i define dual maps 'f*® 'fir — > 'fi^+j^' 
which give rise to a multiplication 

'f ® 'f — > 'f (60) 

making 'f* a graded associative algebra with 1 (dual to the augmentation of 'f). This 
follows from the coassociativity of A, cf. |P^1|| , 1.2.2. 

Here and in the sequel, we will use identifications {V W)* = V* ^ W* (for finite 
dimensional spaces V, W) by the rule {(p ^ , x ® y) = (0, x) ■ {ip, y). 

The dual to (|56D defines a comultiplication 

6: 'f ^ 'f ® 'f (61) 
It makes 'f* a graded coassociative coalgebra with a counit. 



The constructions dual to and |2]^ equip 'f* ® 'f with a structure of a coalgebra 
and an algebra. It follows from loc. cit that ( |60D is a coalgebra morphism, and 6 is 
an algebra morphism. 

By iterating 6 we get maps 

If we regard as an algebra by the same construction as in (^), S^^^ is an algebra 

morphism. 

2.10. Lemma. There exists a unique bilinear form 

^(, ): 'f® 'f^k 

such that 

(a) 5'(1, 1) = 1 and {9i,9j) = 6ij for alli,j G /; 

(b) S{x, y'y") = S{A{x),y' ® y') for all x, y', y" G 'f/ 

(c) S{xx', y") = S{x ® x', A{y")) for all x, x', y" G 'f. 

(The bilinear form 

Cf® 'f)®('f® 'f)^k 

given by 

{xi (g) X2) ® ivi (S) 2/2) ^ S{xi, yi)S{x2, 2/2) 
zs denoted again by S{ , ).) 

The bilinear form S{ , ) on 'f is symmetric. The different homogeneous components 
'fjy are mutually orthogonal. 

Proof. See 0, 1.2.3. Cf. also PV^ , (1.8)-(1.11). □ 
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2.11. Following 0, 1.2.13 and [ pV2| , (l.lO)-(l.ll), let us introduce operators 5i : 
'f — > 'f, z G /, as unique linear mappings satisfying 

5,(1) = 0; 6,{ej) = 5,,,, J G /; ^.(xy) = 5,(a;)y + C'"'"x5,(y) (63) 

for homogeneous x. 

It follows from |]T0| (c) that 

S{e,x,y) = S{x,5,{y)) (64) 

for all i & I, x,y E 'f, and obviously S is determined uniquely by this property, 
together with the requirement S{1, 1) = 1. 

2.12. Lemma. For any two sequences K, K' of N elements from I we have 

T(^T,N- t(K)=K' 



Proof follows from (|6^) by induction on A^, or else from |2.8.1| . □ 



2.13. Let us define elements 6* G 'f* by the rule < 6*, 9i >= 1. The form S defines 
a homomomorphism of graded algebras 



S: 'f — > 'f 

carrying 9i to 9*. S is determined uniquely by this property. 

2.14. Lemma. The map S is a morphism of coalgebras. 
Proof. This follows from the symmetry of S. □ 



(65) 



VERM A MODULES 



2.15. Let us pick a weight A. Our aim now will be to define certain X-graded vector 
space V^(A) equipped with the following structures. 

(i) A structure of left 'f-module 'f ® V{k) — > V{K); 

(ii) a structure of left 'f-comodule V^(A) — > 'f (g) V^(A); 

(iii) a symmetric bilinear form on V^(A). 

As a vector space, we set V{h) = 'f. We will define on V"(A) two gradings. The first 
one, N[/]-grading coincides with the grading on 'f. If x G V"(A) is a homogeneous 
element, we will denote by depth(x) its depth as an element of 'f. 

The second grading — X-grading — is defined as follows. By definition, we set 

for A G X. In particular, V{A)\ = 'fo = ' 1- We will denote the element 1 in V{A) 
by fA- 
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By definition, multiplication 

'f®V{A) — >V{A) (66) 
coincides with the muhiphcation in 'f. 
Let us define an X-grading in 'f by setting 

'fA = ©i/eN[/]|-A„=A 'L 

for A G X. The map ( ]66| ) is compatible with both N[J] and X-gradings (we define 
gradings on the tensor product as usually as a sum of gradings of factors). 

2.16. The form ^a- Let us define linear operators : V{A) — > y{A), i G /, as 
unique operators such that ei{v\) = and 

e,{d,x) = [{(3, t)y,,,x + C'OM^) (67) 

for j e I, X e V{A)fj. 

We define '■ ^(A) ® V{A) — > k as a unique linear map such that S^ivA, f a) = 1, 
and 

SA{9iX,y) = SA{x,ei{y)) (68) 
for all X, ?/ G V^(A), i G /. Let us list elementary properties of 5'a. 

2.16.1. Different graded components V{A)i,, v G are orthogonal with respect to 
Sa. 

This follows directly from the definition. 

2.16.2. The form Sa is symmetric. 

This is an immediate corollary of the formula 

SA{eiiy), x) = SAiy, Oix) (69) 
which in turn is proved by an easy induction on depth(x). 

2.16.3. " Quasiclassical" limit. Let us consider restriction of our form to the homoge- 
neous component V{A)x of depth N . If we divide our form by {C, — 1)^ and formally 
pass to the limit C, — > 1, we get the "Shapovalov" contravariant form as defined 

PVl , 6.4.1. 



m 



The next lemma is similar to t^.l2 



2.17. Lemma. For any K, K' as in \2.12^ we have 

SA^ejiVA, eg,VA) = E C{K- t)a{k, a- t) 

tGSn: t{K)=K' 

where 

N 

A(i?,A;r) = n[(A- E K.Qh 

a=l b: b<a,T{b)<T{a) 

Proof. Induction on N, using definition of Sa- ^ 
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2.18. Coaction. Let us define a linear map 

Aa : V{A) — ^ 'f® V(A) (70) 

as follows. Let us introduce linear operators U : 'f^ ® — ^ 'f^ ® ^(^)) i & I, 
by the formula 

ti{x ®y) = eiX®y- .xei®y + C'^x ® 6iy (71) 

for X G 'f^ and y G V{K)x. 
By definition, 

AA(^i^ ■ . . . ■ Oi.v^) = l®ei^-...- 9i,VA (72) 
+ [(A - Ai, - ... - Ai^_j,ZAr)]^ ■ 6^^^ (g) 6'i^_j ■ . . . ■ 6'i,i;A 

2.19. Let us define linear operators 

ade„A : 'f — ^ 'f, z G /, A G X (73) 

by the formula 

Side,,x{x) = e,x - C"-^^^''^ ■ xe, (74) 

for X G 'fj,. 

Let us note the following relation 

{6i o ade^.,A - C'^ ■ ade^^A o (5i)(a;) = [(A - A^, (75) 
for x G 'f^, where 6i are operators defined in |2.11| , and 6ij the Kronecker symbol. 

2.20. Formula for coaction. Let us pick a sequence / = {iN,iN~i, ■ ■ ■ To 
shorten the notations, we set 

adj,A := ade^^.^A, j = 1,... ,N (76) 

2.20.1. Quantum commutators. For any non-empty subset Q C [A^], set 6fQ := 6f^ 

where Iq denotes the sequence obtained from / by omitting all entries ij, j G Q. We 
will denote 'fg = 'f^^ where uq := EjeQ^j- 

Let us define an element [Ofg/^] G 'fq as follows. Set 

[Om,A]=C'-'^^^>^'% (77) 

for all J G [N]. 

Suppose now that card(Q) = / + 1 > 2. Let Q = {jo, ji, • • • ,ji}, jo < ji < ■ ■ ■ < ji- 
Define the weights 

Aa = A — A^ j^, a = 1, . . . ,1, 
where the summation is over k from 1 to ja — 1, k ^ ji,j2, ■ ■ ■ ,ja-i- 

Let us define sequences A^ := (A^, A^— 1, ... ,1), Q = (j/, . . . , jo) and A^'q obtained 
from N by omitting all entries j G Q. Define the permutation tq G S/yr by the 
requirement 

tq{N) = Q\\Nq 
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where 1 1 denotes concatenation. 
Set by definition 

[^7,q,a] = ■ ^^J'.^' ° ^"^n-i^i-i ° • • • ° ^"^juxM J (78) 

2.20.2. Lemma. We have 

Q (79) 

t/ie summation over all non-empty subsets Q C [A^], j{Q) denotes the minimal element 
ofQ. 

Proof. The statement of the lemma follows at once from the inspection of defini- 
tion ([72|), after rearranging the summands. □ 

Several remarks are in order. 

2.20.3. Formula (0) as similar to g, 2.5.4. 

2.20.4. If all elements ij are distinct then the part of the sum in the rhs of ([79|) 
corresponding to one-element subsets Q is equal to J2f=i ^ij ® ^1^(0 fJ a)- 

2.20.5. " Quasiclassical" limit. It follows from the definition of quantum commutators 
that if we divide the rhs of ( [75| ) by (C — 1)^) and formally pass to the limit C, — > 1, 
we get the expression for the coaction obtained in [pVl|| , 6.15.3.2. 



2.21. Let us define the space V{A)* as the direct sum ®j,V{A)l. We define an 
grading on it as (V'(A)*)^ = V{K)l, and an X-grading as V{k)l = a_x,=xV{A)1. 

The form Sa induces the map 

Sa ■■ V{A) — > V{Ay (80) 

compatible with both gradings. 

2.22. Tensor products. Suppose we are given n weights Aq, . . . , A„_i. 

2.22.1. For every m G N we introduce a bilinear form S = Sm;Ao,...,A„-i on the tensor 
product 'f"" (g) V{Ao) ® . . . ® F(A„_i) by the formula 

m n— 1 

S{xi<^. . .<^Xm<^yo<^. . .<^yn~i,x[<^. . .(g)x'„(g)?/o(g). . .^y'n^i) = Y[S{xi,Xi) n SA,{yj,y'j) 

i=l j=0 

(in the evident notations). This form defines mappings 

S : 'f " ViAo) V^(A„_i) — . 'f ^™ ® ViAoY ® . . . ® r(A„_i)* 

(81) 
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2.22.2. We will regard V{Ao) ® . . . ® V(A„_i) as an 'f®"-module with an action 

(82) 

for Ui G 'fy., Xj G V{Kj)\_., cf. Here we regard 'P" as an algebra according to 

the rule of loc. cit.; one checks easily using ( P8| ) that we really get a module structure. 

Using the iterated comultiplication A^"'\ we get a structure of an 'f-module on 
V^(Ao) ® ... ® r(A„-i). 

2.23. Theorem. VFe have an identity 

SA{xy,z) = Si.a{x (^y,AA{z)) (83) 
for any x G 'f, 2; G l^(A) and any weight A. 

2.24. Proof. We may suppose that x,y and z are monomials. Let z = 9jV\ where 
I = {iN, ■ ■ ■ 

(a) Let us suppose first that all indices ij are distinct. We will use the notations 
and computations from p.20| . The sides of ( ^3| ) are non-zero only if y is equal to 
zq := OfgVA for some subset Q C [A^]. 

Therefore, it follows from Lemma p.20.2| that it is enough to prove 



2.24.1. Lemma. For every non-empty Q C [N] and x G 'fq we have 

Sa{xzq,z) = [{A,ijiQ)) -f^Q-ijiQ)]c ■ S{x, [9j-qJ) ■ Sa{zq,zq) (84) 
where j{Q) denotes the minimal element of Q, and 

f^Q ■= J2 

a=l 

Proof. If card(Q) = 1 the statement follows from the definiton (^). The proof will 
proceed by the simultaneous induction by / and A^. Suppose that x = O-. 

'fq, where Q' = Q — {ip}, p = ja for some a G [0, /]. Let us set /' = I — {ip}, z' = z^i^y, 
so that zq = z'qi. 

We have 

S'a(%x' ■ Zq, z) = S'a(x' ■ Zq, ei^{z)) = (85) 
= [(A, v) - lu) ■ gc ■ C^^-''^''^-^'' ■ S{x' ■ ZQ, z') = 

k<p 

k<p 

■Si^^ [^/,q,a]) ■ Sa{zq,,z'q,) 

by induction hypothesis. On the other hand, 

SiO^,-x\[9rQA) = S{x\S,^{[erQj)). 
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Therefore, to complete the induction step it is enough to prove that 

[(A,^i(Q)) - ■ ij{Q)]c ■ K(1^i,q,a]) = (86) 

k<p 

This formula follows directly from the definition of quantum commutators ([78|) and 
formula (^). One has to treat separately two cases: a > 0, in which case j{Q) = 
j{Q') = jo and a = 0, in which case j{Q) = jo, j{Q') = ji- Lemma is proven. □ 

This completes the proof of case (a). 

(b) There are repeating indices in the sequence /. Suppose that Of G At this 
point we will use symmetrization constructions (and simple facts) from Section ^ 
below. The reader will readily see that there is no vicious circle. So, this part of the 
proof must be read after loc.cit. 

There exists a finite set J and a map tt : J — > I such that u = u.^. Using compatibility 
of the coaction and the forms S with symmetrization — cf . Lemmata [4.5| and ^]8| below 
— our claim is immediately reduced to the analogous claim for the algebra 'f, the 
module V{^A) and homogeneous weight xj which does not contain multiple indices 
and therefore follows from (a) above. 

This completes the proof of the theorem. □ 

2.25. Let us pick a weight A. We can consider numbers qij := Q'^ and rj := (A,i), 
i,j & I as parameters of our bilinear forms. 

More precisely, for a given u G the matrix elements of the form S (resp., ^a) on 
'f^ (resp., on \^(A)a-a^) in the standard bases of these spaces are certain universal 
polynomials of qij (resp., and r^). Let us denote their determinants by det(S',y)(q) 
and det(S'A,i/)(q; r) respectively. These determinants are polynomials of corresponding 
variables with integer coefficients. 

2.25.1. Lemma. Polynomials det(S'j,)(q) and det(S'A,!/)(q; r) are not identically 
zero. 

In other words, bilinear forms S and are non- degenerate for generic values of 
parameters — "Cartan matrix" {qij) and "weight" {vi). 

Proof. Let us consider the form first. The specialization of the matrix of S'a,i/ at 
^ = 1 is the identity matrix. It follows easily that det(5'y^y)(q; r) ^ 0. 

Similarly, the matrix of S^, becomes identity at ( = 0, which implies the generic 
non- degeneracy. □ 

2.26. Theorem. Coaction Aa is coassociative, i.e. 

(1 Aa)oAa = (A®1v(a))oAa. (87) 



Proof. The equality ( pfl) is a polynomial identity depending on parameters qij and 
Ti of the preceding subsection. For generic values of these parameters it is true due to 
associativity of the action of 'f an V^(A), Theorem p.23| and Lemma p.25.1| . Therefore 
it is true for all values of parameters. □ 



82 



2.27. The results Chapter 2 below provide a different, geometric proof of Theo- 
rems |2.23| and |2.26| . Namely, the results of Section ^ summarized in Theorem |8.21 



provide an isomorphism of our algebraic picture with a geometric one, and in the 
geometrical language the above theorems are obvious: they are nothing but the natu- 
rality of the canonical morphism between the extension by zero and the extension by 
star, and the claim that a Cousin complex is a complex. Lemma 2.25.1 also follows 
from geometric considerations: the extensions by zero and by star coincide for generic 
values of monodromy. 



2.28. By Theorem p.26| the dual maps 

Al: 'f®V{Ay — ^^(A)* (88) 
give rise to a structure of a 'f*-module on V{A)*. 

More generally, suppose we are given n modules V{Ao), . . . , V{An-i). We regard the 
tensor product ^(Ao)* ® . . . ® V{An-i)* as a 'f^^-module according to the "sign" 
rule (|82|) . Using iterated comultiphcation (^) we get a structure of a 'f*-module on 
V^(Ao)*®...®V(A„_i)*. 



2.28.1. The square 



'f O \/(Ao) ® . . . ® V{An-l) 
S I 

'f ® V{Ao)* ® . . . ® \/(A„_i)* 



commutes. 



V{Ao) O . . . O V{An-i) 
IS 

y(Ao)* ® . . . ® ViAn-i)* 



This follows from 2.23 and 2.14. 



3. HOCHSCHILD COMPLEXES 

3.1. If A is an augmented k-algebra, A'^ — the kernel of the augmentation, M 
an A-module, let C\{M) denote the following complex. By definition, C^(M) is 
concentrated in non-positive degrees. For r > 

We will use a notation a^l . . . \ai\m for (g) . . . ai (g) m. 
The differential d : C^"(M) — > C^"+^(M) acts as 

d{ar\ ■ ■ ■ \ai\m) = ^(—1)^0^1 . . . |ap+iap| . . . ai\m + a^l . . . a2\aim. 

p=i 

We have canonically H~'^{C\{M)) = TorJ^^(k, M) where k is considered as an A-module 
by means of the augmentation, cf. 0|, Ch. X, §2. 

We will be interested in the algebras 'f and 'f*. We define the augmentation 'f — > k 
as being zero on all 'f^,, v G N[/], 7^ 0, and identity on 'fg; in the same way it is 
defined on 'f*. 



83 



3.2. Let M be a N[/]-graded 'f-module. Each term C7f (M) is N[/]-graded by the 
sum of gradings of tensor factors. We will denote i,C~^{M) the weight u component. 

For 1/ = (z/q, . . . , Vr) e N[/]'''+^ we set 

^C7f(M)= ,„C7f(M)= X,,®...® 'U®M,„. 

Thus, 

,C7f(M) = (Buo+...u.=u .oC7f(M). 
Note that all Up must be > for p > since tensor factors lie in 'f"*". 

The differential d clearly respects the N[J]-grading; thus the whole complex is 
graded: 

The same discussion applies to N[/]-graded 'f*"i^odules. 

3.3. Let us fix weights Aq, . . . , A„_i, n > 1. We will consider the Hochschild complex 
C;^{V{Ao) (g) . . . ® V{An-i)) where the structure of an 'f-module on ^(Ao) ® . . . ® 



V{An-i) has been introduced in |2.22 



3.3.1. In the sequel we will use the following notation. If K C / is a subset, we will 
denote by xk ■= Eiex^ ^ N[J]. 

3.3.2. Suppose we have a map 

g:I — >[-n + l,r] (89) 

where r is some non-negative integer. Let us introduce the elements 

J^aiQ) = Xe-i(a), (90) 

a G [—n + 1, r]. Let us denote by Vr{I', n) the set of all maps ( pOj ) such that Q^^{a) ^ 
for all a G [r]. It is easy to see that this set is not empty iff < r < A^. 

Let us assign to such a g the space 

,C7f (r(Ao) ® . . . ® V{K-i)) ■■= ® . . . ® 'Uie) ® ViAo),,i,) ® . . . ® V^(A„_i),_„ 



For each g G Vr{I', n) this space is non-zero, and we have 

^,C-l{V{Ao) ® . . . ® V{An^i)) = ®eeVr{i;n) ,C-]{V{Aq) ® . . . ® K(A„_i)) 

(92) 

3.4. Bases. Let us consider the set PAr(/;n). Obviously, ii g E VN{I',n) then g{I) = 
[N], and the induced map / — > [N] is a bijection; this way we get an isomorphism 
between Vn{I', n) and the set of all bijections / — ^ [A^] or, to put it differently, with 
the set of all total orders on I. 

For an arbitrary r, let g G Vr{I] n) and r G Vn{I] n). Let us say that r is a refinement 
of g, and write g < t, if g{i) < g{j) implies r(^) < r(j) for each i,j G /. The map 
r induces total orders on all subsets g~^{a). We will denote by Ord{g) the set of all 
refinements of a given g. 

Given g < t as above, and a G [—n + l,r], suppose that g'^{a) = {ii, ... ,ip} and 
r(ii) < T{i2) < . . . < riip). Let us define a monomial 
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If Q ^{a) = 0, we set Og<T;a = 1- This defines a monomial 

6g<T = Og<r;r ® • • • ® 9 ^<r;l ® 6'i?<r;O^^Ao ® • • • ® 6'e<r;-n+l^^A„_i ^ ^C^f (V'(Ao) ® . . . ® K(A„„i)) 

(93) 

3.4.1. Lemma. The set {9g<T-\T G (!?r(i(f))} forms a basis of the space gC^,^{V{Ao)^ 
\/(A„_i)). 

Proof is obvious. □ 

3.4.2. Corollary. The set {OqKtIq ^ T^ril^n), r G Ord{g)} forms a basis of the 
space ^^C7^{V{Ao) ® . . . ® V{An^i)). 



□ 



3.5. We will also consider dual Hochschild complexes C*,^* (l^(Ao)* (S> . . . ® V"(A„_i)*) 
where ^(Ao)* ® . . . ® V{An-i)* is regarded as an 'f*-module as in p.28.1| . 

We have obvious isomorphisms 

Cll^ViAo)* ® . . . ® r(A„_i)*) = C7f (V(Ao) ® . . . ® \/(A„_i))* 
We define graded components 

,C7f (l^(Ao)* ® . . . ® F(A„_i)*), G n), 
as duals to gC7[(V(Ao) ® . . . ® V(A„_i)). 

We will denote by {^*<^|^ G r^), r G Ord{Q)} the basis of ^^.CTf. {V{Ao)* ® . . . ® 



\/(A„_i)*) dual to the basis {9g<r\Q e Vr{I; n), r G C»rrf(^)}, [3A2 



3.6. The maps Sr-Ao,... An-u cf. (|8l|) , for different r are compatible with differentials 



in Hochschild complexes, and therefore induce morphism of complexes 

S : C%(V(Ao) ® . . . ® V^(A„_i)) — ^ C",f.(\/(Ao)* ® . . . ® V^(A„_i)*) (94) 
This follows from ^:28A\ and ^J^ (b). 



4. Symmetrization 



4.1. Let us fix a finite set J and a map vr : J — > I. We set z/^ := ^iNii G Z[J] 
where A^j := card(7r~^(i)). The map tt induces a map Z[J] — > Z[/] also to be denoted 
by TT. We will use the notation xk '■= Hj<^K 3 ^ '^[■A K C J. Thus, vr(xj) = i/^. 

We will denote also by /i, /i' ^— /i ■ yu' := 7r(yu) ■ 7r(/i') the bilinear form on Z[J] induced 
by the form on Z[J]. 

We will denote by the group of all bijections a : J — > J preserving fibers of tt. 

Let 'f be a free associative k-algebra with 1 with generators 6j, j G J. It is evidently 
N[J]-graded. For u G N[J] the corresponding homogeneous component will be denoted 
^ 'fj,. The degree of a homogeneous element x G ^ 'f will be denoted by \x\ G N[J]. 
The group acts on algebras 'f, 'f* by permutation of generators. 
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4.2. In the sequel, if G is a group and M is a G-module, will denote the subset 
of G-invariants in M. 

Let us define a k- linear "averaging" mapping 

-a : 'l^ — '^^ f- (95) 

by the rule 

-a{e.,-...-e,,) = Y.~e,,.....~d,,, (96) 

the sum being taken over the set of all sequences (ji, . . . , jat) such that vr(jp) = ip for 
any p. Note that this set is naturally a S^r-torsor. Alternatively, '"a may be defined 
as follows. Pick some sequence (ji, . . . , ja?) as above, and consider an element 

this element obviously lies in 'fxj)^" equal to '^a{6i^ ■ . . . ■ 6ij^). 

The map tt induces the map between homogeneous components 

It is clear that the composition vr o '^a is equal to the multiplication by card(S7r), and 
'^ao 71 — to the action of operator J2ae^E^ ^- As a consequence, we get 

4.2.1. Lemma, ||S Vl|] , 5.1L The map '"a is an isomorphism. □ 

4.3. Let us consider the dual to the map (0): 'f*^ — > 'fxj' obvious that it 
lands in the subspace of E^-invariant functionals. Let us consider the induced map 

-a* : 'fl ^ (98) 

It follows from the above discussion that '^a* is an isomorphism. 

4.4. Given a weight A G X = Hom(Z[J],Z), we will denote by '^A the composition 
Z[J] Z[/] Z, and by V{'^A) the corresponding Verma module over 'f. 

Suppose we are given n weights Aq, . . . , A„_i. Let us consider the Hochschild com- 
plex C* /^(l^(''Ao) ® . . . ® V {'^ An_i)) . By definition, its (— r)-th term coincides with 
the tensor power ^ Therefore we can identify the homogeneous component 

^jC~'',^{V{''Ao) (g) . . . O ViJ'An-i)) with 'f^'')xj which in turn is isomorphic to 
^ 'f^j, by means of the multiplication map ^ — >. 'j This defines a map 

xjC^WC^o) ® . . . ® V^C^A„_i)) - 'f^^ (99) 

which is an embedding when restricted to polygraded components. The S7r-action on 
'f induces the E^-action on ^jC''', ^{VC'Ao) O . . . (g) VC^An-i)). 

In the same manner we define a map 

.,G7f (\/(Ao) ® . . . ® l^(A„_i)) 'l^ (100) 



Let us define an averaging map 

"a : ,,G7f (\/(Ao) ® . . . ® \/(A„_i)) ^^C-^V^Ao) ® . . . ® VCA.,.,)f- 

(101) 

as the map induced by (|95D . It follows at once that this map is is an isomorphism. 
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These maps for different r are by definition compatible with differentials in Hochschild 
complexes. Therefore we get 

4.4.1. Lemma. The maps (\1 01\ ) induce isomorphism of complexes 

"a : ,^C",f(V(Ao) ® . . . ® V{K-i)) ^ ^fil 'f(V^rAo) ® • • • ® V^("An-l))''^ □ 

(102) 



4.5. Lemma. The averaging is compatible with coaction. In other words, for any 
A E X the square 

V{A) ^ 'f®V{A) 



commutes. 



Proof follows at once by inspection of the definition (|72D . □ 



4.6. Consider the dual Hochschild complexes. We have an obvious isomorphism 

^,C-',^,iVCAor V("A„„i)*) = xjC^'fiVC^o) ® • • • ® V^("An-i))*; 

using it, we define the isomorphism 

as the dual to (PUf). The S7r-action on the target induces the action on 
^jC~'',^,{V{'^Aoy O . . . (g) Vi^'An-i)*). Similarly, the isomorphism 

(\/(Ao)* ® . . . ® \/(A„_i)*) ^ 'C 
is defined. We define the averaging map 



'a* C7f (V(Ao)* ® . . . ® V^(A„_i)*) a-';f.(V^("Ao)* ® . . . ® V(-A„. 



(103) 



as the map which coincides with (|98D modulo the above identifications. Again, this 
map is an isomorphism. 

Due to Lemma these maps for different r are compatible with the differentials in 
Hochschild complexes. Therefore we get 

4.6.1. Lemma. The maps ( \103{ ) induce isomorphism of complexes 

"a* C\{V{Aoy ® . . . ® \/(A„_i)*) ^ ,f*(\/("Ao)* ® . . . ® V^("A„_i)*)^-. □ 

(104) 



BILINEAR FORMS 
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4.7. Using the bilinear form on Z[J] introduced above, we define the symmetric 
bihnear form S{ , ) on 'f exactly in the same way as the form S on 'f. Similarly, 



given A G X, we define the bilinear form Snj^ on V{^A) as in 2.16 , with I replaced by 
J. 

4.7.1. Lemma, (i) The square 



'f 


s , 








"a i 


i 




TT /I 

IXJ 




/ r* 




>XJ 



commutes. 

(ii) For any A G X the square 



Xj 



Proof, (i) Let us consider an element Of = ■ . . . ■ 6ij^ G 'f^^ (we assume that 
N = card(J)). The functional '"a* o S{6f) carries a monomial ■ . . . ■ to 

On the other hand, 

S o ''a{9f){9j^ ■ ... ■ 9j^) = XI 'S'(6'fci ■ . . . ■ Ok^.Oj^ ■ . . . ■ 9j^), 

the summation ranging over all sequences K = {ki, . . . , k^) such that 7c{K) = I. It 



follows from Lemma |2.12| that both expressions are equal. 

(ii) The same argument as in (i), using Lemma |2.17| instead of p.l2| . □ 

More generally, we have 

4.8. Lemma. For every m> and weights Aq, . . . , A„„i G X the square 

( 'f" ® V{Ao) ® . . . ® V{A^^^)U ''-■''''-^'-^ ( 'f «™ ® ViAoY ® . . . ® l^(A„„, 

(- 'f ® \/(-Ao) ® . . . ® \/(-A„_i))^,, S™-Ac^-A„_, ^ V^(-Ao)* ® . . . ® \/(-A„ 

commutes. 

Proof is quite similar to the proof of the previous lemma. We leave it to the reader. 
□ 



5. Quotient algebras 

5.1. Let us consider the map (^) S : 'f — > 'f. Let us consider its kernel Ker(S'). 
It follows at once from (64) that Ker(S') is a left ideal in 'f. In the same manner, it 
is easy to see that it is also a right ideal, cf. |[L1|| , 1.2.4. 

We will denote by f the quotient algebra 'f/Ker(S'). It inherits the N[/]-grading and 
the coalgebra structure from 'f, cf. loc.cit. 1.2.5, 1.2.6. 



88 



5.2. In the same manner, given a weight A, consider the kernel of S\ : V{A) — > 
V{A)*. Let us denote by L(A) the quotient space \/(A)/Ker(5'A). It inherits N[I]- 



and X-gradings from V"(A). Due to Theorem 2.23 the structure of 'f-module on V{A) 
induces the structure of f-module on L{A). 

More generally, due to the structure of a coalgebra on f, all tensor products L{Ao) (g) 
. . . ® L(A„_i) become f-modules (one should take into account the "sign rule" 

5.3. We can consider Hochschild complexes C*{L{Aq) ® . . . ® L(A„_i)). 

5.3.1. Lemma. The map 

S : C;^{V{Ao) ® . . . ® \/(A„_i)) C'^,{V{Aor ® . . . ® F(A„_i)*) 
factors through the isomorphism 

lm{S) (L(Ao) ® . . . ® L(A„_i)) (105) 



Proof. This follows at once from the definitions. □ 
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Chapter 2. Geometric discussion 



6. Diagonal stratification and related algebras 



6.1. Let us adopt notations of ^7l\ We set := card(J). Let ''Ajr denote a real 
affine space with coordinates tj, j e J, and '^A its complexification. Let us consider 
an arrangement consisting of all diagonals Aij, i,j G J. Let us denote by 1S0 the 
corresponding stratification; Sid^m. will denote the corresponding real stratification of 

Ar. 

The stratification ^0 has a unique minimal stratum 

A = n A,, (106) 

o o 

— main diagonal; it is one- dimensional. We will denote by '^A0 (resp., ''A0 ]g) the 
open stratum of ^0 (resp., of iS0.ir). 

6.2. Let us describe the chambers of St^^-^. If C is a chamber and x = (xj) G C, i.e. 
the embedding J M, j 1— > xj, it induces an obvious total order on J, i.e. a bijection 

rc : J [N] (107) 

Namely, tc is determined uniquely by the requirement Tc{i) < Tc{j) iff Xi < xj; it 
does not depend on the choice of x. This way we get a one-to-one correspondence 
between the set of chambers of and the set of all bijections ( |1071 ). We will denote 
by Cr the chamber corresponding to r. 

Given C and x as above, suppose that we have i,j^J such that Xi < xj and there 
is no /c G J such that Xi < Xk < Xj. We will say that i,j are neighbours in C, more 
precisely that i is a left neighbour of j. 

Let x' = (x'j) be a point with x'p = Xp for all p j, and x'j equal to some number 
smaller than Xi but greater than any x^ such that Xk < Xi. Let ^^C denote the chamber 
containing x'. Let us introduce a homotopy class of paths '"'jij connecting x and x' 
as shown on Fig. 1 below. 



f 



Fig. 1. 



90 



We can apply the discussion 1.4.1 and consider the groupoid 7ri('^A0,'^ A0^]r). It has as 
the set of objects the set of all chambers. The set of morphisms is generated by all 
morphisms '"7jj subject to certain evident braiding relations. We will need only the 
following particular case. 

o 

To define a one- dimensional local system C over '^A0 is the same as to give a set of 

o 

one-dimensional vector spaces Cc, C G 7ro('^A0^K), together with arbitrary invertible 
linear operators 

% : Cc C^'C (108) 
("half-monodromies") defined for chambers having i as a left neighbour of j. 



6.3. We define a one-dimensional local system '^I over '^A0 as follows. Its fibers "^Ic 
are one- dimensional linear spaces with fixed basis vectors; they will be identified with 
k. 

Half-monodromies are defined as 



6.4. Let j : '^A0 — > '^A denote an open embedding. We will study the following 
objects of A^(^A;50): 

where ? =!, *. We have a canonical map 

m : "J, — > ^J, (109) 
and by definition is its image, cf. 1.4.5. 



6.5. For an integer r let us denote by Vr{J) the set of all surjective mappings J — > 
[r]. It is evident that Vr{J) 7^ if and only if 1 < r < A^. To each p G Vr{J) let us 
assign a point Wp = {p{j)) G '^Ar. Let Fp denote the facet containing Wp. This way 
we get a bijection between Vr{J) and the set of r-dimensional facets. For r = N we 
get the bijection from |6l2 . 

At the same time we have defined a marking of T-Cq: by definition, ^fw = Wp. This 
defines cells Dp, Sp. 



6.6. The main diagonal A is a unique 1-facet; it corresponds to the unique element 

Po e Pi(J). 

We will denote by Ch the set of all chambers; it is the same as Ch(A) in notations 
of Part I. Let Cr be a chamber. The order r identifies C with an open cone in the 
standard coordinate space M^; we provide C with the orientation induced from M^. 



6.7. Basis in $a(''Ik)- The construction 1.4.7 gives us the basis {ca<c} in ^A^^^i)* 
indexed by C G Ch. We will use notation Cr^i := CA<Cr- 

A chain c^j looks as follows. 
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3i 32 



3n 



Fig. 2. A chain Cr\- 
Here r{ji) = i. We will denote by {6r,!} the dual basis in $a(2^!)- 

6.8. Basis in Similarly, the definition 1.4.9 gives us the basis {ca<c}; C G 

Ch in $a(2^*)*. We will use the notations c^-^* := CA<Cr- 

If we specify the definition 1.4.9 and its explanation 1.4.12 to our arrangement, we get 
the following picture for a dual chain Cr,*- 



This chain is represented by the section of a local system over the cell in '^A0 
shown above, which takes value 1 at the point corresponding to the end of the travel 
(direction of travel is shown by arrows). 

To understand what is going on, it is instructive to treat the case N — 2 first, which 
essentially coincides with the Example 1.4.10. 

We will denote by {K,*} the dual basis in $a(2*)- 

6.9. Obviously, all maps r : J — > [N] from Vn{J) ai'e bijections. Given two such 
maps Ti,T2, define the sign sgn(ri, T2) = ±1 as the sign of the permutation TiT2^ ^ ^n- 

For any r e Vn{J) let us denote by J-,- the sequence {t~^{N),t~^{N — 1), . . . , t~^(1)). 

6.10. Let us pick 77 e Vn{J)- Let us define the following maps: 



3i 32 33 




Fig. 3. A chain c,-,* . 



o 




f: 



(110) 




XJ 



(111) 



which carries br* to sgn(T, 77) • 9*f . 
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6.11. Theorem, (i) The maps '^4'^^\ and'^cf)^^^^ are isomorphisms. The square 





IT /£ 
'XJ 


m i 


IS 












IT l^* 
'XJ 



commutes. 

(ii) The map induces an isomorphism 

: $aC^X!.) ^ -f^, □ (112) 



Proof. This theorem is particular case of 1.14.16, 1.4.17. The claim about isomor- 
phisms in (i) is clear. To prove the commutativity of the square, we have to compute 
the action of the canonical map m on our standard chains. The claim follows at once 
from their geometric description given above. Note that here the sign in the definition 
of morphisms (f) is essential, due to orientations of our chains, (ii) is a direct corollary 
of (i) □ 



SYMMETRIZED CONFIGURATIONAL SPACES 



6.12. Colored configuration spaces. Let us fix z/ = Y.Uii G Y.i^i = 

There exists a finite set J and a morphism tt : J — > I such that card(7r~^(i)) = i/j 
for all i E I. Let us call such tt an unfolding of u. It is unique up to a non-unique 
isomorphism; the automorphism group of tt is precisely E^r, and v — Ut^'vo. our previous 

notations. 

Let us pick an unfolding tt. As in the above discussion, we define '^A as a complex 
affine space with coordinates tj, j G J. Thus, dim '^A = N. The group acts on 
the space '^A by permutations of coordinates. 

Let us denote by Ay the quotient manifold ''A/S^. As an algebraic manifold, Ai, is 
also a complex A^-dimensional affine space. We have a canonical projection 

tt: ''A — >Au (113) 

The space Ai, does not depend on the choice of an unfolding tt. It will be called the 
configuration space of v- colored points on the affine line A}. 

We will consider the stratification on A^, whose strata are 77(5"), 5" G ^Sg; we will 
denote this stratification also by tS^; this definition does not depend on the choice of 
TT. We will study the category Jvi^Au'i S^jj) . 

O 

We will denote by ^1,^0 the open stratum. It is clear that 7r~^(^i,^0) = '^Ag. The 

o 

morphism tt is unramified over A^,^. 

The action of on "^A may be extended in the evident way to the local system '^X, 
hence all our spaces of geometric origin — like ^^{^X\), etc. — get an action of E^. 
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6.12.1. If M is an object with a S^-action (for example a vector space or a sheaf), 
we will denote by M^'^'" the subobject {x G M\ for every a E T.^, ax = sgn((T)a;} 
where sgn(cr) = ±1 is the sign of a permutation. 

A morphism / : M — > N between two objects with S^-action will be called skew 
(TiT,)-equivariant if for any x G M, o" G S^, f{ax) = sgn{a)af{x). 

Let us define a local system over A,^ 

X, = (tt, ^If-'- (114) 

o o 

6.13. Let j : ^ '^A, : Au^% ^ Ay be the open embeddings. Let us define 
the following objects of M.{Au] 1S0): 

X.? ■.= 3aMN] (115) 

where ? =!, * or !*. We have by definition 

J,i = (vr, -J,)^-- (116) 



The morphism vr is finite; consequently tt^^ is t-exact (see pBD|| , 4.1.3) and commutes 
with the Verdier duality. Therefore, 

J,, = (tt, '^J,)^--; J,,, = (vr, "Ji,)^-- (117) 

6.14. Let us define vector spaces 

$a(X.?) := ($a("X?))^-'- (118) 

where ? =!, * or !*. 



Let us pick a S^-equivariant marking of 7^0, for example the one from |6]^; consider 
the corresponding cells Da, •S'a. It follows from ( |116D and (|117| ) that 

<I>a(X,,) = /?r(7r(I)A),vr(^A); (119) 
where ? =!, * or !*, cf. 1.3.3. 

6.15. The group is acting on on 'f. Let us pick r] G Vn{J)- It follows from the 
definitions that the isomorphisms '^0a h '^0aI ^^^^ skew Ejr-equivariant. Therefore, 



passing to invariants in Theorem 6.11 we get 



6.16. Theorem. The maps '"(f)^^\,'" induce isomorphisms included into a commu- 
tative square 

$a(X.!) ^ 'I 

ml IS 
$a(X.*) ^ 't 

and 

(/.(^i : $a(X.,.) ^ f. □ (120) 



94 



7. Principal stratification 

The contents of this section is parallel to I, Section 3. However, we present here 
certain modification of general constructions from loc. cit. 

7.1. Let us fix a finite set J of cardinality N. In this section we will denote by 
Am a real affine space with fixed coordinates tj : Am — ^ M, j e J, and by A its 
complexification. For z & C, i,j & J denote by Hj{z) C A a hyperplane tj — z, and 
by Ay a hyperplane ti — tj. 

Let us consider an arrangement in A consisting of hyperplanes Hi[0) and Aij, 
i,jEJ, % ^ j. It is a complexification of an evident real arrangement Hr in A^. As 
usual, the subscript k will denote real points. 

Denote by S the corresponding stratification of A. To distinguish this stratification 
from the diagonal stratification of the previous section, we will call it the principal 
stratification. To shorten the notation, we will denote in this part by V{A,S) a 
category which would be denoted ©^(A; S) in I. In this section we will study the 
category M. (A; S) . 

7.1.1. Let us consider a positive cone 

A facet will be called positive if it lies inside Ajg. 

A flag F is called positive if all its facets are positive. 

7.2. Let us flx a marking w = { ^w} of Hr (cf. 1.3.2). For a positive facet F deflne 

D+ = DFn A+; S^ = SFn A+; D+ = - S^. 

Note that Dp coincides with the union of over all positive flags beginning at F, 
and Sp coincides with the union of ^A as above with dim ^A < codim F. It follows 
that only marking points for positive facets F take part in the deflnition of cells 
Dp, Sp. 

7.3. Let JC be an object of ©(A;^), F a positive facet of dimension p. Let us 
introduce a notation 

$+(/C) = r(D+,5+;/C)[-p]. 

This way we get a functor 

: V{A; S) V\pt) (121) 

7.4. Theorem. Functors <I>^ commute with Verdier duality. More precisely, we have 
canonical natural isomorphisms 

L'$+(/C) ^*+(D/C). (122) 
Proof goes along the same lines as the proof of Theorem 1.3.5. 
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7.5. First let us consider the case = 1, cf. 1.3.6. We will adopt notations from 
there and from I, Fig. 1. Our arrangement has one positive 1-dimensional facet 
E — R>o, let e £■ be a marking. 



Sr" 


Sr' ^ 




r \ 





%ew £j 




w 



Fig. 4 

We have an isomorphism 

$J;(/C) ^ i?r(A,{w};/C) 
Denote j := jA-{w}- We have by Poincare duality 

D^+(}C) ^ RV,{k-jSDiq ^ RV{k,k>r"]3*fDK) 
Let us denote Dp°^^ := M>^, and Y = ei ■ Dp°^^. We have 

Rr{A, A>r";j*fD]C) Rr{A, Y U k>r"]j*j*DK) 
by homotopy. Consider the restriction map 

res : RT{k, Y U A>r"] j*j* DIC) — > i?r(A<^/, Y n A<^/; DJC) 



(123) 



(124) 



(125) 



(126) 



7.5.1. Claim, res is an isomorphism. 
In fact, Cone(res) is isomorphic to 

i?r(A, A<^/ U A>^// U Y] jSDlC) = RT^iA^r", ^<r' U Y;jJ*D}C) ^ 

^ DRr{A<r" - {A<r' U F); j!j*/C) 



But 



i?r(A<^// - (A<^/ U Y);jij*]C) = i?r(A<^// - (A<^/ U Y), {w}; /C) = 



(127) 



evidently. This proves the claim. □ 

A clockwise rotation by 7r/2 induces an isomorphism 

i?r(A<^/, Y n A<^/; DIC) ^ RT{A<r', e ■ D'^^; DIC), 

and the last complex is isomorphic to ^p{D}C). This proves the theorem for A?" = 1. 
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7.6. Now let us return to an arbitrary J. Let us prove the theorem for F equal to 
the unique 0-dimensional facet. 

Let us introduce the following subspaces of (as usually, a circle on the top will 
denote the interior). 

D^PP := Am - bp; D^°PP := - b%- for each cell Df<c, C G Ch(F) define 
D'f<c '■= C — Dp^c- 

It is easy to see that the restriction induces isomorphism 

We use the notations of L3.8. Let us choose positive numbers r' < r" , e, such that 

o 

eDp C A<r' <Z Dp <Z Dp C A^^" 

Define the subspace 

Y+ = ef D^"^; 
denote j := Ja-5+- have isomorphisms 

D$^;(/C) ^ DRT{A, Sp, /C) ^ i?re(A; j,fDlC) ^ (128) 

^ i?r(A, K>r"\jSDK:) ^ i?r(A, r+ u a>^//; j^Diq 

Consider the restriction map 

res : Rr{A, Y+ U A>r"]j*fDK) — > i?r(A<^/, y+ n A<^/; DK) (129) 

Cone(res) is isomorphic to 

i?r(A, A<^. U A>^" U Y^-jSDK,) = RT^{A^r",A<r' U F+; jSDK,) ^ 
^ Di?r(A<^» - (A<^, U F+); j!j*/C) = i?r(A(,,,^») - y+, /C) 

7.6.1. Lemma. (Cf. 1.3.8.1.) i?r(A(^,,^») - y+, SpK) = 0. 
Proof. Let us define the following subspaces of A. 

A := {{tj)\ for all j \tj\ < 1; there exists j : tj ^ 0}; := A n A^. Note that 
n i ■ — 0. Due to monodromicity, it is easy to see that 

i?r(A(,,,,„) - y+, S+- K) ^ RV{A -i-A+, Ai- K). 

Therefore, it is enough to prove the following 

7.6.2. Claim. The restriction map 

RT{A-i-Ap,iq — >RT{Ap,iq (130) 

is an isomorphism. 

Proof of the Claim. Let us introduce for each /c e J open subspaces 

= {{tj) e A\tk i ■ M>o} cA-i-A^ 

and 

Ai = {{tj) e A+\tk > 0} c ^+ 
Obviously A'^ — Ak f] A^. For each subset M c J set Am ■— ClkeM ^k', '■— 
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For each non-empty M define the spaces Bm '■= {{tj)jeAi\ for all j \tj\ < 1, tj ^ i-M>o} 
and B'f^ := {(tj)jeM| for all j tj G M, < tj < 1}. We have obvious projections 
/a/ : — ^ Bm, I'm '■ — ^ -^m- 

Let us look at fibers of /m and /^j. Given h = (tj)j^M G Bm, the fiber fj^lih) is by 
definition {(tfc)feeJ-Afl < l}; the possible singularities of our sheaf /C are at the 
hyperplanes tk = tj and tk = 0. It is easy to see that /a/ is "lisse" with respect to /C 
which means in particular that a stalk {fM*^)h is equal to RT(fM^{b); JC). The same 
considerations apply to J'm- Moreover, it follows from 1.2.12 that the restriction maps 

Rr{fM\by,ic) ^ Rr{{fMr\b);ic) 

are isomorphisms for every b G -B^^. This implies that J'm*^ is equal to the restriction 
of Jm^K: to B'^j. 

The sheaf fM*^ is smooth along the diagonal stratification. For a small 5 > let t/^ C 
Bm denote an open subset {{tj) G Bm\ \ arg(tj)| < 5 for all j}. The restriction maps 
RT{Bm', fu*^) — ^ RT{Us] fM*^) are isomorphisms. We have B'm = Pis Us, therefore 
by 1.2.12 the restriction RT{Bm', fn*^) — ^ -^^(5^^; fM*^) is an isomorphism. This 
implies, by Leray, that restriction maps 

RT{Am;1C) ^ RT{A'm;1C) 

are isomorphisms for every non-empty M. 

Obviously A — i- = Ufcgj and A^ = Ufce J ^'k- Therefore, by Mayer- Vietoris the 
map ( |130| ) is an isomorphism. This proves the claim, together with the lemma. □ 

A clockwise rotation by 7r/2 induces an isomorphism 

RT{A<r', n A<,,; DlC) ^ RT{A<r', e ■ 0%°^"^- DIC) ^ RT{A<r', e ■ Sp, DK) 

and the last complex is isomorphic to <^^{DK) in view of [7.6| . This proves the theorem 
for the case of the 0-facet F. 

7.7. Suppose that F is an arbitrary positive facet. From the description of positive 
facets (see infra, |8.4| ) one sees that the cell is homeomorphic to a cartesian product 
of the form 

X X . . . X DP 

where Fq is a 0-facet of the principal stratification in some affine space of smaller 
dimension, and D^. are the cells of the diagonal stratification discussed in the previous 
section. 

Using this remark, we apply a combination of the arguments of the previous subsec- 
tion (to the first factor) and of 1.3.8 (to the remaining factors) to get the required 
isomorphism. We leave details to the reader. 

The theorem is proved. □ 

7.8. Theorem. All functors $^ are t-exact. In other words, for all positive facets 
F, 

^PM{K-S)) C Vect c V\pt). 
Proof. The same as that of 1.3.9. □. 
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7.9. Thus we get exact functors 

^+:M{A;S) — >Vect (131) 
commuting with Verdier duahty. 
We will also denote vector spaces ^p{M.) by AlJ. 

7.10. Canonical and variation maps. Suppose we have a positive facet E. Let 
us denote by ^J^ac^{E) the set of all positive facets F such that E < F, dim F — 
dim E + 1. We have 

S^= U (132) 

Suppose we have /C e X'(A, S). 

7.10.1. Lemma. We have a natural isomorphism 

o 

Proof. Note that - Ufg +rac^{E)SF ^ Ufg +rac^{E) -^f (disjoint union). The 
claim follows now from the Poincare duality. □ 

Therefore, for any F G ~^J-'ac^{E) we get a natural inclusion map 

i^:RT{D+,SplC)-^ RT{S+, (J Sp;}C) (133) 

F'eJ^ac^(E) 

Let us define a map 

u^JC) : $^(/C) $+(/C) 

as a composition 

RTiD+,SplC)[-p] -X i?r(5+, U Sp;IC)[-p] (134) 

F'e +Tac^{E) 

Rr(sp}C)[-p] Rr(Dps+)[-p + i] 

where the last arrow is the coboundary map for the couple {S^, Dp), and the second 
one is evident. 

This way we get a natural transormation 

+4 : $+ ^ $+ (135) 
which will be called a canonical map. 
We define a variation morphism 

+vf : ^ (136) 
as follows. By definition, ^vf{]C) is the map dual to the composition 
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7.11. Cochain complexes. For each r G [0, A^] and Ai G Ai{A,S) introduce vector 
spaces 

+C-'iA; M) = ©^^^ positive, dim F=r (137) 

For r > or r < -A^ set +C'-(A; M) = 0. 
Define operators 

d: +C-'{A;M) — > +C-''+\A;M) 
having components ~^u^. 

7.11.1. Lemma, rf^ = 0. 

Proof. The same as that of 1.3.13.1. □ 

This way we get a complex "*"C"(A; A^) lying in degrees from — to 0. It will be 
called the complex of positive cochains of the sheaf M.. 

7.12. Theorem, (i) A functor 

M ^ +C*{A;M) 

is an exact functor from A4{A] S) to the category of complexes of vector spaces, 
(a) We have a canonical natural isomorphism in V{{pt}) 

+C*{A;M) i?r(A;A^) 

Proof. One sees easily that restriction maps 

RT{A;M) — > RT{Ai;M) 
are isomorphisms. The rest of the argument is the same as in 1.3.14. □ 

7.13. Let us consider a function J2jtj '■ A — > A^, and the corresponding vanishing 
cycles functor 

<l>s t, : ^^''(A) V\A(^o)) (138) 
where A(o) = {(t,)| Ej ^i = 0}, cf. 8.6.2. 

If /C G V{A;S), it is easy to see that the complex $s tj(^) has the support at the 
origin. Let us denote by the same letter its stalk at the origin — it is a complex of 
vector spaces. 

7.13.1. Lemma. We have a natural isomorphism 

$Et,(/C)^<I>S,}(/C) (139) 

Proof is left to the reader. □ 
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7.14. Let us consider the setup of |6.12| . Let us denote by the same letter S the strati- 
fication of Au whose strata are subspaces vr(5'), S being a stratum of the stratification 
S on '^A. This stratification will be called the principal stratification of Ay. 

The function S tj is obviously S^-equi variant, therefore it induces the function for 
which we will use the same notation, 

S tj -.Au — (140) 

Again, it is easy to see that for /C G V^{Au',S) the complex $Etj (A^) has the support 
at the origin. Let us denote by $iy(/C) its stalk at the origin. 

It is known that the functor of vanishing cycles is t-exact with respect to the middle 
perversity; whence we get an exact functor 

$^:7W(A;5) — >Vect (141) 

7.14.1. Lemma. Suppose that M is a S^r- equivariant complex of sheaves over A 
which belongs to to V^{^A]S) (after forgetting T,T,-action). We have a natural iso- 
morphism 

Mi^*^f^'~) ^ (*s t,{Ar)f-- (142) 



Proof follows from the proper base change for vanishing cycles (see |p3|| , 2.1.7.1) and 



the exactness of the functor (•)^'" . We leave details to the reader. □ 

7.14.2. Corollary. For a Y^^^- equivariant sheaf M G M.(^Ay]S) we have a natural 
isomorphism of vector spaces 

^y{M) ^ {^\,^{U))^-~ (143) 

where M = (vr^A/")^"'". □ 

8. Standard sheaves 
Let us keep assumptions and notations of E?T. 



8.1. Let us denote by '"A the complex affine space with coordinates tj, j G J. We 



will consider its principal stratification as in [7?1 . 

Suppose we are given a positive chamber C and a point x = {xj)j<^j G C. There 
extists a unique bijection 

ac-.J^ [N] (144) 

such that for any i,j G J, crc{i) < <^c{j) iff < ^j- This bijection does not depend 
upon the choice of x. This way we can identify the set of all positive chambers with 
the set of all isomorphisms ( |144| ), or, in other words, with the set of all total orderings 
of J. 

Given C and x as above, suppose that we have i,j & J such that Xi < xj and there 
is no /c G J such that Xi < Xk < xj. We will say that i,j are neighbours in C, more 
precisely that i is a left neighbour of j. 

Let x' = (x'j) be a point with x'p = Xp for all p ^ j, and x'j equal to some number 
smaller than Xi but greater than any x^ such that < x,. Let ^'^C denote the chamber 
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containing x'. Let us introduce a homotopy class of paths '"7jj connecting x and x' 
as shown on Fig. 5(a) below. 

On the other hand, suppose that i and are neighbours in C, there is no xj between 
and Xi. Then we introduce the homotopy class of paths from x to itself as shown 
on Fig. 5 (b). 




(a) (b) 

Fig. 5 

o 

All chambers are contractible. Let us denote by '"A^ the union of all positive chambers. 

o o 

We can apply the discussion 1.4.1 and consider the groupoid 7ri('^A, '^Aj^). It has as 
the set of objects the set of all positive chambers. The set of morphisms is generated 
by all morphisms ^7^^ and '"7io subject to certain evident braiding relations. We will 
need only the following particular case. 

o 

To define a one- dimensional local system C over '^A is the same as to give a set of 

o 

one-dimensional vector spaces Cc, C e ■Kq^^A^), together with arbitrary invertible 
linear operators 

^T,, : Cc Uc (145) 
("half-monodromies") defined for chambers where i is a left neighbour of j and 

^r,o -.Leslie (146) 
defined for chambers with neighbouring i and 0. 

8.2. Let us fix a weight A e X. We define a one-dimensional local system X('^A) 

o 

over '^A as follows. Its fibers tC)c are one-dimensional linear spaces with fixed basis 
vectors; they will be identified with k. 

Monodromies are defined as 

Crj. _ ^i-j Crp _ A-2(A,7r(j)> 

for i,j e J. 

o 

8.3. Let j : "^A — > '^A denote an open embedding. We will study the following 
objects of A1C'A;«S): 

TC^A),=j,TC^A)[Ar], 
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where ? =!, *. We have a canonical map 

m:J("A), — >J("A)* (147) 
and by definition XC^A)!* is its image, cf. 1.4.5. 



COMPUTATIONS FOR J("A)! 



8.4. We will use the notations |3.3.2| with I = J and n = 1. For each r G [0, A^], let 
us assign to a map g G Vr{J', 1) a point Wg = {g{j))j,^j G '^Ajj. It is easy to see that 
there exists a unique positive facet Fg containing Wg, and the rule 

0^ Fg (148) 

establishes an isomorphism between Vr{J] 1) and the set of all positive facets of Sr. 
Note that Vq{J] 1) consists of one element — the unique map J — > [0]; our stratifi- 
cation has one zero-dimensional facet. 

At the same time we have picked a point ^''w := Wg on each positive facet Fg] this 
defines cells D^, (cf. the last remark in [7.21). 



8.5. Given ^ G P^(J; 1) and r G P^(J; 1) 
belongs to Ch(Fg) iff r is a refinement of q 
between the set of all refinements of q and 

We will denote the last set by Ch^(Fg). 



, it is easy to see that the chamber C = F^. 
in the sense of |3.4] . This defines a bijection 
the set of all positive chambers containing 



8.5.1. Orientations. Let F = Fghe a, positive facet and C = F^ E Ch^(F). The map 
r defines an isomorphism denoted by the same letter 

t:J^[N] (149) 

Using r, the natural order on [A^] induces a total order on J. For each a G [r], let 
denote the minimal element of f)~^(a), and set 

J' = Jg<r := J — {mi, . . . , rrir} C J 

Let us consider the map 

{Xj) G Df<c ^ {xj - mg(^j)\j G J'} G M^'. 

It is easy to see that this mapping establishes an isomorphism of the germ of the cell 
Df<c near the point onto a germ of the cone 

{0 < Ml < . . . < U7V-r} 

in M"^' where we have denoted for a moment by [ui] the coordinates in M*^' ordered 
by the order induced from J. 

This isomorphism together with the above order defines an orientation on Dp^c- 
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8.6. Basis in $^(X('^A)!)*. We follow the pattern of 1.4.7. Let F be a positive facet 
of dimension r. By definition, 

$+(jrA)!) = i/-^(Z^+,5+; XrA),) = i/~-' (Z}+,5+;j!XrA)) ^ i/^-' 5+U(„ifMnZ^+); jiXrA)). 
Note that we have 

- {S+ U uHr) = U Dp^c 

CeCh+(F) 

(disjoint union), therefore by additivity 

By Poincare duality, 

— here we have used the orientations of cells Df<c introduced above. By definition 
of the local system X, the last space is canonically identified with k. 

If F = F^, C = Fr, we will denote by c^<^ G $;^(X(^A)!)* the image of 1 e 

o 

iJ*'(Di?<c;X('^A)~^). Thus the chains Cg<r, t G Ord{g), form a basis of the space 
$+(X(-A)!)*. 

8.7. Diagrams. It is convenient to use the following diagram notations for chains 

Let us denote elements of J by letters a,b,c, An r-dimensional chain Cg<r where 

g : J — > [0, r], is represented by a picture: 





-e- 



1 



r 

-e- 



Fig. 6. Chain Cg<r. 

A picture consists of r + 1 fragments: 



-e- 



Fig. 7. Set g-\i). 

where i — 0, . . . , r, the i-th fragment being a blank circle with a number of small 
vectors going from it. These vectors are in one-to-one correspondence with the set 
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g~^{i)', their ends are labeled by elements of this set. Their order (from left to right) 
is determined by the order on induced by r. The point may have no vectors 

(when g~^{0) = 0); all other points have at least one vector. 

8.8. Suppose we have g G Vr{J', 1), g' G Vr+i{J', 1). It is easy to see that Fg < Fgi 
if and only if there exists i G [0, r] such that g = 6i o g' where 5, : [0, r + 1] — > [0, r] 
carries a to a if a < i and toa — lifa>z + l. We will write in this case that g < g' . 

Let us compute the dual to the canonical map 

+u* : $+ (J("A),)* — > $J;^,(X("A).)*. (150) 

Suppose we have r e Ord{g'); set C = Fr, thus Fg < F^/ < C. Let us define the sign 

sgn(f? <g' <r) = {-l)T.]tU--^'^iis')-Hj)~i) ^^^^^ 

This sign has the following geometrical meaning. The cell Dp^,^^ lies in the boundary 
of Dp^^^. We have oriented these cells above. Let us define the compatibility of these 
orientations as follows. Complete an orienting basis of the smaller cell by a vector 
directed outside the larger cell — if we get the orientation of the larger cell, we say 
that the orientations are compatible, cf. 1.4.6.1. 

It is easy to see from the definitions that the sign ( p,51| ) is equal +1 iff the orientations 
of Dp^,^^ and Dp^^^ are compatible. As a consequence, we get 

8.8.1. Lemma. The map (\15lX ) has the following matrix: 

^u*{cg<r) = Xlsgn(^ < g < r)Cgf<r, 
the summation over all g' such that Fg < Fgi < Fr and dim Fg/ = dimF^ + 1. □ 



8.9. Isomorphisms We will use notations of with I replaced by J, 'f by 
'f, with = 1 and Ao = ''A. 

Thus, for any r G [0, A^] the set {bg<r\g £ 'PriJ'A), t G Ord{g)} is a basis of 
+C-'^("A;X("A),). 

Let us pick rj G Vn{J)- Any r G Vn{J', 1) induces the bijection r' : J [A^]. We 
will denote by sgn(r, r]) = ±1 the sign of the permutation t'tj'^. 

Let us denote by {bg<r\T G Ord{g)} the basis in $^^(X('^A)!) dual to {cg<r}- 

Let us define isomorphisms 

>S : *J„m^A)0 ^ ,C-^VCA)) (152) 



by the formula 
(see (|93|)) where 



(W) = sgn(r,r7)sgn(^)^,<. (153) 



sg: 



n(^) = (-l)ELi('-i+i)-(^^'^d(^,-iW)-i) ^^54) 



for g G Vr{J; 1). Taking the direct sum of ^"0^ i , g G Vr{J; 1), we get isomorphisms 



'C-''("A;J(-A),) ^ ^^^C^JV^A)) (155) 



A direct computation using p.8.1| shows that the maps '^0^'' ^^^^ compatible with 
differentials. Therefore, we arrive at 



105 



.10. Theorem. The maps '^(p^J.'} induce an isomorphism of complexes 



"^f''^ +C"("A;J("A)!) ^ ^,a* ,f(yrA)) □ (156) 



COMPUTATIONS FOR J(^A)* 



8.11. Bases. The Verdier dual to X('^A)* is canonicaUy isomorphic to X('^A)| ^. 



Therefore, by Theorem |7.4| for each positive facet F we have natural isomorphisms 

<l>+(XrA),)* ^ $+(XrA)r^) (157) 



Let {cg<r\r e Ord{Q)} be the basis in $^(X(^A)r^)* defined in U, with X^^A) 
replaced by X('^A)~^ We will denote by {c^<r,*|T G Ordi^g)} the dual basis in 
<I>J(X(''A)^)*. Finally, we wiU denote by {6^,<r,*|r G Ord{Q)} the basis in $^(X(''A)*) 
dual to the previous one. 

Our aim in the next subsections will be the description of canonical morphisms m : 
$^;(X(''A)!) — > $^(X(''A)^) and of the cochain complex +C"(''A;X(''A)^) in terms of 
our bases. 



8.12. Example. Let us pick an element, i G / and let tt : J := {i} ^ /. Then we 



are in a one- dimensional situation, cf. 7.5. The space '^A has one coordinate tj. By 



definition, the local system X('^A) over '^A = '^A — {0} with the base point w : ti = 1 
has the fiber X^ = k and monodromy equal to (^"^^^''^ along a counterclockwise loop. 

The stratification has a unique 0-dimensional facet F = Fg corresponding to the 
unique element g G Vo{J]l), and a unique 1-dimensional positive facet E = F^. 
corresponding to the unique element r G "Pi (J; 1). 



Let us construct the dual chain := Cg<r,*- We adopt the notations of |7.5|, in partic- 
ular of Fig.l. The chain ci := Cg<r G if^^A, {0, w}; jXC'A)"^)* is shown on Fig. 8(a) 
below. As a first step, we define the dual chain G H^{'^A — {0, w},'' A>r"; X^A))* 
— it is also shown on Fig. 8(a). 
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Next, we make a clockwise rotation of on 7r/2, and make a homotopy inside the 
disk '^A<r' to a chain c* e H^{'^A<r' — {0},e • w;X{'^A))* beginning and ending at 
e ■ w. This chain is shown on Fig. 8(b) (in a bigger scale). Modulo "homothety" 
identification 

H\''A<r' - {0}, e • w;lCA)y ^ H^'^A - {0},w;lCA)y = ^f(ICA)*)* 

this chain coincides with c^<r,*- 
The canonical map 

m* : $+(JC^A),)* $+(J(^A),)* 
carries c^<r,* to [(A, i)]^ ■ Cg<r- The boundary map 

: $+(XC^A),)* ^ $+(X("A),)* 
carries Cg<r,* to [(A, i)]^ • c^<r,*. 

8.13. Vanishing cycles at the origin. Let us return to the general situation. First 
let us consider an important case of the unique 0-dimensional facet — the origin. Let 
denote the unique element of Vo{J; 1). To shorten the notation, let us denote 
by $+. 

The bases in ^q(I{^A)\), etc. are numbered by all bijections r : J — ^ [A^]. Let us 
pick such a bijection. Let r~^{i) — {ji}, i — 1, . . . ,N. The chain co<r £ ^q {I{'^A)])* 
is depicted as follows: 





° Jl J2 J3 Jn 



Fig. 9. co<r 
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Using considerations completely analogous to the one-dimensional case above, we see 
that the dual chain Co<r,* G $o (XC^A)^,)* is portayed as follows: 




3n 



Fig. 10. Co<r,* 

The points tj^ are travelling independently along the corresponding loops, in the indi- 
cated directions. The section of h)~^ over this cell is determined by the requiere- 
ment to be equal to 1 when all points are equal to marking points, at the end of their 
the travel (coming from below). 



8.14. Isomorphisms 0q^]. We will use notations of |3.4| and p.5| with / replaced by 
J, 'f — by " 'f, with n = 1 and Aq = ^A. By definition, C2 .f(^C'A)) = 1/(^A). The 
space V{^A)^j admits as a basis (of cardinality A^!) the set consisting of all monomials 

where r ranges through the set of all bijections J [A^]. By definition, {9q<t-} is 
the dual basis of V^^A)*^. 

Let us pick r] G Vn{J)- Let us define an isomorphism 
by the formula 



'0<tJ 



sgn(r,r7)^*<. 



(158) 
(159) 



8.15. Theorem. The square 



ni [ 
^o+m^A),) 



commutes. 



Av) 



XJ 



Proof. This follows directly from the discussion of ^.13| and the definition of the form 



8.16. Let us pass to the setup of p.l2| and [7.14| . Let j^, : "—>■ Ai, denote the 
embedding of the open stratum of the principal stratification. 

Set 



J,(A) = (naCA))' 



(160) 
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It is a local system over A^- 
Let us define objects 

where ? =!, * or !*. These objects will be called standard sheaves over Ap 
The same reasoning as in |S.13| proves 



(161) 



8.16.1. Lemma. We have natural isomorphisms 



X,(A)? ^ (7r,X("A), 



(162) 



for ? =!, * or \*. □ 



8.17. For a given t] G Vn{J) the isomorphisms '^(p'^^'l and '^00^;^ are skew S^r- equi 



variant. Therefore, after passing to invariants in Theorem B.15| we get 



8.18. Theorem. The maps '^(1)^1 and '^(/'qV induce isomorphisms included into a 
commutative square 



and 



$.(X.(A)!) 
m i 

$.(X.(A)*) 



: <f.(X.(A),, 



v{A): 



(163) 



Proof follows from the previous theorem and Lemma [4.7.1| (ii). □ 



8.19. Now suppose we are given an arbitrary r, g ^ Vr{J] 1) and r G Ord{g). The 
picture of the dual chain Cg<r,* is a combination of Figures 10 and 3. For example, 
the chain dual to the one on Fig. 6 is portayed as follows: 




1 

-e- 



r 

-e- 



d e 



Fig. 11. Chain Cg<r,*. 
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8.20. Isomorphisms Let us pick rj G Vn{J)- Let us define isomorpliisms 

: <f^^(X(-A).) ^ ,a-';f*(l^rA)*) (164) 

by tlie formula 

>^i(&.<r,*) = sgn(r,r/)sgn(f?)^*<, (165) 
wfiere sgn(^) is defined in ( |154| ). 

Taking the direct sum of '^^^'^i, g G Vr{J',l), we get isomorphisms 

^(J: +C-'-(-A;J(-A),) ^ ^,a-V(^("A)*) (166) 

8.21. Theorem. The maps '^(pi^l induce an isomorphism of complexes 



: +C"("A;J(-A),) ^ ^,a* ,f.(\/("A)*) (167) 
which makes the square 

+C-(-A;J(-A),) ^ ^,a- ,f(V(-A)) 
m i IS* 

+C"C^A;X(-A),) ^ ^,a* ,f.(VC^A)*) 

Proof. Compatibility with differentials is verified directly and commutativity of the 
square are checked directly from the geometric description of our chains (actually, it 
is sufficient to check one of these claims — the other one follows formally). 

Note the geometric meaning of operators tj from ( [7I| ) — they correspond to the 
deletion of the i-th loop on Fig. 10. □ 

8.22. Now let us pass to the situation |8.16| . It follows from Theorem [7.12| (after 
passing to skew S^- invariants) that the complexes ^C*('^A; X,^?)^'"'" compute the 
stalk of lu? at the origin. Let us denote this stalk by 1^7,0- 

Therefore, passing to S7r-invariants in the previous theorem, we get 

8.23. Theorem. The isomorphisms '^(j)^^ where ? =!,* or \*, induce isomorphisms 
in T>^{pt) included into a commutative square 

X.(A),o ^ uC^iViA)) 
mi IS 

X.(A),,o ^ .C",f.(V(A)*) 

and 

^(P'-Xo-M^hfi^ .C;iL{A)) □ (168) 
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Chapter 3. Fusion 



9. Additivity theorem 



9.1. Let us start with the setup of |7]T|. For a non- negative integer n let us denote 
by (n) the set [— n, 0] . Let us introduce the following spaces. A^") - a complex affine 
space with a fixed system of coordinates (t,), i e (n). Let "J denote the disjoint 
union (n) U J; "A — a complex affine space with coordinates tj, j G "J. 

In general, for an affine space with a distinguished coordinate system of, we will denote 



by Sa its diagonal stratification as in 6.1 



Let "A C "A, A (") C A(") be the open strata of Sa- 

o 

Let "'p : "A — > A*^") be the evident projection; "B = ^p^^(A ^"^). Given a point 
z = (zi) G A'^"\ let us denote by ^A the fiber "p~^(z) and by the stratification 
induced by Sa- We will consider tj, j G J, as coordinates on ^A. 

The subscript will mean as usually "real points". 



9.2. Let us fix a point z = (z„i,zo) £ A}^ such that z^i < zq. Let us concentrate 
on the fiber ^A. As an abstract variety it is canonically isomorphic to A — a complex 
affine space with coordinates tj, j G J; so we will suppress z from its notation, 
keeping it in the notation for the stratification where the dependence on z really 
takes place. 

Let us fix a real w > zq. Let us pick two open non- intersecting disks Di G C with 
centra at Zi and not containing w. Let us pick two real numbers Wi > Zi such that 
Wi G Di, and paths Pi connecting w with Wi as shown on Fig. 12 below. 




Fig. 12. 

Let us denote by Q2{J) the set of all maps p : J — > [—1,0]. Given such a map, let us 
denote by Ap C A an open subvariety consisting of points (tj)jgj such that tj G -Dp(j) 
for all j. We will denote by the same letter '^S the stratification of this space induced 
by ^S. 

Set := Hj{w)] P = P_i U Pq; P = {{tj) e M there exists j such that tj G P}. 
Given /C G 'P(A; ^S), the restriction map 

Pr(A, H^; V) — > RT{A, P; JC) 
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is an isomorphism by homotopy. On the other hand, we have restriction maps 

Rr{A, P; K) — > RT{Ap, Pp- K) 
where Pp :— P (1 Ap. Therefore we have canonical maps 

Tp : Rr(A, K) RV{Ap, Pp, K) (169) 

9.3. Theorem. For every K e T>{A] ^S) the canonical map 

r^^rp-. Rr(A, H^; K.) ®p^Q,^j^RV{Ap, Pp, K) (170) 
is an isomorphism. 

9.4. Proof. Let us pick two open subsets ?7_i,f/o C C as shown on Fig. 12. Set 
U = f/_i U [/q, — {{tj) e ^ ^ all j}- It is clear that the restriction 
morphism 

i?r(A, P- V) — > RT{Au, Pu; IC) 
where Pjj := P Cl Au , is an isomorphism. 
For each p e Q2{J) set 

Vp — {(tj) e ^u\tj e Up^) for all j}; Pu,p := P n Au,p (171) 
We have Au = \JpAu,p. 

9.4.1. Lemma. For every K. e V{Af S) the sum of restriction maps 

q:Rr{Au,Pu;JC)^ ^ Rr{Au,p, Pu,p;K:) (172) 

peQ2(J) 

is an isomorphism. 

Proof. Suppose we have distinct pi, ■ ■ ■ , Pm such that Au-^p^,...,p^ :— Au,pi fl . . . fl 
^u,pm + 0; set Pc/;pi,...,p^ := P n At/;pi,...,p„. 

Our lemma follows at once by Mayer- Vietoris argument from the following 

9.4.2. Claim. For every m >2 

Rr{Au-pi,...,p^,Pu;pi,...,pm]J^) = 0. 

Proof of the claim. It is convenient to use the following notations. If J = A U P is 
a disjoint union, we will denote by pa^b the map J — > [~1)0] such that p~^{—l) — 

A, p^^{0) = B, and by Ua;b the subspace Ajyp^^. 

Let us prove the claim for the case N = 2. Let J = In this case it is easy to see 

that the only non-trivial intersections are U^^^ = Uij-fi (1 Uj-i and U^'^^ = Uij-ij, fl Uii,-ij. 

To prove our claim for U^^^ we will use a shrinking neighbourhood argument based 
on Lemma 1.2.12. Let JC' denote the sheaf on U^^^ obtained by extension by zero of 
}C\^(i)_p. For each e > let us denote by C/_i,e C C an open domain consisting of 
points having distance < e from D^i U P. Set 

U^'^ = {iti,tj)\ ti e tj e C/o n C/_i,J. 
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It is clear that restriction maps i?r(f/(i);/C') — > i?r(f/^(i);/C') are isomorphisms. On 
the other hand, it follows from 1.2.12 that 

lim i?r(f/(^);/c') ^ i?r(fi f/,(^^/c'), 

e 

and the last complex is zero by the definition of /C' (the point tj is confined to P in 

a uP). 

The subspace f/^^^ consists of (tj, tj) such that both tj and tj lie in f/„i fl [/q. This case 
is even simpler. The picture is homeomorphic to an affine plane with a sheaf smooth 
along the diagonal stratification; and we are interested in its cohomology modulo the 
coordinate cross. This is clearly equal to zero, i.e. RT{U^'^\ P fl U^"^^; K,) = 0. 

This proves the claim for N = 2. The case of an arbitrary is treated in a similar 
manner, and we leave it to the reader. This completes the proof of the claim and of 
the lemma. □ 



9.4.3. Lemma. For every p G Q2{J) the restriction map 

RTiAu,p, Pu,p; JC) RT{A„ P,; K) 

is an isomorphism. 

Proof. Again let us consider the case J = {i,j}. If p = Pij-fi or p0.jj the statement 
is obvious. Suppose p = pi-j. Let us denote by A'^^^ C A[/^p the subspace {(tj,tj)|tj G 
D_i, tj G f/o}. It is clear that the restriction map 

RT{A'u^^, Pi^^- /C) — ^ i?r(A„ Pp- /C) 

where P^^ := P fl A'^y^, is an isomorphism. Let us consider the restriction 

Pr(Af/,„ Pf/,,; /C) RT{K,p^ PIj^^; K) (173) 

The cone of this map is isomorphic to RT{Ku,p, Pu,p', -M.) where the sheaf Ai has the 
same singularities as /C and in addition is over the closure D_i. Now, consider a 
system of shrinking neighbourhoods of P_i U as in the proof af the claim above, 
we see that RT{Aup,Pif p]Ai) = 0, i.e. ( |173| ) is an isomorphism. This implies the 
lemma for this case. 

The case of arbitrary J is treated exactly in the same way. □ 
Our theorem is an obvious consequence of two previous lemmas. □ 



10. Fusion and tensor products 

10.1. Fusion functors. The constructions below were inspired by [ pr|| . 

For each integer n > 1 and i G [n], let us define functors 

: A; 5a) Vr'K- S^) (174) 

as follows. We have the t-exact nearby cycles functors (see ||D3|| or ||KS|| , 8.6, but note 
the shift by [-1]!) 

v&*.,-t..+J-l] : 2^("A;5a) V{A'-S^) 
where A' denotes (for a moment) an affine space with coordinates tj, j G ((n) U J) — 
{—i}- We can identify the last space with ""^A simply by renaming coordinates tj to 
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tj^i for —n < j < —i — I. By definition, "■tpi is equal to ^E^t.^-t.^+J— 1] followed by 
this identification. 



10.2. Lemma, (i) For each n >2, i ^ [n] have canonical isomorphisms 

anc? equalities 

/or j > i, such that 

(a) (^'Stasheff pentagon" identity^ the diagram below commutes: 



(175) 



n— 1„, „ n 



□ 



10.3. Let us define a t-exact functor 

^ : P("A; 5a) — > V{A; S) (176) 
as a composition «o[~l] ° "^i ° """'^^/'i o . . . o ^^/j^, where 

t* : I)(°A; 5a) — ^ V{A; S) 

denotes the restriction to the subspace to = 0. Note that io[— 1] is a t-exact equiva- 
lence. (Recall that A and S denote the same as in [7. 1| ) . 



STANDARD SHEAVES 



The constructions and computations below generalize Section |[ 
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10.4. Let us make the following assumptions. Let us denote by A the / x /-matrix 
{i-j). Let us suppose that det A 0. There exists a unique ^[ det^ ^ ]-valued symmetric 
bilinear form on X (to be denoted by A, A-/i) such that the map — > X, u 
Ay respects scalar products. 

Let us suppose that our field k contains an element such that (C')^*^* = ^ind fix 
such For a = ^ , c G Z, we set by definition := (C')*^- 

10.5. Let us fix z/ = J^'^i'i ^ and its unfolding vr : J — > I as in 3.V2 , and an 
integer n > 1. We will use the preceding notations with this J. 

Let us fix + 1 weights Aq, A_i, . . . , A_„ G X. We define a one-dimensional local 



system X(Ao, . . . , A_„; z/) over "A exactly in the same manner as in |6.3| , with half- 
monodromies equal to if z,j g J, to if i g (ra), j G J and to (^''^^ 

if 2, j G (n). 

O 

Let j : — > be the embedding. Let us introduce the sheaves 

J(Ao,... ,A_„;z/), :=j>J(Ao,... ,A_,;i.)[-n-iV-l] gA<("A;5a) 

(177) 

where ? =!, * or !*. Applying the functor ip, we get the sheaves ipI{Ao, . . . , A_„; z/)? G 
A^(A;5). 

All these objects are naturally Sjr-equivariant. We define the following sheaves on Au- 

• • • , A-n)? := (vr.V'2:(Ao, . . . , A_„; z/).)^-" (178) 

(cf. CT) . 

The following theorem generalizes Theorem |8.18| . 

10.6. Theorem. Given a bijection t] : J [N], we have natural isomorphisms 
included into a commutative square 

M^^iAo,... ,A^n)i) ^ (K(Ao) ® . . . ® nA_„)). 
mi I Sa 

01"' 

<l>,C^J,(Ao,... ,A_0,) ^ (\/(Ao)* ® . . . ® \/(A_„)*), 

and 

0f? : $,C^J,(Ao, . . . , A_„,),,) ^ (L(Ao) ® . . . ® L(A_„)), (179) 

^4 change of r] multiplies these isomorphisms by the sign of the corresponding permu- 
tation of [N] . 

Proof. We may suppose that vr is injective, i.e. all z/j = or 1. The general case 
immediately follows from this one after passing to S^-skew invariants. 

Let us consider the case n = 1. In this case one sees easily from the definitions that 
we have a canonical isomorphism 

$,C^J,(Ao, A_i).) = i?r(A, H^; J(Ao, A„i; z/),) 

in the notations of Additivity Theorem |9.3| . On the other hand, the set Q2{J) is in 
one-to-one correspondence with the set of all decompositions z/ = z/q + z/_i, z/j G N[/], 
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and if p corresponds to such a decomposition, we have a natural isomorphism 
i?r(A„ P n A,; J,(Ao, A_i)7) = $.o(^^(Ao; ^^o)?) ® $._,(^X(A-i; u-ih) 

(180) 

by the Kiinneth formula. Therefore, Additivity Theorem implies isomorphisms 

$,C^X,(Ao, A_i),) - ©,„+,_,=,$,„(%,(Ao)?) ® <f._,C^X,_,(A_i),) 
which are the claim of our theorem. 

The case n > 2 is obtained similarly by the iterated use of the Additivity Theorem. 
□ 

10.7. Next we will consider the stalks (?)o of our sheaves at 0, or what is the same 
(since they are ]R"'"*-homogeneous) , the complexes RT{Au', ?). 



The next theorem generalizes Theorem 8.23 



10.8. Theorem. Given a bijection rj : J ^—>- [N], we have natural isomorphisms 
included into a commutative square 



"!,Q 



^T,(Ao,... ,A_„),o ^ ,CVl^(Ao) ® . . . ® \^(A_„)) 
mi I Sa 



'^J,(Ao,... ,A_„),o ,CV(\/(Ao)*®...®\/(A_„)*) 

and 

<fJi% : ^I,{Ao, . . . , A„„)!*o ^ uq{L{Ao) ® . . . ® L{A,n)) (181) 

A change of rj multiplies these isomorphisms by the sign of the corresponding permu- 
tation of [N] . 

Proof. It is not hard to deduce from the previous theorem that we have natural 
isomorphisms of complexes included into a commutative square 

+C(A; ^J(Ao, . . . , A-n, ly)^.) ^ xjC' >f{V{^Ao) ® . . . ® F(-A_„)) 

mi i Sa 

+C(A; ^J(Ao, . . . , A_„; z/),) ^ ^^,C: (V (^Aq)* ® . . . ® V{^A^^)*) 

This implies our claim after passing to S^-(skew) invariants. □ 
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Chapter 4. Category C 

11. Simply laced case 
11.1. From now on until the end of this part we will assume, in addition to the 



assumptions of |1.4| , that is a primitive /-th root of unity, where / is a fixed integer 



/ > 3 prime to 2 and 3. 

11.2. We will use notations of |L 1| | , Chapters 1, 2, which we briefly recall. 

11.2.1. Let (/, ■) be a simply laced Cartan datum of finite type (cf. loc.cit., 1.1.1, 
2.1.3), that is, a finite set I and a nondegenerate symmetric bilinear form a, f3 ^ a- P 
on the free abelian group This form satisfies conditions 

(a) i ■ i = 2 for any i ^ I; 

(b) i ■ j E {0, —1} for any z 7^ j in /. 

11.2.2. We will consider the simply connected root datum of type (/,■), that is (see 
loc. cit., 2.2.2), two free abelian groups Y = and X = Homa(y, Z) together with 

(a) the canonical bilinear pairing (, ) : Y x X — > Z; 

(b) an obvious embedding I ^ Y {i i) and an embedding I "-^ X {i \—>- i'), such 
that {i,j') = i ■ j for any i,j G /. 

We will call X the lattice of weights, and Y the lattice of coroots. An element of X 
will be typically denoted hj X, fi,i>, . . and an element of Y will be typically denoted 
by a,/3,7, .... 

11.3. We consider the finite dimensional algebra U over the field k defined as in the 
section 1.3 of ||A J . We also consider the category C of finite dimensional X-graded 



[/-modules defined as in the section 2.3 of | |AJl5 



11.3.1. The algebra U is given by generators Ei, Fi, Kf^ , i G I, subject to relations 
(z) ■ = 1; K,K, = K^K^; 

(a) K,Ei = C'-'E,Kj; 

(b) K,F, = C-^-'F.K,; 

(c) EF - EE = ■ 

(d) El = Fj = 0; 

(e) E,Ej - EjEi = if i ■ j = 0; EfEj - (C + C^)EiEjE, + E^E^ = if i ■ j = -1; 

(f) F,F, - F,F, = if ^ ■ J = 0; F^F, - (C + C^)F.,F,F, + F,Ff = if ^ ■ j = -1. 

The algebra U has a unique k-algebra X-grading U = for which \Ei\ = i\ \Fi\ = 
-i\ \K^\ = 0. 

We define a comultiplication 

A:U — >U®U (182) 
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as a unique k-algebra mapping such that 

A{Ei) =Ei®Ki + l®Ei; 
A{Fi) = Fi®l + Kr^ ® Fi. 
This makes U a Hopf algebra (with obvious unit and counit). 

11.3.2. The category C is by definition a category of finite dimensional X-graded 
k- vector spaces V = ©^isx^, equipped with a left action of U such that the [/-action 
is compatible with the X-grading, and 

KiX = C^^'^^x 

for X G V^, i E L 

Since U is a Hopf algebra, C has a canonical structure of a tensor category. 

11.4. We define an algebra u having generators 6*^, e^, Ki^^, i G I, subject to relations 
(z) ■ = 1; K,K, = K,Kf, 

(a) K,e^ = e^eiK,- 

(b) K,e, = c-'%Kf, 

(c) e,9,-C^6,e, = 6,,{l~Kr^) 

(d) if / e Ker(5) C 'f (see (|6|)) then / = 0; 

(e) the same as (d) for the free algebra € on the generators e^. 

11.4.1. Let us define the comultiplication 

A:u — >u®u (183) 

by the formulas 

A(ei) = Ci ® 1 + Kr^ ® 
and the condition that A is a morphism of k-algebras. 
This makes u a Hopf algebra (with obvious unit and counit). 

u is an X-graded k-algebra, with an X-grading defined uniquely by the conditions 
\Ki^'\=0- \6i\ = -i'- \e,\=z'. 

11.5. We define C as a category of finite dimensional X-graded vector spaces V = 
©Va, equipped with a structure of a left u- module compatible with X-gradings and 
such that 

KiX = C^^'^^x 

for X G Vx, i E L 

Since u is a Hopf algebra, C is a tensor category. 
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11.6. Recall that for any A G X we have defined in the X-graded f-module L{A). 
It is a quotient-module of the Verma module V{A), and it inherits its X-grading from 
the one of V{A) (see p.l5| ). Thus L{A) = Q)L{A)x, and we define the action of 
generators Ki on L(A)\ as multiplication by (^"^'^K Finally, we define the action of 
generators on V^(A) as in |2.16| . These operators on V{A) satisfy the relations (a) 
— (c) above. 

We check immediately that this action descends to the quotient -^^(A). Moreover, it 
follows from Theorem |2.23| that these operators acting on L{A) satisfy the relations 



(a) — (e) above. So we have constructed the action of u on L{A), therefore we can 
regard it as an object of C. 

11.6.1. Lemma. L{A) is an irreducible object in C. 

Proof. Let /(A) be the maximal proper homogeneous (with respect to X-grading) 
submodule of V^(A) (the sum of all homogeneous submodules not containing v\). Then 
V^(A)/J(A) is irreducible, so it suffices to prove that /(A) = ker(S'A). The inclusion 
ker(S'A) C /(A) is obvious. Let us prove the opposite inclusion. Let y G /(A). It is 
enough to check that S\{y, x) = for any x G V^(A) of the form 9i-^ . . . Oi^vp^. By (22) 
we have 5'a(?/, di^... di^VK) = SA^ei^ . . . ei^y, va) = since ei^y G /(A). □ 

11.7. Let us consider elements Ei,Fi & u given by the following formulas: 



Ei = -^^^eiK,- Fi = Oi (184) 



It is immediate to check that these elements satisfy the relations |11.3.1| (a) — (c). 
Moreover, one checks without difficulty that 

OiOj - OjOi G Ker(5) if z ■ j = 0, 

and 

e^Oj - (C + C^WjOi + e^d^ e Ker(^) if i ■ J = -1 
(cf. 1^ V2|| , 1.16). Also, it is immediate that 



S(9°.9f) 



p=i ^ 



It follows that el G Ker(S') for all i. 

It follows easily that the formulas (|184D define a surjective morphism of algebras 



R:U — >u (185) 

Moreover, one checks at once that i? is a map of Hopf algebras. 
Therefore, R induces a tensor functor 

Q -.C — >C (186) 

which is an embedding of a full subcategory. 



119 



11.8. Theorem. Q is an equivalence. 

Proof. It is enough to check that C contains enough projectives for C (see e.g. Lemma 
A.15. of Q IV). 

First of all, we know from ||AJS|| , section 4.1, that the simple u-modules L(A), A G X 
exhaust the list of simple objects of C. Second, we know from ||AP W2|| , Theorem 4.6 



and Remark 4.7, that the module L{—p) is projective where —p G X is characterized 
by the property {i, —p) = —1 for any i E I . Finally we know, say, from ||APW2|] , 
Remark 4.7, and [ |APW1|| , Lemma 9.11, that the set of modules {-^^(A) L{—p),A G 
X} is an ample system of projectives for C. □ 

11.9. Denote by u° (resp., f/°) the subalgebra of u (resp., of U) generated by Kf^, i G 
/. Obviously, both algebras are isomorphic to the ring of Laurent polynomials in Ki, 
and the map R induces an identity isomorphism between them. 

Denote by u-° (resp., by u~) the subalgebra of u generated by 6*,, Ki^^ (resp., by 9i), 
i E I. The last algebra may be identified with f. As a vector space, u-° is isomorphic 
to f ® u°. 

Denote by C U the subalgebra generated by G /, and by f/-° C U the 
subalgebra generated by Fj, Ki^^, i E I. As a vector space it is isomorphic to . 

11.10. Theorem, (a) R is an isomorphism; 
(h) R induces an isomorphism U~ f. 

Proof. Evidently it is enough to prove b). We know that R is surjective, and 
that is finite dimensional. So it suffices to prove that dim U~ < dim f. We 
know by |[L1|| 36.1.5. that dim U~ = dimL(— p). On the other hand, the map 
f — ^ L{—p), f f{v_p) is surjective by construction. □ 

12. NON-SIMPLY LACED CASE 

In the non-simply laced case all main results of this part hold true as well. However, 
the definitions need some minor modifications. In this section we will describe them. 



12.1. We will use terminology and notations from |[L1|| , especially from Chapters 
1-3. Let us fix a Cartan datum (/, ■) of finite type, not necessarily simply laced, cf. 
loc. cit, 2.1.3. Let (Y = Z[I],X = Hom(y,Z), {,),! ^ X,I ^ Y) be the simply 
connected root datum associated with (J, ■), loc. cit., 2.2.2. 

We set di := i & I', these numbers are positive integers. We set Q := C^'- 

The embedding I X sends i E I to i' such that {djj, i') = j ■ i for all i,j G /. 

12.2. The category C is defined in the same way as in the simply laced case, where 
the definition of the Hopf algebra U should be modified as follows (cf. ||AJS|| , 1.3). 

By definition, U has generators Ei, Fi, Kf^, i E I, subject to relations 

(z) Ki ■ Kr^ = 1; K^Kj = K^K^; 

(a) K,E, = C^^'^'^E.Kf, 

(b) K,F, = C'^^'^'^F.K 



J' 



120 



(d) El = F] = Q- 

(e) T.l-Jo'\-lYEt^E,Et^'^^'^-^^ = for ^ ^ j; 

(f) Y^^''^{-lYFi^F,Ft^^^'^-^ = for z ^ j, 

where we have used the notations: Ki := Kf'; C'f^ := Gf/[p]|, G = E ot F, 

P /-a 

Id ■■= n 737^- 

a=l Si Si 

The X-grading on U is defined in the same way as in the simply laced case. 
The comultiplication is defined as 

A{Ei) = Ei ® Ki + Ef, 
A{Fi) = Fi0l + k~^(g) Fi. 

12.2.1. Remark. This algebra is very close to (and presumably coincides with) the 



algebra U from ||L1|| , 3.1, specialized to f = C- We use the opposite comultiplication, 
though. 

12.3. The definition of the Hopf algebra u should be modified as follows. It has 
generators 9i,ei,Ki^^, i G I, subject to relations 

(z) Ki ■ K-^ = 1; KiK, = K^K,; 

(a) K,e, = C^^^^'h^K,; 

(b) K,e, = C^^'^'^O^K,- 

(c) e,e,-C'0,e, = 6,,{l-k-^) 

(d) if / G Ker(^) C 'f (see (|6|)) then / = 0; 

(e) the same as (d) for the free algebra on the generators e^. 
The comultiplication is defined as 

A{K,^^) = K,^^®K,^^- 

A{ei) = di®l + kr^® di- 
A{ei) = ei®l + kr^ 

The category C is defined in the same way as in the simply laced case. 

12.4. We define an X-grading on the free 'f-module ^(A) with generator v\ by 
setting V{A)\ = k ■ t>A and assuming that operators 9i decrease the grading by i'. 

The definition of the form on V{A) should be modified as follows. It is a unique 
bilinear from such that 5'A(fA,fA) = 1 and S{9iX,y) = S{x,eiy) where the operators 
ej : V{A) — > V{A) are defined by the requirements ej(fA) = 0, 

eiiOjx) = C^Ojeiix) + 6ij[{i, X)]qx 

for X E V{A)x. 
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We define L{A) as a quotient V{A)/KeT{S). As in the simply laced case, L{A) is 
naturally an object of C, and the same argument proves that it is irreducible. 

12.5. We define the morphism 

R:U — (187) 

by the formulas 

R{Ei) = , e,Kf, RiF,) = e,; RiK,) = K, (188) 

Si Si 



Using ||L1|| , 1.4.3, one sees immediately that it is correctly defined morphism of alge- 
bras. It follows at once from the definitions that i? is a morphism of Hopf algebras. 

Hence, we get a tensor functor 

Q:C — (189) 



and the same proof as in |11.8| shows that Q is an equivalence of categories. 

It is a result of primary importance for us. It implies in particular that all irreducibles 
in C (as well as their tensor products), come from C. 

12.6. Suppose we are given Aq, . . . , A_„ G X and v G N[J]. Let tt : J — > J, 
TT : '^A — > Ay denote the same as in |6.12|. We will use the notations for spaces and 



functors from Section 10 



The definition of the local system X(Ao, . . . , A_„; u) from loc. cit. should be modified: 
it should have half-mono dromies (j ^'^'^■'^'^'^ for i G (n), j G J, the other formulas stay 
without change. 

After that, the standard sheaves are defined as in loc. cit. Now we are arriving at 
the main results of this part. The proof is the same as the proof of theorems |10.6| 
and |10.8| , taking into account the previous algebraic remarks. 

12.7. Theorem. Let L(Aq),... ,L(A_„) be irreducibles of C, \ G X, 
A = E™=o - Ei ^ii' for some G N. Set u = E i^ii e N[I]. 

Given a bisection rj : J [N], we have natural isomorphisms 

: <l'.(^J.(Ao, . . . , A„„)!,) ^ (L(Ao) ® . . . ® L(A_„,))a (190) 

A change of rj multiplies these isomorphisms by the sign of the corresponding permu- 
tation of [N] . □ 

12.8. Theorem. In the notations of the previous theorem we have natural isomor- 
phisms 

(^\2l : '^T,(Ao, . . . , A_„)!*o ^ q{L{A,) ® . . . ® L(A_„,)), (191) 

where we used the notation C*{...)x for yC*{...). A change of rj multiplies these 
isomorphisms by the sign of the corresponding permutation of [N] . □ 
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Part III. TENSOR CATEGORIES 
ARISING FROM CONFIGURATION SPACES 

1. Introduction 

1.1. In Chapter 1 we associate with every Cartan matrix of finite type and a non-zero 
complex number ( an abehan artinian category J-'S. We call its objects finite factoriz- 
able sheaves. They are certain infinite collections of perverse sheaves on configuration 
spaces, subject to a compatibility ("factorization") and finiteness conditions. 

In Chapter 2 the tensor structure on J-'S is defined using functors of nearby cycles. 
It makes J^S a braided tensor category. 

In Chapter 3 we define, using vanishing cycles functors, an exact tensor functor 

$ : — >C 



to the category C connected with the corresponding quantum group, cf. [|AJS|] , 1.3 
and II, 11.3, 12.2. 

In Chapter 4 we prove 

1.2. Theorem. $ is an equivalence of categories. 
One has to distinguish two cases. 

(i) C is not root of unity. In this case it is wellknown that C is semisimple. This case 



is easier to treat; 1.2 is Theorem 18.4 



(ii) C is a root of unity. This is of course the most interesting case; ^]2| is Theorem |17.1 

$ may be regarded as a way of localizing u-modules from category C to the origin 
of the affine line A^. More generally, in order to construct tensor structure on J-'S, 
we define for each finite set K certain categories ^J-'S along with the functor qk '. 

(see the Sections ^, |1^) which may be regarded as a way of localizing 
i^T-tuples of u-modules to i^'-tuples of points of the affine line. In the parts IV, V we 
will show how to localize u-modules to the points of an arbitrary smooth curve. For 
example, the case of a projective line is already quite interesting, and is connected 
with " semiinfinite" cohomology of quantum groups. 

We must warn the reader that the proofs of some technical topological facts are only 
sketched in this part. The full details will appear later on. 

1.3. The construction of the space A in Section 2 is inspired by the idea of "semi- 
infinite space of divisors on a curve" one of us learnt from A.Beilinson back in 1990. 
The construction of the braiding local system X in Section 3 is very close in spirit to 



P.Deligne's letter |pi|| . In terms of this letter, all the local systems arise from the 
semisimple braided tensor category freely generated by the irreducibles i G / with the 
square of i?-matrix: i® j — > j ®i — > i® j given by the scalar matrix Q'K 

We are very grateful to B.Feigin for the numerous inspiring discussions, and to 
P.Deligne and L.Positselsky for the useful comments concerning the definition of mor- 
phisms in ^ in |9.6| . 
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1.4. Notations. We will use all the notations of parts I and II. References to loc.cit. 
will look like Z.1.1 where Z=I or II. 

During the whole part we fix a Cartan datum (/, ■) of finite type and denote by 
{Y = Z[/]; X = IIom(y, Z); I ^ Y,i i; I ^ X,i i') the simply connected root 
datum associated with (/, ■), |[L1|| , 2.2.2. Given a = X^c^i^ G F, we will denote by a' 



the element ^aii' G X. This defines an embedding 

r X (192) 

We will use the notation di := We have (j', dii) = i ■ j. We will denote by A the 
/ X /-matrix We will denote by A, /i i-^ A ■ /i a unique '^[ ^^^ ^ ]- valued scalar 



product on X such that ( |192| ) respects scalar products. We have 

\-i' = {X,dii) (193) 

for each A G X, i E I. 

We fix a non-zero complex number C,' and suppose that our ground field k contains 
C'. We set C := {C'Y''^ \ for a = c G Z, we will use the notation := {CY- 

We will use the following partial orders on X and Y. For a = J2 ^Hh P = J^bd ^ Y 
we write a < /? if < 6j for all i. For A, /i G X we write X>fi if X — fi = a' for some 
a G y, a > 0. 



1.5. If Xi,X2 are topological spaces, /Cj G P(Xj), i = 1,2, we will use the notation 
/Ci Kl /C2 for p*/Ci ® P2^2 (where pj : Xi x X2 — > Xj are projections). If J is a finite 
set, I J| will denote its cardinality. 

For a constructible complex /C, SS{IC) will denote the singular support of /C (micro- 
support in the terminology of [[KS|| , cf. loc.cit., ch. V). 
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Chapter 1. Category J^S 



2. Space A 

2.1. We will denote by the complex affine line with a fixed coordinate t. Given 

real c, c', < c < c', we will use the notations D{c) = {t G A^| \t\ < c}; D[c) — {t ^ 
h}\ \t\ < c}; A^^ := {teh}\ \t\ > c}; L>(c, d) = A^^ n D{d). 

Recall that we have introduced in II. 6. 12 configuration spaces Aa for a G If 
a = aii, the space Aa parametrizes configurations of /-colored points t — {tj) on 
A^, such that there are precisely points of color i. 

2.2. Let us introduce some open subspaces of Aa- Given a sequence 

(ai,... ,ap) eN[I]P (194) 

and a sequence of real numbers 

^=(^1... (195) 
such that < dp-i < dp-2 . . . < di, p > 2, we define an open subspace 

A^{d) C Aa (196) 

which parametrizes configurations t such that ap of points tj lie inside the disk 
D{dp-i), for 2 < i < p — 1, ccj of points lie inside the annulus D{di-i,di), and ai 
of points lie inside the ring A^^^ . 

For p = 1, we set ^°^(0) := Aa- 

By definition, a configuration space of empty collections of points consists of one 
point. For example, so is ^°(0). 

2.2.1. Cutting. Given i G [p — 1] define subsequences 

— * — # 

d<i = {di, ... ,di); d>i^ {di, ... , dp-i) (197) 

and 

<3<i = (ai, ■ ■ • , Q!i, 0); d>i = (0, a^+i, ... ,ap) (198) 
We have obvious cutting isomorphisms 

Ci : A'^id) ^ A'^^^{d<i) X A'^^^{d>i) (199) 

satisfying the following compatibility: 
for i < j the square 
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>j) 



id X Cj 



Ci X id 



commutes. 

2.2.2. Dropping. For z as above, let did denote the subsequence of d obtained by 
dropping di, and set 

diS = («!, . . . , ai + Oi+i, 0^+2, • • • , "p) (200) 
We have obvious open embeddings 

A^'^^idid) ^ A'^id) (201) 

_, — * _j — * 

2.3. Let us define A'^{d) as the space A"'{d) equipped with an additional index 
/i G X. One should understand /i as a weight assigned to the origin in A^. We will 
abbreviate the notation ^^(0) to A'^. 

Given a triple (a, d, /i) as above, let us define its z-cutting — two triples (a<j, d<i, fi<i) 
and {d>i,d>i, fi), where 

p 

fl<i = fl-{ "i)'- 
j=i+i 

We will also consider triples {did, did, din) where diH = /i if i < j9 — 1, and dp-ifi = 
/i — a'p. 

The cutting isomorphisms (|199| ) induce isomorphisms 

Atid) ^ A^ (4.) X A^^^^ (4.) (202) 

2.4. For each fi E X, a = J2 ad, (3 = Ebiie N[I], 

^ = ■■ (203) 
will denote a closed embedding which adds hi points of color i equal to 0. 

Forrf>0, 

is an open neighbourhood of cr(^^) in -4.^+^/. 

2.5. By definition, ^ is a collection of all spaces A^id) as above, together with the 
cutting isomorphisms (|202| ) and the closed embeddings (|203| ). 

2.6. Given a coset c G XjY (where we regard Y as embedded into X by means of 
a map i ^ i'), we define Ac as a subset of A consisting of A'^ such that /i G c. Note 
that the closed embeddings a, as well as cutting isomorphisms act inside Ac- This 
subset will be called a connected component of A. The set of connected components 
will be denoted 7ro(.4.). Thus, we have canonically 7ro(^) = X/Y. 
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2.7. We will be interested in two stratifications of spaces A'^. We will denote by 



A'^ C A'^ the complement 

f3<a 

We define a toric stratification of A'^ as 

= II ^(^'-/.'+.')- 

Another stratification of A"^ is i/ie principal stratification defined in II. 7. 14. Its open 

o 

stratum will be denoted by A'^ C A'^. Unless specified otherwise, we will denote 
the prinicipal stratification on spaces A'^, as well as the induced stratifications on its 
subspaces, by S. 

The sign o (resp., •) over a subspace of will denote the intersection of this subspace 

o • 

with A"^ (resp., with A'^). 

3. Braiding local system X 

3.1. Local systems X°. Let us recall some definitions from II. Let a = J2i ^ 
be given. Following II. 6. 12, let us choose an unfolding of a, i.e. a set J together 
with a map vr : J — > I such that |7r~^(i)| = Oj for all i. We define the group 
:= {a G Aut(J)| a o n = vr}. 

We define '^A as an affine space with coordinates tj, j G J; it is equipped with the 
principal stratification defined by hyperplanes tj = and = tj, cf. II. 7.1. The 
group acts on '^A by permutations of coordinates, respecting the stratification. By 
definition, Aa = '^A/S^. We will denote by the same letter vr the canonical projection 

O O O 

If '^A C '^A denotes the open stratum of the principal stratification, tt^^A) = An, 

o 

and the restriction of tt to '^A is unramified covering. 

Suppose a weight yU G X is given. Let us define a one dimensional local system '^X^ 

o o 

over '^A by the procedure II. 8.1. Its fiber over each positive chamber C G ttq{'^A^) is 
identified with k; and monodromies along standard paths shown on II, Fig. 5 (a), (b) 
are given by the formulas 

CTij = Crp,^ = ^2M-(i)' (204) 

respectively (cf. (|193|) ). (Note that, by technical reasons, this definition differs by the 
sign from that of II. 8. 2 and II. 12. 6). 

We have a canonical S7r-equivariant structure on '^I^, i.e. a compatible system of 
isomorphisms 

V : % ^ (J* (T G S^, (205) 

defined uniquely by the condition that 

{t^)c = idk : (%)c = k ^ (a* %),c = k 

for all (or for some) chamber C. As a consequence, the group acts on the local 
system vr^ '^2^. 
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Let sgn : — > {il} denote the sign character. We define a one- dimensional local 

o o 

system over A'^ = Aa as follows: 

:= (tt, -X^)^s'^ (206) 

where the superscript [•y^'^ denotes the subsheaf of sections x such that ax = sgn(cr)a; 
for all a e S^. Cf. II.8.16. 

Alternatively, we can define this local system as follows. By the descent, there exists 
a unique local system X^ over Aa such that 7r*X^ is equal to '^X^ with the equivariant 
structure described above. In fact, 

x; = (tt, 

where the superscript (•)^'' denotes invariants. We have 

= X> Stgn (207) 

where Sign denotes the one-dimensional local system over Aa associated with the 
sign representation Tri{Aa) — * {il}- 

This definition does not depend (up to a canonical isomorphism) upon the choice of 
an unfolding. 

3.2. For each triple {a,d,ix) as in the previous section, let us denote by X^((i) the 

o ^ ^ o 

restriction of X° to the subspace A'^{d) C A"{fi) where a G N[I] is the sum of 
components of a. 

Let us define factorization isomorphisms 

0. = <P%,{d) : I^{d) ^ {d<i) K If-^ (4.) (208) 

(we are using identifications ( p02| )). By definition, we have canonical identifications 
of the stalks of all three local systems over a point with real coordinates, with k. We 
define ( |208[ ) as a unique isomorphism acting as identity when restricted to such a 
stalk. We will omit irrelevant indices from the notation for if there is no risk of 
confusion. 

3.3. Associativity. These isomorphisms have the following associativity property. 
For all i < j, diagrams 



X(d) 



I{d<j) m l{dy.j) l{d<i) M I{d>i) 

x{d<i)mx{d>i,<,)nx{d>j) 



are commutative. 

In fact, it is enough to check the commutativity restricted to some fiber {•)ci where 
it is obvious. 
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3.4. The collection of local systems X = {X^} together with factorization isomor- 

o 

phisms ( p08D will be called the braiding local system (over A). 

The couple {A,I) will be called the semi-infinite configuration space associated with 
the Cartan datum (/, ■) and parameter (. 

3.5. Let j : A'^{d) ^ A'^{d) denote an embedding; let us define a preverse sheaf 

if^id) := j,.X°(rfl[dim a;] e M{Af,{dy,S) 



By functoriality, factorization isomorphisms (|208|) induce analogous isomorphisms (de- 
noted by the same letter) 

0. = 0j,( J) : i'^^id) ^ % (4,) m Xf (4,) (209) 
satisfying the associativity property completely analogous to p73[ 



4. Factorizable sheaves 

4.1. The aim of this section is to define certain k-linear category jFiS. Its objects 
will be called factorizable sheaves (over (^, X)). By definition, J^S is a direct product 
of k-categories J-'Sc, where c runs through 7ro(v4) (see p.6| ). Objects of J-'Sc will be 
called factorizable sheaves supported at Ac- 

In what follows we pick c, and denote hj Xc C X the corresponding coset modulo Y. 

4.2. Definition. A factorizable sheaf X over {A, I) supported at Ac is the following 
collection of data: 

(a) a weight X G Xc; it will be denoted by X{X); 

(b) for each a e N[/], a sheaf X'' E M{A'^;S); 

we will denote by X°{d) perverse sheaves over A'^{d) obtained by taking the restrictions 
with respect to the embeddings A'^{d) ^ A'^; 

(c) for each a,(3 E N[/], d> 0, a factorization isomorphism 

^Ij'^^^d) : X^''^^\d) ^ it^'j^,{d) m X^^'^\d) (210) 

such that 

(associativity) for each a,l3,'~f E < d2 < di, the square below must commute: 



A^("'^'^)(dl,d2 



xt°L^,(rfi)K^(°'^'^nrfi,^2) 



0Klid id Mip 

i^^^LM)mitTidud2) M A'(0'^)(d2) 
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4.2.1. Remark that with these definitions, the braiding local system X resembles a 
"coalgebra", and a factorizable sheaf — a "comodule" over it. 

4.3. Remark. Note an immediate corollary of the factorization axiom. We have 
isomorphisms 

^ A'°®x5;''°^(d) (211) 

(where X'^ is simply a vector space). 

Our next aim is to define morphisms between factorizable sheaves. 

4.4. Let X be as above. For each /i > A, = A + and a G N[J], let us define a 
sheaf X'^ G M.{J^\ S) as a^X°'~^. For example, X^ = X"'. By taking restriction, the 

sheaves Xj^id) G M{A'^{d);S) are defined. 

Suppose X,y are two factorizable sheaves supported at Ac, A = \{X), v = \{y). 
Let /i G X, yU > A, fJ' > I', a,f3 & By definition we have canonical isomorphisms 

e = el'- : Hom^.(A';,3^^") ^ Hom_,.+. {X^^^^Xtl') (212) 

The maps ( |21(J| ) induce analogous isomorphisms 

r,^d) : Xl[''^\d) ^ i^;^^,id) M X^^'^\d) (213) 
which satisfy the same associativity property as in [4.2| . 
For a > /? let us define maps 

: Hom^. {X^, y^^) Hom,^, {Xj^, J^f ) (214) 

as compositions 

}lor^j,.{X-,y-)^nor^^,..,,.,^^^^^^ X(215) 

X Hom_^,.-,,o)(,)(X^r/'°^(rf),xi^^^^^^^^ ® Hom_^(o,„(,)(A'(°'^)(^), 3^°'''^^)) = 
= k®kHom^(o,,)(^)(A'(°'/5)(rf),3^f'^)(rf)) = Hom_^(o,,)(,)(A'(°'/')(rf),3^f^)(rf)) ^ 

-^Hom_^.(Af^^3^^^) 

where we have chosen some > 0, the first map is the restriction, the second one is 
induced by the factorization isomorphism, the last one is inverse to the restriction. 
This definition does not depend on the choice of d. 

The associativity axiom implies that these maps satisfy an obvious transitivity prop- 
erty. They are also compatible in the obvious way with the isomorphisms 9. 

We define the space Hom~ iX, y) as the following inductive-projective limit 

Hom~^(A',3^) := lim lim Hom(;f^, y/^) (216) 

where the inverse limit is over (3 G N[/], the transition maps being r°^, /i being fixed, 
and the direct limit over fj, E X such that > A, n > i', the transition maps being 
induced by ( pi2| ). 
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With these spaces of homomorphisms, factorizable sheaves supported at Ac form a 
k-hnear category to be denoted by J-'Sc (the composition of morphisms is obvious). 

As we have aheady mentioned, the category J^S is by definition a product 
riceTToCyi) ^^c- Thus, an object X of J-'S is a direct sum ®c£-ko{A)'^c, where Xc € J-^Sc- 
U X e TSc, y G TSc', then 

Hom~(A',3^) = Hom~^(A',3^) 

if c = c', and otherwise. 

4.5. Let Vectf denote the category of finite dimensional k- vector spaces. Recall that 
in II. 7. 14 the functors of "vanishing cycles at the origin" 

: M{A''^;S) — > Vectf 

have been defined. 

Given X G J-'Sc, let us define for each A G Xc a vector space 

^,iX) := <I'„(A',V) (217) 

where a G N[I] is such that A + a' > X{X). If A G X - X^, we set ^xi^) = 0. 

Due to the definition of the sheaves A"", this vector space does not depend on a 
choice of a, up to a unique isomorphism. 

This way we get an exact functor 

$ : ^c — ^ Vectf (218) 

to the category of X-graded vector spaces with finite dimensional components which 
induces an exact functor 

$ : ^ — ^ Vectf (219) 

4.6. Lemma. //$(A') = then X = 0. 

Proof. We may suppose that X G J-^Sc for some c. Let A = X{X). Let us prove that 
for every a = G N[/], A"" = 0. Let us do it by induction on |a| := J^^H- We 

have X^ = ^\{X) = by assumption. 

Given an arbitrary a, it is easy to see from the factorizability and induction hypothesis 
that X°' is supported at the origin of Aa- Since $A-a('^) = 0, we conclude that 
X'^ = 0. □ 

5. Finite sheaves 

5.1. Definition. A factorizable sheaf X is called Rnite i/$(X) is finite dimensional. 

This is equivalent to saying that there exists only finite number of a G N[/] such that 
$Q,(Af") 7^ (or SSlX") contains the conormal bundle to the origin G Ax, where 
A := \{X)). 
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5.2. Definition. The category of finite factorizable sheaves (FFS for short) is a full 
subcategory J^S C J-S whose objects are finite factorizable sheaves. 

We set TSc := TS n TS^ for c E no{A). 

This category is our main character. It is clear that J-'S is a strictly full subcategory 
of J-'S closed with respect to taking subobjects and quotients. 

The next stabilization lemma is important. 

5.3. Lemma. Let X.y be two FFS's supported at the same connected component of 
A. For a fixed /i > X{X),X{y) there exists a G N[I] such that for any (3 > a the 
transition map 

: ^^ov^^,ylyl) Hom^.(A';,:^;^) 

is an isomorphism. 

Proof. Let us introduce a finite set 

N,iy) := {a e m\ $a(3^;)7^o}. 

Let us pick i3 G N[/]. Consider a non-zero map / : Xj^ — > 3^^. For each a < f3we have 
a map /" := rj^^^f) : — > y^. Let us consider subsheaves Z"' := Im(/") C y^. 
These subsheaves satisfy an obvious factorization property. 

Let us consider the toric stratification of A^. For each a < f3 set A°' := o'(-4^+a'-/3') C 

• • • 

A^; A"" := Thus, the subspaces A"' are strata of the toric stratification. 

We have < as iff A"' C A'^^. 

Let 7 denote a maximal clement in the set {a\ ^^\^ 7^ 0}- Then it is easy to 
see that Z^-T is a non-zero scyscrapcr on A^ supported at the origin. Therefore, 
^ 0, whence $^3-7 (3^""') ^ 0, i.e. - 7 G N^{y). 

Suppose that for some a < P, r^^'if) = 0. Then 

2^^|_4(/3-a,a)((i) = 

for every d > 0. It follows that if ^^1^^ 7^ then 5 ^ j3 — a. 

Let us apply this remark to 5 equal to 7 above. Suppose that 7 = 1] Qi, (3 = 
J2bii, Oi = J20'i'i- There exists i such that Ci < hi — ai. Recall that /3 — 7 G A^^(3^). 
Consequently, we have 

5.3.1. Corollary. Suppose that a > 6 for all 6 G Nj^^y). Then all the maps 
P > a, are injective. □ 

Since all the spaces Hom(A'^, y^) are finite dimensional due to the constructibility of 
our sheaves, there exists an a such that all rf" are isomorphisms. Lemma is proven. 
□ 
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5.4. For A G Xc let us denote by J^Sc-<x C J-'Sc the full subcategory whose ob- 
jects are FFS's X such that A(A'c) < A. Obviously J-'Sc is a filtered union of these 
subcategories. 

We have obvious functors 

: TSc;<x M{A1; S), (220) 

The previous lemma claims that for every X,y & J^Sc-^<\ there exists a G N[/] such 
that for every /3 > a the map 

p1 : RomMX,y) Hom_^,(A'f , ) 

is an isomorphism. (Obviously, a similar claim holds true for any finite number of 
FFS's.) 

5.5. Lemma. J-'S is an abelian artinian category. 

Proof. J^S is abelian by Stabilization lemma. Each object has finite length by 
Lemma 14. 61. □ 



6. Standard sheaves 

6.1. For A G X, let us define factorizable sheaves A^(A), Z)A^(A)^-i and C{h) as 
follows. (The notation DM.{A)(^-\ will be explained in |13.3| below). 

Set 

A(A^(A)) = \{DM{K)i^-i) = A(/:(A)) = A. 
For a: G N[/] let j denote the embedding Aa ^ Aa- We define 

The factorization isomorphisms are defined by functoriality from these isomorphisms 
for 1. 

Thus, the collections {A^(A)"}a, etc. form factorizable sheaves to be denoted by 
7W(A), DA^(A)^-i and C{A) respectively. Obviously, we have a canonical morphism 

m:M{K) — ^DM{K)^-^ (221) 

and C{K) is equal to its image. 

6.2. Theorem, (i) The factorizable sheaves C{K) are finite. 

(ii) They are irreducible objects of J-'S, non-isomorphic for different A, and they 
exhaust all irreducibles in J-'S, up to isomorphism. 

Proof, (i) follows from II. 8. 18. 

(ii) Since the sheaves £(A)° are irreducible as objects of Ai{Aa', S), the irreducibility 
of J~-{A) follows easily. It is clear that they are non-isomorphic (consider the highest 
component). 

Suppose X is an irreducible FFS, A = X{X). Let a G N[X] be a minimal among 
P such that ^x~i3(yX) 7^ 0; set A = A — a. By factorizability and the universal 
property of !-extension, there exists a morphism if FS's / : A^(A) — > X such that 
^a(/) 7^ (hence is a monomorphism) . It follows from irreducibility of C{A) that the 
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composition Ker(/) — > M.{A) — > ^(A) is equal to zero, hence / factors through a 
non-zero morphism >C(A) — > X which must be an isomorphism. □ 

6.3. Let us look more attentively at the sheaf >C(0). 

Let A"' C A"' denote the open stratum of the diagonal stratification, i.e. the com- 

plcmcnt to the diagonals. Thus, A°' C A"'. Let X" denote the local system over A"" 
defined in the same way as local systems X°, but using only "diagonal" monodromies, 
cf. II.6.3. 

One sees immediately that C{0)°' is equal to the middle extenstion of X". 
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Chapter 2. Tensor structure 



7. Marked disk operad 

7.1. Let K he a. finite set. If T is any set, we will denote by the set of all 
mappings K — > T; elements of will be denoted typically hy x = {xk)keK- 

We will use the following partial orders on , N[I]^ . For A = (A^), j2 = {nk) G , 
we write A > /2 iff A^ > ^u^j for all k. An order on N[J]'^ is defined in the same manner. 

For a = (ctfe) G we will use the notation a for the sum of its components 

J2kGK <^k', the same agreement will apply to . 

o 

A-'^ will denote the complex afhnc space with fixed coordinates Uk, k & K; C A''^ 
will denote the open stratum of the diagonal stratification. 

7.2. Trees. We will call a tree a couple 

r = (a, d) (222) 

where a, to be called the shape of r, 

— * 

is a sequence of epimorhisms of finite sets, such that card(iro) — i, d — {do, di, . . . , dp), 
to be called the thickness of r — a tuple of real numbers such that do — 1 > di > 
...> dp>0. 

We will use a notation pab for composition Ka — > Ka-i — > ■ ■ ■ — > K^, a > b. 

A number p > will be called the height of r and denoted ht(r). Elements k & Ki will 
be called branches of height i; di will be called the thickness of k. A unique branch of 
height will be called bole and denoted by *(r). 

The set Kp will be called the base of r and denoted i^^; we will also say that r is 
Kp-based; we will denote dp by 0?,-. We will use notation K{t) for the set UiLo 
X'(T)for mzlK,. 

A tree of height one will be called elementary. A tree r whose branches of height 
ht(T) have thickness 0, will be called grown up; otherwise it will be called young. We 
will assign to every tree r a grown up tree f by changing the thickness of the thinnest 
branches to zero. 

Thus, an elementary tree is essentially a finite set and a real < c? < 1; a grown up 
elementary tree is essentally a finite set. 

7.2.1. Cutting. Suppose we have a tree r as above, and an integer i, Q < i < p. We 
define the operation of cutting r at level i. It produces from r new trees T<i and 
T>k, k e Ki. Namely, 

r<i = {a<i, d<i), 

— * 

where a<i = {Ki — > Ki_i — > . . . — > Ko) and d<i = {do, di, . . . , di). 
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Second, for k G Ki 

T>k = (C">fc5 d^i) 

where 

^>k = {p-\k) — p;_\,(A:) . . . ^ p-\k) {k}), 
d>i = (1, di^id^ ^ , ■ ■ ■ , 

7.2.2. For < z < p we will denote by diT a tree {dia, did) where 
and did is obtained from d by omitting (ij. 

7.3. Operad of disks. For r G ]R>o U {oo}, z G C, we define an open disk D{z; r) :- 
{m G A^l |m — 2;| < r}, and a closed disk D{z] r) := {m G A-*^! |u — 2;| < r}. 

For a tree ( p22|) we define a space 



0(r) = 0{a;d) 

parametrizing all collections D = {Dk)keKr of closed disks, such that -D^,(t-) = -D(0; 1), 
for k & Ki the disk has radius dj, for fixed i G [p] the disks D^, k G Ki, do not 
intersect, and for each i G [0,p — 1] and each k G -ft'j+i we have C -Dp.(fc). 

Sometimes we will call such a collection a configuration of disks shaped by a tree t. 

7.3.1. Given such a configuration, we will use the notation 

bkir) = Dk- U (A) (223) 

o 

a k & Ki and i < p, and we set Di^{t) = D^. ii i = p. 

If r = {K — > {*};d) is an elementary tree, we will use the notation 0{K;d) for 
0{t); ii d = 0, we will abrreviate the notation to 0{K). 

We have obvious embeddings 

0{K; d) ^ 0{K) (224) 

and 

0(K) ^ (225) 

this one is a homotopy equivalence. 
We have open embeddings 

C(r) ^ 0{f) (226) 
obtained by changing the radius of smallest discs to zero. 
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7.3.2. Substitution. For each tree r and < i < ht(r) we have the following substitu- 
tion isomorphisms 

0{t) ^ 0(r<,) X n Oir^,) (227) 

In fact, a configuration of disks shaped by a tree r is the same as a configuration 
shaped by r<j, and for each k E Ki a configuration shaped by r>fc inside (playing 
the role of Dq; here we have to make a dilation by d~^). 

These isomorphisms satisfy obvious quadratic relations connected with pairs < i < 
j < ht(r). We leave their formulation to the reader. 

7.4. Enhanced trees. We will call an enhanced tree a couple (r, a) where r is a tree 
and d G N[/]^^ Vector a will be called enhancement of t. 



Let us define cutting for enhanced trees. Given r and i as in |7.2.1| , let us note that 
K'ij^i) and K'{T>k) are subsets of K'{t). We define 

as the corresponding subsequences of a. 

Let us define operations di for enhanced trees. Namely, in the setup of [7.2.2| , we define 
did = (a'J G N[/]^'(^»") as follows. Ui=p then K'{dpT) C K'{t), and we define dpd 
as a corresponding subsequence. If i < p, we set a'/^ = ak if k E Kj, j > z or j < i — 1. 
If j = i — 1, we set 

7.5. Enhanced disk operad. Given an enhanced tree (t, a), let us define a config- 
uration space A"{t) as follows. Its points are couples (-D,t), where D G 0{t) and 
t = {tj) is an a-colored configuration in (see II. 6. 12) such that 

o 

for each k G K'{t) exactly ak points lie inside Dki^r) if k ^ (resp., inside Dk{T) 
ifkE Kr) (see frtip . 

In particular, all points lie inside -D=„(r) = -D(0; 1) and outside [Jk^Kr if t is young. 
This space is an open subspace of the product 0{t) x Aa- 

We will also use a notation 

A'^iL-d) :=^"(L ^ {*}-d) 
for elementary trees and A°{L) for A'^{L; 0). 



The isomorphisms ( |227| ) induce isomorphisms 

^"(r) = ^°^' (r<,) X n ^"-H^>A.) (228) 

k&Ki 

We have embeddings 

d, : A"{t) — > ^^'"(9,r), 0<t<p, (229) 
— dropping all disks D^, k E Ki. 
We have obvious open embeddings 

^"(r) ^ A'^iKr] dr) ^ A^'iKr) (230) 
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7.6. Marked trees. We will call a marked tree a triple {T,a,fl) where (r, a) is an 
enhanced tree, and jJ G X^^. We will call ht(r) the height of this marked tree. 

Let us define operations (9j, < z < p = ht(r) for marked trees. Namely, for i < p we 
set dijl = fl. For i = p we define dpfl as {fJ''k)keKp-i, where 

Let us define cutting for marked trees. Namely, for 1 < i < p we define /i<j as 
di+i ■ ■ ■ dp-idpfl. 

Next, for k E Ki we have Kr^^^ C Kr, and we define fl>k as a corresponding subse- 
quence of jl. 

7.7. Marked disk operad. Now we can introduce our main objects. For each 
marked tree {T,d,fl) we define A'^i^r) as a topological space A"{t) defined above, 
together with a marking fl of the tree r considered as an additional index assigned to 
this space. 

We will regard A'^{t) as a space whose points are configurations (-D,t) G ^"(r), 
together with a marking of smallest disks D^, k e K^, by weights ^k- 

As above, we will use abbreviations A'^{L;d) for A'^{L — > {*}',d) (where /I G X^) 
and A'i{L) for A'^{L;0). 

We have natural open embeddings 

dr.Al-^Aff^{d,T), 0<z<p, (231) 

and 

^"(r) ^ A'^iKr] dr) ^ A^'iKr) (232) 
induced by the corresponding maps without marking. 



The substitution isomorphisms (|228|) induce isomorphisms 



^l(r) = ^(r<d X n ^T>:(^>k) (233) 

keKi 



7.8. We define closed embeddings 



where P = {Pk)kGK, Pk = J2i b\- i and [3 = J2k Pk- By definition, a leaves points Uk 
intact (changing their markings) and adds 6^ copies of points of color i equal to Uk. 

7.9. Stratifications. We set 

^"^m := A-^{K) - U criA^Z^K)) 

7>0 

We define a toric stratification of A'i{K) as 



A'^.iK) = n a(4_„.,^„(ir)) 



l3<d 
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A principal stratification on A'^{K) is defined as follows. The space A'^{K) is a 

o 

quotient of x A-^ where vr : J — > I is an unfolding of a (cf. II. 6. 12). We define 

o 

the principal stratification as the image of the diagonal stratification on A^ x A'^ 

o o 

under the canonical projection A^ x A"' — > A'^{K). We will denote by A'^{K) the 
open stratum of the principal stratification. 



8. Cohesive local systems 

8.1. Let us fix a non-empty finite set K. Suppose we are given fl G and a G N[/]. 
Let us pick an unfolding of a, n : J — > I. Let 

vr? : {D{0; 1)^ x D{0; 1)^)° A'i{K) (235) 

denote the canonical projection (here (-D(0; 1)^ x D{0] 1)"^)° denotes the open stratum 
of the diagonal stratification). 



Let us define a one dimensional local system '^Ip; by the same procedure as in |3.1| . Its 
fiber over each positive chamber C G 7ro((-D(0; 1)''^ x -D(0; l)'')^) is identified with k. 
Monodromies along the standard paths are given by the formulas 



c 



= C''^)<'\ '"T.fc = C^'^-'^W', ^Tum = C"^"^", (236) 

i,j E J, i 7^ j; k,m E K, k ^ m. Here ""Tjj and ^Tkm are half-circles, and ""Tjfc 
are full circles. This definition essentially coincides with II. 12.6, except for an overall 
sign. 

o 

We define a one-dimensional local system I^{K) over A'^i^K) as 

Xe := (vr, %^)^g" (237) 



where the superscript (•Y^'^ has the same meaning as in |3Tl . 

For each non-empty subset L C K we can take a part of weights (II = {fJ'k)k£L and 

o 

get a local system T'^{L) over Ap^{L). 

For each marked tree (r, a, /2) with Kr C we define the local system X2(r) as the 
restriction oiI'i{Kr) with respect to embedding ( |232| ). 



8.2. Factorization. 

phisms 



The same construction as in 3.2 defines factorization isomor- 



(238) 



They satisfy the property of 



8.3. Associativity. For all < i < j < p squares 
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commute. (To unburden the notation we have omitted irrelevant indices — they are 
restored uniquely.) 

8.4. The collection of local systems = {T^(L), L C K}, together with the 
factorization isomorphisms defined above, will be called the cohesive local system over 

o 



8.5. Let us define perverse sheaves 

je^(r) :=j,.j|(r)[dim ^|(r)] G A^(A^^(r); 5) 

o ^ • ^ 

where j : v4.^(r) ^ •A.'^{t) denotes the embedding. By functoriality, the factorization 
isomorphisms ( |238| ) induce isomorphisms 

0. = : X|(r) = iZ{r<^^[^,,^lZ{r>^ (239) 



These isomorphisms satisfy an associativity property completely analogous to p73 
should only replace X by T in the diagrams. 



one 



9. Factorizable sheaves over 



We keep the assumptions of the previous section. 

9.1. The first goal of this section is to define a k-linear category ^TS whose objects 
will be called factorizable sheaves (over {^A, ^1) ). Similarly to J^S, this category is 
by definition a product of k-categories 

n ^^s- (240) 

Objects of ^TSg will be called factorizable sheaves supported at c. 

9.2. Definition. A factorizable sheaf X over A, ^1) supported at c = (cfc) G 
tiq{A)^ is the following collection of data: 

— * — * 

(a) a K -tuple of weights A = (A^) G X such that A^ G X^.^, to be denoted by X{X); 

(b) for each a G N[/] a sheaf X^{K) G M{Al{K)-S). 

Taking restrictions, as in we get for each K-based enhanced tree (r, a) sheaves 
A'°(r) G M{A%t)-S). 
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(c) For each enhanced tree (r, a) of height 2, r = {K > K — > {*}; {l,d,0)), 
a = {a, (3) where a e /? G a factorization isomorphism 

^{t) : X('^'^\t) - %)^^(r<i) K A'(0'/^^)(r) (241) 

These isomorphisms should satisfy 
Associativity axiom. 

For all enhanced trees (r, a) of height 3, r = {K K K — > {*}; (1, di, ci2, 0)), 
a. = (q;,/3, 7) where a e 7 G t/ie square 



1p2 



^1 



01 K id id K V2 



commutes. 

9.3. Let X be as above. For each fl G X-^, /I > A, so that /I = A + /3' for some 
13 G and a G N[/], let us define a sheaf G M{A%K)-S) as ct,A'"-^(/s:). 
For example, X^{K) = X'^iK). 

Taking restrictions, the sheaves X^{t) G M.{A'^{t);S) for all i^-based trees r are 
defined. 

9.4. Suppose X, y are two factorizable sheaves supported at c, A = A(A'), P — X{y). 
Let /I G X^, /U > A, fl> V. By definition, we have canonical isomorphisms 

^ = OZr, : Hom^«(^)(A'|(i^),:i;^?(X)) ^ Hom^„.. 

M+/3' '^^^ ^ ^242) 

for each a G N[/], /3 G N[/]-f^. 

9.4.1. Suppose we are given [3 = {(3k) G Let (3 = J2k Pk as usually. Choose a 

real d, < d < 1. 

Consider a marked tree (r^, (0,/3), fl) where 

r, = {K ^{*}; (0,d,l)). 

We have the restriction homomorphism 

e,;,-;. : Hom^.(^)(A'|(X),:^;|(X)) ^ Hom^^,,, ^^^^ ( (r,) , (r,) 

(243) 

Suppose we are given 'p = {'Pk) e N[I]^ such that '/3 < /3. Let 'p = Efe '/?fc as 
usually. Choose a real e, < e < d. 
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The restriction and the factorization isomorphisms induce the map 

M M (244) 

The associativity axiom imphes that these maps satisfy an obvious transitivity prop- 
erty. 

We define the space Hom^^,~ (A", 3^) as the following inductive-projective limit 

Hom,,~ (A', 3^) := hm lim Hom^.(^)(A';(ir), yi^^K)) (245) 

where the inverse limit is understood as follows. Its elements are collections of maps 

|/« : X^{K) ^ 3^e(K)} 

given for all a G N[/], j3 G such that for every a, '[3 < [3, < e < (i < 1 as 

above, we have 

pi being fixed. The direct limit is taken over jl G such that fl > X, [1 > the 
transition maps being induced by (242). 

With these spaces of homomorphisms, factorizable sheaves supported at c form a k- 
linear category to be denoted by ^TS^. As we have already mentioned, the category 
of factorizable sheaves ^ TS is by definition the product ( ]24ClD . 



FINITE SHEAVES 



9.5. Definition. A sheaf X G ^TSg is called finite if there exists only finitely many 
(5 G such that the singular support of X^{K) contains the conormal bundle to 

A sheaf X = (Bs'^s £ ^J-^S, G ^TS^ is called finite if all X^ are finite. 

9.6. Suppose we are given finite sheaves X,y E '^J-'Ss', and fl > X{X), X{y). As in 
the proof of the Lemma f).3[ one can see that there exists 'f3 G N[/]^ such that for 
any /?>'/? the map 



"jfr ■ s^r'M- j'f'c-^)) — H"-^... '«„ .('^'i"^ '"('■•)• 

f^'P''^ -^a y^d) -^a y^<^> (246) 



is an isomorphism. We will identify all the spaces Hom (o,^) A'^!f'^\'''d),yf''^\T'd)) 

with the help of the above isomorphisms, and we will denote this stabilized space by 
B.omK-pg{X, y). Evidently, it does not depend on a choice of 

Quite similarly to the loc.cit one can see that for any (3 > ' (3 the map 

W;. : Hom_,.(^)(A'|(ir),3;|(K)) ^om^,^r,,^j4''\^^)^yf\^'^)) 

' (247) 

is an injection. 
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Thus we may view Hom^/3^^-|(A'^(ir), 3^^(i^')) as the subspace of RomK-f^^X ,y). 

We define B.omKjr^{X ,y) C HomKjr^^X ,y) as the projective hmit of the system of 
subspaces Hom_^,(^)(A'|(K), 3^|(i^)), /3 > 

With such definition of morphisms finite factorizable sheaves supported at c form an 
abehan category to be denoted by ^J-'S^. We set by definition 

^^S= n ^^^s (248) 



10. Gluing 



10.1. Let 

denote an open configuration subspace parametrizing configurations lying entirely 
inside the unit disk D{0; 1). Due to monodromicity, the restriction functors 

are equivalences. 

Let {*} denote a one-element set. We have closed embeddings 

which identify the first space with the subspace of the second one consisting of con- 
figurations with the small disk centered at 0. The inverse image functors 

n~l]:M{A-^{{*});S)^M{A;;S) (249) 

are equivalences, again due to monodromicity. Thus, we get equivalences 

A^(^-5)^A^(^^({*};5) 

which induce canonical equivalences 

^ ^ fS^*^ (250) 

and 

jrs ^ jrgi*} (251) 
Using these equivalences, we will sometimes identify these categories. 



10.2. Tensor product of categories. Let 81,82 be k-linear abelian categories. 
Their tensor product category 81 (8> 82 is defined in §5 of [|D2|] . It comes together 
with a canonical right biexact functor 81 x 82 — ^ 81^82, and it is the initial object 
among such categories. 



10.2.1. Basic Example. Let Mj, i = 1,2, be complex algebraic varieties equipped with 
algebraic Whitney stratifications Si. Let 8i = A4{Mi; Si). Then 

81^82 = M{Mi X M2; Si X ^2). 

The canonical functor 81 x 82 — * 81 ® 82 sends {Xi, X2) to Xi M X2. 
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10.2.2. Recall the notations of |9.4.1| . Let us consider the following category J^S®^ . 

Its objects are the collections of perverse sheaves Xp^'^\Td) on the spaces A^^'^\Td) 
for sufficiently small d, satisfying the usual factorization and finiteness conditions. 
The morphisms are defined via the inductive-projective system with connecting maps 



Using the above Basic Example, one can see easily that the category J^S'^^ 
is canonically equivalent to J^S ® . . . ® J^S {K times) which justifies its name. 

By definition, the category ^J-'S comes together with the functor px '■ ^ J^S — > 



jr^'SiK jj^jgc^iyg morphisms. In effect. 



Y{om.Kjrs{X,y) ^ }lom.K jrs{X ,y) = Hom^^^x (pK('^),^'i^(3^))• 
Let us construct a functor in the opposite direction. 

10.3. Gluing of factorizable sheaves. For each < d < 1 let us consider a tree 

r, = {K^K^{*};il,d,0)). 

Suppose we are given a G N[/]. Let V{a) denote the set of all enhancements a = 
{a^,; {ak)keK) of r such that a* + J^keK^tk = o.. Obviously, the open subspaces 
A°'{tii) C A'^{K), for varying d and a. G V(a), form an open covering of A°'{K). 

Suppose we are given a collection of factorizable sheaves A'^ G ^Sc^, k & K. Set 
A = (A(A'fc)) G . For each d, a as above consider a sheaf 



k 



over ^^(rd). 

Non-trivial pairwise intersections of the above open subspaces look as follows. For 
< (i2 < c^i < 1, consider a tree of height 3 

^ = = {K-^K^K^ {*}; (1, rfi, ^2, 0)). 

We have c^i^ = r^^, = t^^- Let /3 = (/3i;fc)fcei^, {f32-k)k(^K) be an enhancement 
of ^. Set di = c?2/?, d2 = di(3. Note that [3 is defined uniquely by cJi, a2- We have 

A{{,)=Af{r,,)nAf{T,,). 
Due to the factorization property for sheaves X and Xk we have isomorphisms 



and 



Taking composition, we get isomorphisms 

From the associativity of the factorization for the sheaves X and X^. it follows that the 
isomorphisms ( P52| ) satisfy the cocycle condition; hence they define a sheaf X'^{K) 



over Al{K). 

Thus, we have defined a collection of sheaves {X°'{K)}. Using the corresponding 
data for the sheaves X^, one defines easily factorization isomorphisms |9.2| (d) and 
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check that they satisfy the associativity property. One also sees immediately that the 
collection of sheaves {X°'{K)} is finite. We leave this verification to the reader. 

This way we get maps 

k 

which extend by additivity to the map 

gK ■ Oh{J^S^) Oh{^ J^S) (253) 

To construct the functor 

gK : :FS^ — > ^TS (254) 
it remains to define gx on morphisms. 

Given two collections of finite factorizable sheaves Af^, e TSc^.-, k & K, let us choose 
A = (Afc)fcex such that > \{Xk), \{yk) for all k E K. Suppose we have a collection 
of morphisms fk : Xk — > k e K; that is the maps : {Xk)xl — ^ (•^fc)"^ given 
for any ak G N[I] compatible with factorizations. 

Given a G and an enhancement a G V(q;) as above we define the morphism 
f"{Td) ■ X"{Td) — ^ y^ird) over A'^{Td) as follows: it is the tensor product of the 

identity on X2*^(rd;<i) with the morphisms : iXk)xl — ^ (3^fc)Afc- 

One sees easily as above that the morphisms /"(r^) glue together to give a mor- 
phism f"{K) : X^'i^K) — > 3^"(i^); as a varies they provide a morphism f{K) : 
9K{{'^k)) — ^ gK{{yk))- Thus we have defined the desired functor gx- Obviously it is 
X-exact, so by universal property it defines the same named functor 



gK - J^S®"" — > ""TS (255) 

By the construction, the composition ° gK '■ J^S®^ — > TS®^ is isomorphic to 
the identity functor. Recalling that px is injective on morphisms we see that gx and 
Pk are quasiinverse. Thus we get 

10.4. Theorem. The functors px and gx establish a canonical equivalence 



145 



11. Fusion 



BRAIDED TENSOR CATEGORIES 



In this part we review the definition of a braided tensor category following 
Deligne, [|PT |. 

11.1. Let C be a category, Y a locally connected locally simply connected topological 
space. By a local system over Y with values in C we will mean a locally constant sheaf 
over Y with values in C. They form a category to be denoted by CocsysiY] C). 

11.1.1. We will use the following basic example. If X is a complex algebraic variety 
with a Whitney stratification S then the category JVl[X x Y ; S x Sy-tr) is equivalent 
to Cocsys{Y; A4{X] S)). Here Sy-tr denotes the trivial stratification of Y, i.e. the 
first category consists of sheaves smooth along Y. 

11.2. Let 7T : K — > L be an epimorphism of non-empty finite sets. We will use the 
notations of |773| . For real e, 6 such that 1 > e > 5 > 0, consider a tree 





11.2.1. Lemma There exists essentially unique functor 



: Cocsys{0{K);C) — > Cocsys{0{L) x J] 0{Ki)]C) 



such that for each e, 5 as above the square 



Cocsys{0{K);C) 



Cocsys{0{L)xUi 0{Ki)-C) 



Cocsys{T^.e,5; 



C) 



Cocsys{0{L-t)xY{i 0{Kf,6e-' 



commutes. 
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11.3. Let C be a category. A braided tensor structure on C is the following collection 
of data. 

(i) For each non-empty finite set K a functor 

^ Cocsys{0{Ky,C), {XJ ^ ®^ Xk 

from the K-th power of C to the category of local systems (locally constant sheaves) 
over the space 0{K) with values in C (we are using the notations of |7.3| ). 

We suppose that X is the constant local system with the fiber X. 

(ii) For each tt : K — > L as above a natural isomorphism 

To simplify the notation, we will write this isomorphism in the form 

implying that in the left hand side we must take restriction. 
These isomorphisms must satisfy the following 

Associativity axiom. For each pair of epimorphisms K L — ^ M the square 




®m(®l™(®x, Xk)) 
where Km '■= (p7r)^^(m), '■= p^^{m), commutes. 

11.4. The connection with the conventional definition is as follows. Given two objects 
Xi, X2 G Ob C, define an object Xi®X2 as the fiber of (S>{i,2}-^fc at the point (1/3, 1/2). 
We have natural isomorphisms 

AxuX2,X, ■■ Xi®(X2®X3) ^ (Xi®X2)®X3 

coming from isomorphisms associated with two possible order preserving epimorphic 
maps {1,2,3} — > {1,2}, and 

Rx^,X2 ■ Xi^X2 ^ X2^Xi 

coming from the standard half-circle monodromy. Associativity axiom for is equiv- 
alent to the the usual compatibilities for these maps. 
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11.5. Now suppose that the data |11.3| is given for all (possibly empty) tuples and all 
(not necessarily epimorphic) maps. The space (9(0) is by definition one point, and a 
local system (8)0 over it is simply an object of C; let us denote it 1 and call a unit of 
our tensor structure. In this case we will say that C is a braided tensor category with 
unit. 

In the conventional language, we have natural isomorphisms 

mx ^ X 

(they correspond to {2} ^ {1, 2}) satisfying the usual compatibilities with A and R. 



FUSION FUNCTORS 



11.6. Let 

«^a;l C A.OI 

denote the open subspace parametrizing configurations lying inside the unit disk 
D(0;1). 

Let be a non-empty finite set. Obviously, A°'{K) = Aa;i x 0{K), and we have the 
projection 

A^'iK) — > 0{K). 

Note also that we have an evident open embedding 0{K) ^ D{0; 1)^. 
Our aim in this part is to define certain fusion functors 

: ViA^iK)) — > D™""(^"({*}) X OiK)) 

where (w)™"" denotes the full subcategory of complexes smooth along 0{K). The 
construction follows the classical definition of nearby cycles functor, ||D3|] . 



11.7. Poincare groupoid. We start with a topological notation. Let X be a con- 
nected locally simply connected topological space. Let us denote by X x X the space 
whose points are triples (x, y,p), where x,y & X; p is a homotopy class of paths in X 
connecting x with y. Let 

cx : X^TX — ^ X X X (256) 

be the evident projection. Note that for a fixed x G X, the restriction of cx to 
Cx^{X X {x}) is a universal covering of X with a group tti{X; x). 



11.8. Consider the diagram with cartesian squares 
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A'^ii*}) X 0{K) Ao,{K) X 0{K) U A^{K) x 0{K) ^ ^"(i^) x 0{K) 



D(0,l)xC(ir) DiQ-l)^ xO{K)^ 0{K)xO{K)^ 0{K) x 0{K) 



where we have denoted A°'{K) := Aa-i x D{0; 1)^ ■ Here A is induced by the diagonal 
embedding D{0; 1) ^ D{0; 1)^, j — by the open embedding 0{K) ^ D{0; 1)^, c is 
the map ( |256|) . The upper horizontal arrows are defined by pull-back. 

We define \E'x as a composition 

where p : A°'{K) x 0{K) — > A'^iK) is the projection. 
This functor is t-exact and induces an exact functor 

: MiA'^iK); S) — > M{A''{{*}) X 0{K)- S x St,.) (257) 

where Str denotes the trivial stratification of 0{K). 



11.9. Set 

A''{K)a:=Aa;ixO{K;d) 
The category M{A''{K);S) is equivalent to the "inverse limit" ''lim'' M{A"{K)d;S). 
Let TT : K — > L be an epimorphism. Consider a configuration space 

where r,r;d '■= Tn;d,o- An easy generalization of the definition of yields a functor 
vl/^;, : — MiA'^iL), X n 0{Ki)) 

(In what follows we will omit for brevity stratifications from the notations of abelian 
categories A^(«), implying that we use the principal stratification on all configuration 
spaces ^"(•) and the trivial stratification on spaces C(»), i.e. our sheaves are smooth 
along these spaces.) Passing to the limit over d > we conclude that there exists 
essentially unique functor 

^K^L : M{A''{K)) M{A''{L) X n 0{Ki)) (258) 

I 

such that all squares 
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1j<^M{A''{L)xUi 0{Ki)) 



commute (the vertical arrows being restrictions). If L = {*}, we return to 
11.10. Lemma. All squares 



MiA'^iK)) — ^ . M{A''i{*}) X 0{K)) 



K — *L 



MiA^iL) X Ui 0{Ki)y^^ MiA"{{*}) x 0{L) x Ui 0{Ki)) 



2-commute. More precisely, there exist natural isomorphisms 

(f)K—>L ■ o ^ o ^K^L. 

These isomorphisms satisfy a natural cocycle condition (associated with pairs of epi- 
morphisms K — > L — > M). 

11.11. Applying the functors componentwise, we get functors 

■■ ^J^S — > Cocsys{0{K)-TS)- 

taking composition with the gluing functor qk, ( P54| ) , we get functors 

®K ■■ TS^ — > Locsys{p[K);TS) (259) 

It follows from the previous lemma that these functors define a braided tensor struc- 
ture on TS. 

11.12. Let us define a unit object in TS as Ijr^ = £(0) (cf. |0|) . One can show that 
it is a unit for the braided tensor structure defined above. 
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Chapter 3. Functor $ 



12. Functor $ 

12.1. Recall the category C defined in 11.11. 3.2 and II.12.2. 

Our main goal in this section will be the construction of a tensor functor $ : 
C. 



12.2. Recall that we have already defined in a functor 



$ : — y Vectf. 
Now we will construct natural transformations 

and 

We may, and will, assume that X G J-^Sc for some c. If A ^ Xc then there is nothing 
to do. 

Suppose that A G X^, pick a G N[I] such that A + a' > A(A'). By definition. 

where $a is defined in II. 7. 14 (the definition will be recalled below). 

12.3. Pick an unfolding vr : J — > I of a, II. 6. 12; we will use the same notation for 
the canonical projection 

7r: "A — . = 
Let N be the dimension of Aa- 

12.4. Recall some notations from II. 8. 4. For each r G [0, A^] we have denoted by 
Vr{J] 1) the set of all maps 

g:J—^[0,r] 

such that g{J) contains [r]. Let us assign to such g the real point Wg = {g{i))j^j G '^A. 

There exists a unique positive facet of iSr, Fg containing Wg. This establishes a 
bijection between Vr{J', 1) and the set J-'aCr of r-dimensional positive facets. At the 
same time we have fixed on each Fg a point Wg. This defines cells := Dp , S'^ := 
St , cf. II.7.2. 

Note that this "marking" of positive facets is Sj^-invariant. In particular, the group 
permutes the above mentioned cells. 

We will denote by {0} the unique zero-dimensional facet. 
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12.5. Given a complex K, from the bounded derived category ^^{Aa)-, its inverse 
image 7r*/C is correctly defined as an element of the equivariant derived category 
V'^iJ^A, S^) obtained by localizing the category of S^-equivariant complexes on '^A. 
The direct image vr* acts between equivariant derived categories 

TT, : V'CA, S,) V\Aa, S,) 
(the action of S^r on Att being trivial). 
We have the functor of S^r- invariants 

{•f- : V\A^, S^) V\A^) (260) 

12.5.1. Lemma. For every JC G V^{Aa) the canonical morphism 

JC > {n,n*ICf^ 

is an isomorphism. 

Proof. The claim may be checked fiberwise. Taking of a fiber commutes with taking 
E^-invariants since our group is finite and we are living over the field of char- 
acteristic zero, hence (•)^'' is exact. After that, the claim follows from definitions. 
□ 

12.5.2. Corollary. For every K, G ^^{Aa) we have canonical isomorphism 

RV{Aa] /C) ^ i?r("A; 7r*/C)^^ □ (261) 



12.6. Following II. 7. 13, consider the sum of coordinates function 

■ ^A — ^ A^; 

and for C G P('^A; S) let ^j^tji^) denote the fiber at the origin of the corresponding 
vanishing cycles functor. If if C '^A denotes the inverse image {J2tj)^^{{l}) then we 
have canonical isomorphisms 

$^,^.(/:) = RTi-A,H;C) - $+j(/:) (262) 

The first one follows from the definition of vanishing cycles and the second one from 
homotopy argument. 

Note that the if C = 7r*/C for some K. G V{Aa] S) then the group operates canon- 
ically on all terms of (|262|) , and the isomorphisms are S^-equi variant. 

Let us use the same notation 

for the descended function, and for /C G V^Aa] S) let $^^^ (/C) denote the fiber at the 
origin of the corresponding vanishing cycles functor. If JC belongs to JiA{Aa', <S) then 
(/C) reduces to a single vector space and this is what we call $q,(/C). 

If H denotes vr(ii) = (I]tj)^^({l}) C Aa then we have canonical isomorphism 

$^,^(/C)^i?r(^,,iT;/C) 
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12.7. Corollary, (i) For every K, G ^{Aa'iS) we have a canonical isomorphism 

^_<l>^,^,(/C)^<l>+^(7r*/C)^-. (263) 

(ii) This isomorphism does not depend on the choice of an unfolding vr : J — > I . 

Let us explain what (ii) means. Suppose tt' : J' — > I be another unfolding of a. 
There exists (a non unique) isomorphism 

p:J^J' 

such that vr' o p = vr. It induces isomorphisms 

(conjugation by p), and 

p*:$+^((7r')*/C)^<l>+^(7r*/C) 

such that 

p*{ax) = p*{a)p*{x), 
a G Sjr', X G $|g|((7r')*/C). Passing to invariants, we get an isomorphism 

p*:<|.+ ^((7rr/C)^^'^$+^(vr*/C)^^ 

Now (ii) means that i^^ o p* = i^,. As a consequence, the last isomorphism does not 
depend on the choice of p. 



Proof. Part (i) follows from the preceding discussion and 12.5.2 . 

As for (ii), it suffices to prove that any automorphism p : J — ^ J respecting vr induces 
the identity automorphism of the space of invariants $|Q|(vr*/C)^'". But the action of 
p on the space <I>|Q|(vr*/C) comes from the action of on this space, and our claim is 
obvious. □ 

In computations the right hand side of ( p63| ) will be used as a de facto definition of 

12.8. Suppose that a = J^cai] pick an i such that > 0. 

Let us introduce the following notation. For a partition J = J1UJ2 and a positive d 
let A'^i''^2((i) denote an open suspace of '^A consisting of all points t = (tj) such that 
\tj\ > d (resp., \tj\ < d) if j G Ji (resp., j G J2). 

We have obviously 

-K-^A^'^'-'id)) = [] A^^>"^-^^'>(d) (264) 
ie7r-i(j) 

12.9. For j G 7r~^(i) let ttj : J — {j} — > I denote the restriction of vr; it is an 
unfolding of a — i. The group E^^. may be identified with the subgroup of E^ consisting 
of automorphisms stabilizing j. For G J let {j'j") denotes their transposition. 
We have 

E.^.„ =(/j")E.^,(j'j")-^ (265) 

For a fixed j G vr~^(i) we have a partition into cosets 

E^= U E^^.(jy) (266) 
i'e7r-i(i) 
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12.10. For j G J let Fj denote a one-dimensional facet corresponding to the map 
Qj : J — > [0, 1] sending all elements to except for j being sent to 1 (cf. |12.4| ). 

For /C G T>[Aai S) we have canonical and variation maps 

J (7r*/C).^$+(7r*/C):w, 

defined in II, (89), (90). Taking their sum, we get maps 

Vi : $Jo}(^*^) ^ ©,e.-W ^^M^K,) ■ (267) 

Note that the group operates naturally on both spaces and both maps Vi and Ui 
respect this action. 

Let us consider more attentively the action of on ©je7r-i(«) ^t'ji.'^*^)- ^ sub- 
group E^^, respects the subspace (7r*/C). A transposition {]']") maps $J,(7r*/C) 
isomorphically onto $J ,^(7r*/C). 

Let us consider the space of invariants 

(©,-e,-i(,) $+ (7r*/C))^- 

For every k G vr^^(i) the obvious projection induces isomorphism 

(©,e.-» %{^*^)f^ ^ ($+ (vr*/C))^-S 
therefore for two different /c, k' G vr^^(i) we get an isomorphism 

z,,, : ($+ (7r*/C))^-'^- ^ ($+,(7r*/C))^-.' (268) 
Obviously, it is induced by transposition {kk'). 



12.11. Let us return to the situation |12.2| and apply the preceding discussion to 
/C = X^j^^i. We have by definition 

$a(^) = $2i,(^AV) = '^'{o}(^*'^aV)''^ (269) 

On the other hand, let us pick some k G vr^^(i) and a real d, Q < d < 1. The subspace 

F^{d) C K^'^^^-^^\d) (270) 

consisting of points {tj) with = 1, is a transversal slice to the face F^. Consequently, 
the factorization isomorphism for ^x+a' lifted to A^^^''^~^^^{d) induces isomorphism 

^U^*X^+a') = ^toM^X+^') ® (^A+.'){1} = ^to}«^^+a') 

Therefore we get isomorphisms 

^x+AX) = ^^,yinlX^^^,f^'^ = ^i^in*X^_,^,f^^ = (271) 

It follows from the previous discussion that this isomorphism does not depend on the 
intermediate choice of A; G TT~^{i). 

Now we are able to define the operators 9i, ef 

By definition, they are induced by the maps Ui, Vi (cf. (|267|) ) respectively (for /C 



'^x+a') after passing to E^-invariants and taking into account isomorphisms ( P69| ) 
and ( pTTp - 
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12.12. Theorem. The operators ej and 6i satisfy the relations II. 12.3, i.e. the previ- 
ous construction defines functor 

^■.J^S — >C 
where the category C is defined as in loc. cit. 
Proof will occupy the rest of the section. 

12.13. Let u+ (resp., u~) denote the subalgebra of u generated by all ej (resp., 6i). 
For /3 G N[/] let C denote the corresponding homogeneous component. 

The proof will go as follows. First, relations II. 12. 3 (z), (a), (b) are obvious. We will 
do the rest in three steps. 

Step 1. Check of (d). This is equivalent to showing that the action of operators 9i 
correctly defines maps 

for all e N[/]. 

Step 2. Check of (e). This is equivalent to showing that the action of operators 
correctly defines maps 

for all /3 e 

Step 3. Check of (c). 

12.14. Let us pick an arbitrary P = J^hi & and a G N[I] such that A + a' > 
X{X) and a> (5. We pick the data from |12.3| . In what follows we will generalize the 
considerations of |12.8| — |12.11 . 

Let U{(3) denote the set of all subsets J' C J such that \J' fl 7i^^{i)\ = hi for all i. 
Thus, for such J', tiji := 7r| j/ : J' — > I is an unfolding of /5 and nj-ji — an unfolding 
oi a — (3. We have a disjoint sum decomposition 

7r-i(^'^'"-^(rf)) = [] K-^'^^-J\d) (272) 
J'e(7(/3) 

(cf. (^)). 

12.15. For J' G U{I3) let Fji denote a one- dimensional facet corresponding to the 
map Qj> : J — ^ [0, 1] sending j ^ J' to j G J' — to 1 (cf. W^ - 

For K, G V{Aa] <S) we have canonical and variation maps 

:%(7r*/C)<^<I>+^,(7r*/C):Mj, 

Taking their sum, we get maps 

Vp : $Jo}(vr*/C) ^ (Bj'euw {rr*IC) : (273) 

The group S^r operates naturally on both spaces and both maps f/3 and respect 
this action. 

A subgroup Sj/ respects the subspace (7r*/C). The projection induces an isomor- 
phism 

{(Bj'euifs) $^^,,(vr*/C))^- <l>+^,(7r*/C)^-'. 

We have the crucial 
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12.16. Lemma. Factorization isomorphism for X induces canonical isomorphism 
Up ® $A+/5'(^) = {®.r^uw ^^,Xt^*X^+c.')?^ (274) 



Proof. The argument is the same as in 12.11, using II, Thm. 6.16. □ 



12.17. As a consequence, passing to S7r-invariants in ( |273| ) (for /C = X^j^^,) we get 
the maps 

■ ^ u. ® $A+/3'(^) : 00 



12.18. Lemma. The maps Op provide ^{X) with a structure of a left module over the 
negative subalgebra u~ . 

Proof. We must prove the associativity. It follows from the associativity of factor- 
ization isomorphisms. □ 

This lemma proves relations II. 12.3 (d) for operators Oi, completing Step 1 of the 
proof of our theorem. 



12.19. Now let us consider operators 

: $a(^) — >Up0 ^x+f3'{X). 
By adjointness, they induce operators 

U^*®$a(A') ^$A+/3'(A') 

The bilinear form S, II. 2. 10, induces isomorhisms 

S : u^* ^u^; 

let us take their composition with the isomorphism of algebras 

sending 6i to e^. We get isomorphisms 

S -.Up — >ul 

Using S', we get from operators 

u+®<I>a(A')— ><I>A+^,(A') 

12.19.1. Lemma. The above operators provide ^{X) with a structure of a left u^- 
module. 

For j3 = i they coincide with operators defined above. 

This lemma completes Step 2, proving relations II. 12.3 (e) for generators e,. 



156 



12.20. Now we will perform the last Step 3 of the proof, i.e. prove the relations 
II. 12.3 (c) between operators ei,9j. Consider a square 




We have to prove that 

ei9^-C'0,ei = 5,,{l-C'^-'') (275) 

(cf. dH)). 

As before, we may and will suppose that X G TSc and A G for some c. Choose 
a G N[I] such that a > i, a > j and \ — j' + a' > The above square may be 

identified with the square 



^a-i-j{^X-j'+a') 




12.21. Choose an unfolding tt : J — > I of a; let S = be its automorphism group, 
and TT : A = '^A — > Aa denote the corresponding covering. We will reduce our proof 
to certain statements about (vanishing cycles of) sheaves on A. 

Let us introduce a vector space 

V 

the group S operates on it, and we have 



^ai^X-f+a') = (276) 

For each k & J we have a positive one-dimensional facet C Ar defined as in |12.10| . 
Denote 



we have canonically 



$«-p(A't7+«,) = i®,e.-^i,)V,f (277) 



for each p & I, p < a, cf. |12.11| . 
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12.21.1. We have to extend considerations of |12.11| to two-dimensional facets. For 
each pair of different k,l E J such that ir^k) = = j, let F^i denote a two- 

dimensional positive facet corresponding to the map g : J — > [0, 2] sending k to 1, I 
— to 2 and all other elements — to zero (cf. |12.4| ). Set 

Again, due to equivariance of our sheaf, the group S operates on © Vm in such a way 
that 

Let 

Tiki: J - {k,l} > I 

be the restriction of tt. It is an unfolding of a — i — j; let J^ki denote its automorphism 
group. Pick di, d2 such that < < 1 < (ii < 2. The subspace 

Ffci C A^'>'^'=>'^-^'=''>(rfi,c/2) (278) 

consisting of all points (tj) such that = 1 and = 2 is a transversal slice to fki- 
Consequently, factorization axiom implies canonical isomorphism 

Symmetry. Interchanging k and /, we get isomorphisms 

t:Vki^ Vik (279) 



Passing to E-invariants, we get isomorphisms 



<^'a^.-,(Ar;Z') = ^toMl^H'^a'f'' = (280) 



(cf. dni))- 



12.22. The canonical and variation maps induce linear operators 

Vk : V ^ Vk : u'' 

and 

: Vk ^ Vik : 

which are S-equivariant in the obvious sense. Taking their sum, we get operators 

y < ©fce7r-l(p)Vfc < ©/e7r-l(g),fce7r-l(p)Vifc 

which induce, after passing to S-invariants, operators e^, and ^p, 9q. 
Our square takes a form 

t 

(©A:e7r-i(i),Z67r-i(i),fc^«ViA:) (©A:e7r-i(j),«e7r-i(i),fc^«H:/) 



Y.vfk 



kl 
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Now we will formulate two relations between u and v which imply the necessary 
relations between e and 0. 



12.23. Lemma. Suppose that i = j and 7i{k) = i. Consider operators 

-Vk^V : Vk. 

The composition VkU^ is equal to the multiplication by 1 — C^^'**'*'. 

Proof. Consider the transversal slice F^{d) to the face Fk as in 12.11 . It follows from 
the definition of the canonical and variation maps, II. 7.10, that composition Vku'^ is 
equal to 1 — T^^ where T is the monodromy acquired by of ^{o}(^fc'^A "^^en 
the point tk moves around the disc of radius d where all other points are living. By 
factorization, T = C^-^'*'. □ 



12.24. Lemma. For k E ir ^{j), / G tt ^{i), k I, consider the pentagon 



V, 



Ik 



Vlk 



Vk 



kl 



uf 



Vi 



V 



We have 



ViU 



Ik- 



This lemma is a consequence of the following more general statement. 
12.25. Let /C G T>{A; S) be arbitrary. We have naturally 

Let 

t:$+,(/C)^$+J/C) 

be the monodromy isomorphism induced by the travel of the point t/ in the upper 
half plane to the position to the left of tk (outside the disk of radius di). 



12.25.1. Lemma. The composition 



{0} ^fe 



:<l>+(/C)^<f^,(/C) 



is equal to u^^ oto Vp' 



12.26. It remains to note that due to |12.22| the desired relation (|275|) is a formal 
consequence of lemmas p.2.23| and |12.24| . This completes the proof of Theorem [12.12 . 
□ 
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12.27. Taking composition of $ with an inverse to the equivalence Q, II (143), we 
get a functor 

^■.TS — >C (281) 



13. Main properties of $ 

TENSOR PRODUCTS 

13.1. Theorem. ^ is a tensor functor, i.e. we have natural isomorphisms 

satisfying all necessary compatibilities. 

Proof follows from the Additivity theorem, II. 9. 3. □ 

DUALITY 

13.2. Let C^-i denote the category C with the value of parameter C, changed to C,~^. 
The notations TSq-i., etc. will have the similar meaning. 

Let us define a functor 

B : C°PP — , Q_i (282) 
as follows. By definition, for V^®Vxe Oh C'^ = Oh C, 

and operators 

e^,DV : {DV)x ^ {DV)x-^' : e,,w 

are defined as 

a* . a /■2\-i'* 

^i,DV — t7j y, Ui,DV — — <, ^iy- 

On morphisms D is defined in the obvious way. One checks directly that D is well 
defined, respects tensor structures, and is an equivalence. 

13.3. Let us define a functor 

D : TS"'"' — > TS^-i (283) 

as follows. For X e Ob J^S°^^ = Ob TS we set \{DX) = \{X)] {DXy = D(A'") 
where D in the right hand side is Verdier duality. Factorization isomorphisms for DX 
are induced in the obvious way from factorization isomorphisms for X. The value of 
D on morphisms is defined in the obvious way. 

D is a tensor equivalence. 



13.4. Theorem. Functor $ commutes with D. 

Proof. Our claim is a consequence of the following topological remarks. 
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13.5. Consider a standard affine space A = A"^ with a principal stratification S as 
in II. 7. Let /C G V{A]S), let Fj be the one-dimensional facet corresponding to an 
element j G J as in 12.10[ Consider a transversal slice Fj-{d) as in 12.11| . We have 



canonically 

<l>+(/C)-$|o}(/C|p^(,)[-l]); 

when the point tj moves counterclockwise around the disk of radius d, ^^{K.) acquires 
monodromy 

T, : <|.+(/C) ^ $+(/C). 
13.5.1. Lemma. Consider canonical and variation maps 

Let us identify $|o|(D/C), ^p^{DIC) with $^o|(/C)* and $J^,(/C)* respectively. Then the 
maps become 

vdk = udic = -% o Tj 

The theorem follows from this lemma. □ 

STANDARD OBJECTS 

13.6. Theorem. We have naturally 

$(/:(A)) ^ L(A) 

/or a// A G X. 

Combining this with Theorem |6.2|, we get 



13.7. Theorem. $ induces bijection between sets of isomorphism classes of irre- 
ducihles. □ 

13.8. Verma modules. Let u-° C u denote the subalgebra generated by 
ej, Ki^ K~^, i E L For A G X, let xa denote a one-dimensional representation of u-° 
generated by a vector t>A, with the action 

e,VA = 0, ir,t;A = C^^'^^VA. 

Let M(A) denote the induced u-module 

M(A) = u ®^>o Xa- 

Equipped with an obvious X-grading, M(A) becomes an object of C. We will also use 
the same notation for the corresponding object of C. 

13.9. Theorem. The factorizable sheaves M.{h) are finite. We have naturally 

$(A<(A)) = M(A). 



Proof is given in the next two subsections. 
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13.10. Let us consider the space A as in |13.5| . Suppose that /C G V{A]S) has the 
form /C = j\j*]C where 

j:A- U{t,=0}-^A. 

Let F/^ be the positive facet whose closure is the main diagonaL 

13.10.1. Lemma. The canonical map 

«:$+J/C)^<l>+j(/C) 

is an isomorphism. 

Proof. Pick jo ^ J, and consider a subspace Y = {tj^ = 0} U {tj^ = 1} C A. Set 
K,' = k\k*}C where 

k:A-[j{t, = 0}-\J{t, = l}^A. 
j&J j&J 

We have 

%(/C)=i?r(A;/C') 
On the other hand by homotopy we have 

$+^(/C)-i?r({t,, = c};/C')[-l] 

where c is any real between and 1. Let us compute i?r(A;/C') using the Leray 
spectral sequence of a projection 

The complex p^,)C' is equal to zero at the points {0} and {1}, and is constant with the 
fiber RT{{tjg = c}; /C') over c. It follows that 

RT{A; /C') ^ RT{A^;pX) = RT{{t,, = c};/C')[-l], 
and the inverse to this isomorphism may be identified with u. □ 

13.11. Suppose we have a G N[/], let vr : J — > /; tt : A — > Aa be the corresponding 
unfolding. Let us apply the previous lemma to /C = 7i*Ai{A)°'. Note that after passing 
to ETT-invariants, the map u becomes 

by Theorem II. 6. 16. This identifies homogeneous components of $a(7W(A)) with the 
components of the Verma module. After that, the action of and di is identified with 
the action of u on it. The theorem is proven. □ 
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Chapter 4. Equivalence 



14. Truncation functors 



14.1. Recall the notations of O. We fix a coset Xc C X, and we denote the 
subcategory J^S<\-c C J^S by J-'S<\ for simplicity until further notice. 

Given A G X, we will denote by C<\ C C the full subcategory of all u-modules V 
such that Vf^ implies /i < A. We denote by q\ the embedding functor Cx ^ C. 
Obviously, $(J^5<a) C Cx- 

In this section we will construct functors 

o"a5 o"a : J^<S — > J^S<x 

and 

(fx^ (fx-C — ^ C<A, 

such that a\ (resp., a*^ is right (resp., left) adjoint to ax and q\ (resp., ql) is right 
(resp., left) adjoint to qx- 

14.2. First we describe a\,a\. Given a factorizable sheaf X = {X"'} with X{X) = 
fi > \ we define FS's y := a\X and Z := a\X as follows. 

We set A(3^) = \{Z) = A. For a G N[/] we set 

= L^a*X'^'^^^^ 
if a + /i — A G and otherwise, and 

if a + /i — A G N[/] and otherwise. Here a denotes the canonical closed embedding 
(cf.U) 

and L^a* (resp., R^a ) denotes the zeroth perverse cohomology of a* (resp., of a'). 

The factorization isomorphisms for y and Z are induced from those for X\ associa- 
tivity is obvious. 

14.3. Lemma. Let M G J^S<x, X G J^S. Then 

Hom^5(^,A<) = Hom^5<,(^:^,A<) 

and 

Yiom^s{M,X) = Eom^s^^{M,(r[X) 

Proof. Let /i = X{X). We have 

Hom^.(A';,A<^) = Rom^.-.^.{alXr''^\Mt''^') 

by the usual adjointness. Passing to projective limit in a, we get the desired result 
for a*. The proof for a' is similar. □ 
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14.4. Given A < /i G X^, we denote by crA<^ the embedding of the full subcategory 
Obviously, the functor 

^A<M •= o"! o : ^S<^, — > J^S<x 
is left adjoint to crA<^. Similarly, (j\<^^ := a\ o cr^ is the right adjoint to (Xx^fj,. 
For X < fi < u we have obvious transitivities 

* * * ! ! ! 

14.5. For each a G N[/] and i E I such that a > i let jy_i><u denote the open 
embedding 

Ju-i'<u ■ -^v "\'^v-i') -^u- 

Note that the complement of this open subspace is a divisor, so the corresponding 
extension by zero and by * functors are t-exact, cf. [ |BBD |, 4.1.10 (i). Let us define 
functors 

3u-i'<u\i 3u-i'<u* '■ 0-S<y — > J-S<y 
as follows. For a factorizable sheaf X = {X^} G TS<y we set 

\Ju~i><u\^ )u — Ju-i'<u\Jv~i'<u^u 

and 

\Ju-i'<u*^ )p — Jv-i'<v*Jv-i'<v^v 1 

the factorization isomorphisms being induced from those for X. 

14.6. Lemma. We have natural in X E TS<y exact sequences 

3v-i',v\^ — ^ ^ o'l-i'^u'^ — ^ 

and 

where the maps a and a' are the adjunction morphisms. 

Proof. Evidently follows from the same claim at each finite level, which is [ [BBL)|| , 
4.1.10 (ii). □ 



14.7. Recall (see |13.3| ) that we have the Verdier duality functor 

D : J^S°PP — > J^S(^-i. 
By definition, D{J^S°^l) C ^'5^-1;<a for all A. 
We have functorial isomorphisms 

Doal^a{oD- Do a^'^, - o D 

and 

D O ju-i',u* = ju-i',ul O D 



After applying D, one of the exact sequences in 14.6 becomes another one 
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14.8. Let us turn to the category C. Below we will identify C with C using the 
equivalence Q, cf. II. 12.5. In other words, we will regard objects of C as u-modules. 

For X E Xc functors q\ and are defined as follows. For V E C, q\V (resp., q^V) is 
the maximal subobject (resp., quotient) of V belonging to the subcategory Cx- 

For A < /i G Xc let q\<^ denotes an embedding of a full subcategory 

qx<ti '■ C<A ^ C<^ 

Define g3^<^ := q\ o g^; q\^^ := q\ o q^. Obviously, the first functor is right adjoint, 
and the second one is left adjoint to q\<^. They have an obvious transitivity property. 



14.9. Recall that in 13.2 the weight preserving duality equivalence 

D : C°^P — , 

is defined. By definition, D{C^l) C Q-1;<a for all A. 
We have functorial isomorphisms 

Dog* -g^oD; D o ql^, ^ o D . 

14.10. Given i E I, let us introduce a "Levi" subalgebra C u generated by 
9j, ej, j 7^ i, and K^. Let pi C u denote the "parabolic" subalgebra generated 
by li and e^. 

The subalgebra li projects isomorphically to pi/(ej) where (cj) is a two-sided ideal 
generated by e^. Given an [j-module V, we can consider it as a pj-module by restriction 
of scalars for the projection pi — > p,;/ (cj) = U, and form the induced u-module Indp.l^ 
— " generalized Verma" . 

14.11. Given an u-module V G C<^, let us consider a subspace 

iV = ®aeN[I-{i}]Vu-a' C V. 

It is an X-graded pj-submodule of V. Consequently, we have a canonical element 

TT G Homc(Ind::^ iV, V) = Rom.XiV, V) 
corresponding to the embedding iV > V. 
We will also consider the dual functor 

V ^ D-Hndl^ i{DV). 
By duality, we have a natural morphism in C, V — > D~^Indp. i{DV). 

14.12. Lemma. We have natural in V E C<y exact sequences 

Indl ,V^V ^ q:_,^,V 

and 

qL,<.V -^V-^ D~Hndl ,,{DV). 
where the arrows V — > ql-i'<u^ '^''^d ql^i'<:^V — > V are adjunction morphisms. 

Proof. Let us show the exactness of the first sequence. By definition, ql^ii^^y is the 
maximal quotient of V lying in the subcategory Cu-ii<u C C. Obviously, Coker vr G 
Cy-ii^y. It remains to show that for any morphism h : V — > W with W E C^-i', the 
composition Hon : Indp. iV — > W is zero. But Honic(Indp^ iV, W) = Homp,(jV, W) = 
by weight reasons. 
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The second exact sequence is the dual to the first one. □ 
14.13. Lemma. We have natural in X & TSy isomorphisms 

and 

such that the diagram 



^X 



(!?X 



D-^Ind^. iiD<!>X) 



commutes. 



14.14. Lemma. Let A G Xc. We have natural in X ^ J^S isomorphisms 

^alX = ql^^X 

and 



Proof follows at once from lemmas 14.13, 14.6 and 14.12. □ 



15. Rigidity 
15.1. Lemma. Let X G J-'S<o- Then the natural map 

a : Hom^5(/:(0), X) ^ Homc(L(0), ^X)) 

is an isomorphism. 

Proof. We know already that a is injective, so we have to prove its surjectivity. 
Let /C(0) (resp., K{0)) denote the kernel of the projection A1(0) — > £(0) (resp., 
M(0) — > L{0)). Consider a diagram with exact rows: 
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Hom(/C(0), A") 



Hom(L(0),$(A')) 



Hom(M(0),$(A')) 



Hom(ir(0),$(A')) 



All vertical rows are injective. On the other hand, Hom(M(0), ^{X)) = The 
last space is isomorphic to a generic stalk of Xq for each a G N[/], which in turn 
is isomorphic to Homjr5(7W(0), X) by the universal property of the shriek extension. 
Consequently, b is isomorphism by the equality of dimensions. By diagram chase, we 
conclude that a is isomorphism. □ 



15.2. Lemma. For every X G TS the natural maps 

Hom^5(>C(0), A') Homc(L(0),<l>(A')) 

and 

Hom^5(^,/:(0)) Homc($(^),L(0)) 

are isomorphisms. 
Proof. We have 

Hom^5(/:(0), A") = EomM^O),alX) 

(by lemma |14.3D 

= Homc(L(0),$(a;,A^)) 

(by the previous lemma) 

= Homc(L(0),go<l>(A')) 

(by lemma |14.14| ) 

= Homc(L(0),<l>(A')). 
This proves the first isomorphism. The second one follows by duality. □ 



15.3. Recall (see ||KL|| IV, Def. A. 5) that an object X of a tensor category is called 
rigid if there exists another object X* together with morphisms 



and 



such that the compositions 



ix ■■! — >X0X* 



and 



X = l^x'^^X(i^X*^x"'-^ X 



X* = X*(^1 X* ® X ® X* X* 



are equal to idx and id^. respectively. A tensor category is called rigid if all its 
objects are rigid. 
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15.4. Theorem. All irreducible objects C{X), X E X , are rigid in TS. 

Proof. We know (cf. ||AJS|| , 7.3) that C is rigid. Moreover, there exists an involution 
A I— >• A on X such that L{\)* = L{X). Let us define £(A)* := C{X); ic{\) corresponds 
to ii(A) under identification 

Hom^5(i:(0), C{\) ® C{\)) = Homc(L(0), L(A) ® L(A)) 

and ec(x) corresponds to eL{x) under identification 

Hom^5(/:(A) ® £(A), C{0)) = Romc{L{X) ® L(A), L(0)), 

cf. ra. □ 



16. Steinberg sheaf 

In this section we assume that / is a positive number prime to 2, 3 and that (' is a 
primitive (/ ■ det A)-th root of 1 (recall that C = {CT"^"^)- 

We fix a weight Aq G X such that {i, Aq) = — l(mod /) for any i E I. Our goal in this 
section is the proof of the following 

16.1. Theorem. The FFS C{Xo) is a projective object of the category J-'S. 

Proof. We have to check that Ext^(£(Ao), X) = for any FFS X. By induction on 
the length of X it is enough to prove that Ext^(£(Ao), C) = for any simple FFS C 

16.2. To prove vanishing of Ext^ in J-'S we will use the following principle. Suppose 
Ext\X,y) ^ 0, and let 

— >y — >Z — >X — ^0 

be the corresponding nonsplit extension. Let us choose a weight A which is bigger 
than of \{X), X{y), A(Z). Then for any a G N[I] the sequence 

— >y^ — > — > X^ — > 

is also exact, and for a ^ it is also nonsplit (see lemma ^.3|) . That is, for a ^ we 
have Ext^{X",y^) in the category of all perverse sheaves on the space Ax- This 
latter Ext can be calculated purely topologically. So its vanishing gives a criterion of 
Ext ^-vanishing in the category J-'S. 

16.3. In calculating Ext^(£(Ao), '^(/i)) we will distinguish between the following three 
cases: 

a) jj,^ Ao; 

h) fi = Ao; 

c) /i > Aq. 



16.4. Let us treat the case a). 
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16.4.1. Lemma. For any a G N[/] the sheaf C{\q)1^ is the shriek- extension from 
the open stratum of toric stratification of A^g ■ 

Proof. Due to the factorization property it is enough to check that the stalk of 
£(Ao)"(, at the point {0} G A^^ vanishes for any a G N[/],a; ^ 0. By the Theorem 
II. 8. 23, we have {C{Xq)xq)q = aC*{L{Xo)) ^ since L{Xo) is a free f-module by ||ET| 
36.1.5 and Theorem 11.11. 10(b) and, consequently, cf{L{Xo)) ~ H^{L{Xo)) = k and 
has weight zero. □ 

Returning to the case a), let us choose u E X, u > Xo,^ > fi. For any a, the sheaf 
C := is supported on the subspace 

A' := C 
and C" := £(Ao)^ — on the subspace 

A" := a{At:'''-n c a:. 

Let i denote a closed embedding 

i:A"^ A'^ 

and j an open embedding 

J : A" := A" - A" nA'^ A". 

We have by adjointness 

i?Hom^Q (£", £') = RB.om_/["{C" ,i'C') = 
(by the previous lemma) 



since obviously j*rC' = 0. This proves the vanishing in the case a). 

16.5. In case (b), suppose 

— > C{Xo) — >X — > C{Xo) — > 

is a nonsplit extension in J-'S. Then for a ^ the restriction of to the open toric 
stratum of A^^ is a nonsplit extension 

(in the category of all perverse sheaves on A'^^) (we can restrict to the open toric 
stratum because of lemma 16.4.1 ). This contradicts to the factorization property of 



FFS X. This contradiction completes the consideration of case (b). 

16.6. In case (c), suppose Ext\C{Xo) , C{f^)) ^ whence Ext^(£(Ao);j, £(/i)p ^ 
for some a G by the principle |16.2| . Here the latter Ext is taken in the category 
of all perverse sheaves on A'^. We have ii — Xq = (3' for some /5 G /5 7^ 0. 

Let us consider the closed embedding 

a : A := A^^^ ^ ^ A'^; 

let us denote by j an embedding of the open toric stratum 

J : A' := AZ' - A'. 
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As in the previous case, we have 

i?Hom^.(/:(Ao)^,£(M)°) = RRom^,{C{Xor^,a'-C{fir^) = i?Hom_./j*£(Ao)^, jV'/:(/i)^). 

We claim that j*a'C{fi)'^ = 0. Since the sheaf is Verdier auto-dual up to 

replacing ^ by C^^, it suffices to check that j*cr*£(/i)^ = 0. 

To prove this vanishing, by factorization property of C{n), it is enough to check that 
the stalk of the sheaf C{fi)'^ at the point {0} G A'^ vanishes. 

By the Theorem II.8.23, we have {C{n)f^)o = pC^{L{^)). By the Theorem 11.11.10 
and Shapiro Lemma, we have pC*{L{n)) ~ C^(M(Ao) ® L{ji)). 

By the Theorem 36.1.5. of |Cl|] , the canonical projection M(Ao) — ^ -^(-^o) is 
an isomorphism. By the autoduality of L{Xq) we have C^(L(Ao) ® L{^)) ~ 
i?Hom^(L(Ao), ^v(yu)) ~ since L{\q) is a projective [/-module, and /i ^ Aq. 

This completes the case c) and the proof of the theorem. □ 

17. Equivalence 
We keep the assumptions of the previous section. 

17.1. Theorem. Functor $ : J-'S — > C is an equivalence. 

17.2. Lemma. For any A G X the FFS C{\q)®C{\) is projective. 

As A ranges through X, these sheaves form an ample system of projectives in TS. 
Proof. We have 

Hom(£(Ao)®/:(A),?) = Hom(/:(Ao), ^(A)* ®?) 

by the rigidity, and the last functor is exact since ® is a biexact functor in jFiS, and 
£(Ao) is projective. Therefore, C{\q)®C{\) is projective. 

To prove that these sheaves form an ample system of projectives, it is enough to show 
that for each /i G X there exists A such that Hom(£(Ao)(>?>/^(A), ^ 0. We have 

Hom(/:(Ao)®/:(A), £(/!)) = Hom(/:(A), i:(Ao)*®/:(/i)). 
Since the sheaves C-{\) exhaust irreducibles in JF5, there exists A such that 
embeds into £(Ao)*(8>>C(/i), hence the last group is non-zero. □ 

17.3. Proof of |T7Jl . As A ranges through X, the modules $(/:(Ao)®£(A)) = L(Ao)® 
L(A) form an ample system of projectives in C. By the Lemma A. 15 of ||KL|| IV we 
only have to show that 

$ : Hom^5(/:(Ao)®i:(A), C{\Q)^C{^^)) — > Homc(L(Ao) ® L(A), L(Ao) ® L{^i)) 

is an isomorphism for any A,/i G X. We already know that it is an injection. There- 
fore, it remains to compare the dimensions of the spaces in question. We have 

dimHom^5(/:(Ao)®/:(A),/:(Ao)®/:(/i)) = dimHom^5(/:(Ao),/:(Ao)®/:(/i)®/:(A)*) 
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by rigidity, 

because C{Xo) is its own indecomposable projective cover in J^S, 

= [L(Ao) ® ® L(A)* : L(Ao)] 
since ^ induces an isomorphism of i^'-rings of the categories J-'S and C, 

= dimHomc(L(Ao) ® L(A),L(Ao) ® 
by the same argument apphed to C. The theorem is proven. □ 

18. The case of generic C 
In this section we suppose that ( is not a root of unity. 

18.1. Recall the notations of 11.11,12. We have the algebra U defined in 11.12.2, the 
algebra u defined in 11.12.3, and the homomorphism R : U — > u defined in 11.12.5. 

18.1.1. Lemma. The map R : U — > u is an isomorphism. 
Proof follows from [0, no. 3, CoroUaire. □ 

18.2. We call A G X dominant if (i. A) > for any i G /. An irreducible [/-module 
L(A) is finite dimensional if only if A is dominant. Therefore we will need a larger 
category O containing all irreducibles L{A). 

Define O as a category consisting of all X-graded [/-modules V = ©^exV^ such that 

a) Vfj, is finite dimensional for any /i G X; 

b) there exists A = \{V) such that = if /i ^ '^(^)- 

18.2.1. Lemma The category O is equivalent to the usual category Og over the 
classical finite dimensional Lie algebra q. 

Proof. See 0. □ 

18.3. Let W denote the Weyl group of our root datum. For w E W, A G X let w ■ A 
denote the usual action of W on X centered at —p. 

Finally, for A G X let M(A) G O denote the [/"-free Verma module with highest 
weight A. 

18.3.1. Corollary. Let /x, G X be such that W ■ p ^ W ■ v. Then 
Exf(M(z/),L(/i)) = 0. 

Proof. M{v) and L{p) have different central characters. □ 
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18.4. Theorem. Functor $ : J-'S — > C is an equivalence. 

Proof. We know that ^(^(A)) ~ L{A) for any A G X. So ^(X) is finite dimensional 
iff aU the irreducible subquotients of X are of the form C{X), A dominant. By virtue 
of Lemma |18.2.1| above the category C is semisimple: it is equivalent to the category 
of finite dimensional g-modules. It consists of finite direct sums of modules L{X), A 
dominant. So to prove the Theorem it suffices to check semisimplicity of J-'S. Thus 
the Theorem follows from 



18.5. Lemma. Let /i, z/ G X be the dominant weights. Then Ext^ {C{fi) , C^u)) = 0. 
Proof. We will distinguish between the following two cases: 

(a) /i = z/; 

(b) fly^U. 

In calculating Ext^ we will use the principle |16.2| . The argument in case (a) is abso- 



lutely similar to the one in section |16.5| , and we leave it to the reader. 

In case (b) either fi — u ^ Y <Z X — and then the sheaves C^u) and C{fi) are 
supported on the different connected components of A, whence Ext^ obviously van- 
ishes, — or there exists A G X such that A > /i, i/. Let us fix such A. Suppose 
Ext^(£(/i), 7^ 0. Then according to the principle |16.2| there exists a G N[I] such 



that Ext^(£(yu)", £(z/)") 7^ 0. The latter Ext is taken in the category of all perverse 
sheaves on A^. 

We have Ext\C{fx)'^, C{u)'^) = R^TiA"^, D{C{fx)'^ DC{u)l)) where D stands for 
Verdier duality, and ® denotes the usual tensor product of constructible comlexes. 

We will prove that 

C{^i)l ® DC{v)l = (284) 



and hence we will arrive at the contradiction. Equality (|284|) is an immediate corollary 
of the lemma we presently formulate. 

For (3 < a let us consider the canonical embedding 

a : ^ 

and denote its image by A' (we omit the lower case indices). 

18.5.1. Lemma, (i) Ifa*C{fi)'^ ^ then X-p eW ■ fx. 
(11) Ifa-C{ii)l ^ then X- (3eW ■ ^i. 

To deduce Lemma |18.5 from this lemma we notice first that the sheaf C{fi)'^ is Verdier 



autodual up to replacing C by C ^- Second, since the H^-orbits of u and yU are disjoint, 

we see that over any toric stratum A' C A"' at least one of the factors of ( p84| ) 
vanishes. 

It remains to prove Lemma p.8.5.1| . We will prove (i), while (ii) is just dual. Let us 
denote — A by 7. If 7 ^ N[/] then (i) is evident. Otherwise, by the factorizability 
condition it is enough to check that the stalk of £(/x)^ at the origin in A^^ vanishes if 
/i — 7 ^ ■ /i. Let us denote — 7 by x- 
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By the Theorem II.8.23, we have (/:(/i);^)o = ^C'.{L{fi)) ~ Clj{M{x) ® L^y)) which 
is dual to Ext^(M(x), L{fi)). But the latter Ext vanishes by the Corollary |18.3.1| since 



This completes the proof of Lemma 



18.5 



together with Theorem 



18.4 
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Part IV. LOCALIZATION ON 

1. Introduction 

1.1. Given a collection of m finite factorizable sheaves {A'^,}, we construct here some 
perverse sheaves over configuration spaces of points on a projective line with m 
additional marked points. 

We announce here (with sketch proof) the computation of the cohomology spaces of 
these sheaves. They turn out to coincide with certain " semiinfinite" Tor spaces of 
the corresponding u-modules introduced by S.Arkhipov. For a precise formulation see 
Theorem p. 11 . 



This result is strikingly similar to the following hoped-for picture of affine Lie algebra 
representation theory, explained to us by A.Beilinson. Let Mi,M2 be two modules 
over an affine Lie algebra g on the critical level. One hopes that there is a localization 
functor which associates to these modules perverse sheaves A(Mi),A(M2) over the 
semiinfinite fiag space G/B^. Suppose that A (Mi) and A(M2) are equivariant with 
respect to the opposite Borel subgroups of G. Then the intersection 5* of their supports 
is finite dimensional, and one hopes that 

R'T{S, A(Mi) (g) A(M2)) = Tori_,(Mi, M2) 
where in the right hand side we have the Feigin (Lie algebra) semiinfinite homology. 



As a corollary of Theorem |8.11| we get a description of local systems of conformal 
blocks in WZW models in genus zero (cf. ||MS|| ) as natural subquotients of some 
semisimple local systems of geometric origin. In particular, these local systems are 
semisimple themselves. 

1.2. We are grateful to G.Lusztig for the permission to use his unpublished results. 
Namely, Theorem |6.2.1| about braiding in the category C is due to G.Lusztig. Chap- 



ter 2 (semiinfinite homological algebra in C) is an exposition of the results due to 
S.Arkhipov (see ||Ark| | ) . 



We are also grateful to A.Kirillov, Jr. who explained to us how to handle the conformal 
blocks of non simply laced Lie algebras. 

1.3. Unless specified otherwise, we will keep the notations of parts I, II, III. For a = 
J2i G we will use the notation |a| := X]j Oj- 

References to loc.cit. will look like Z.1.1 where Z=I, II or III. 

We will keep assumptions of III. 1.4 and III. 16. In particular, a "quantization" param- 
eter ( will be a primitive l-th root of unity where / is a fixed positive number prime 
to 2,3. 



174 



Chapter 1. Gluing over 



2. Cohesive local system 

2.1. Notations. Let a e N[X], a. — J^d'upi" We denote by suppa the subset of X 
consisting of all /x such that 7^ 0. Let tt : J — > X be an unfolding of a, that is a 
map of sets such that |7r~^(/i)| = for any ^ E X. As always, denotes the group 
of automorphisms of J preserving the fibers of vr. 

will denote a complex projective line. The J-th cartesian power P^"' will be denoted 
by V"^. The group acts naturally on V"^, and the quotient space P'^/S^ will be 
denoted by V^. 

(resp., stands for the complement to diagonals in (resp., in 

TV^ stands for the total space of the tangent bundle to V'^] its points are couples 
((xj), (tj)) where {xj) e and Tj is a tangent vector at Xj. An open subspace 

consists of couples with Tj 7^ for all j. So, TV'^ — > V'^ is a (C*) '^-torsor. We denote 
by TV""^ its restriction to V""^ . The group acts freely on TV""^ , and we denote the 
quotient TV"'' /T.^ by TV"^. 

The natural projection 

will be denoted by tt, or sometimes by ttj. 

2.2. Let Pg^ {st for "standard") denote "the" projective line with fixed coordinate 
z; C — the open disk of radius e centered aX z = D := Di. We will also use 
the notation i?(e,i) for the open annulus D — (bar means the closure). 

The definitions of D\ D'^, , D'"^,TD^ ,TD"-' ,TD'"^, etc., copy the above defini- 
tions, with D replacing P^. 

2.3. Given a finite set K, let denote the space of /T-tuples {uk)keK of algebraic 
isomorphisms Pj^ P^ such that the images Uk{D) do not intersect. 

Given a X-tuple a — (0;^) G N[X]^ such that a — J2k o^k, define a space 
and an open subspace 

keK 

We have an evident "substitution" map 
which restricts to : — > TV" 



2.3.1. In the same way we define the spaces TD", TD" 
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2.3.2. Suppose that we have an epimorphism ^ : L — > K, denote := ^ ^{k). 
Assume that each ak is in turn decomposed as 

set ak = (ai) e N[X]^K Set ckl = (a,) e N[X]^. 
Let us define spaces 

keK 

and 

keK 

We have canonical substitution maps 

„i . -pSz.;? , -pa 

^az,;? ■ ' 

and 

yai;^ ■ ' ' ■ 

Obviously, 

2.4. Balance function. Consider a function n : X — )■ Z[ ^^^^^ ] such that 

n{ii + v) — n{ii) + n{i') + /i ■ v 
It is easy to see that n can be written in the following form: 

for some & X. From now on we fix such a function n and hence the corresponding 

2.5. For an arbitrary a G N[X], let us define a one-dimensional local system on 
TD°°'. We will proceed in the same way as in III. 3.1. 

Pick an unfolding of a, tt : J — > X. Define a local system X]^ on TD°'^ as follows: 
its stalk at each point ((tj), {xj)) where all Xj are real, and all the tangent vectors r,- 
are real and directed to the right, is k. Monodromies are: 

— Xi moves counterclockwise around Xj-. monodromy is (^^27r(i)-7r(i). 

— Tj makes a counterclockwise circle: monodromy is (^~2n(7r(j))^ 

This local system has an evident E^-equivariant structure, and we define a local system 
X^) as 

where tt : TD°^ — > j^jjoa jg ^j^g canonical projection, and (•)^sn denotes the subsheaf 
of skew E^-invariants. 

2.6. We will denote the unique homomorphism 

N[X] — ^ X 

identical on X, as a i— > 

2.6.1. Definition. An element a e N[X] is called admissible ifa^ = —2uq mod lY. 
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2.7. We have a canonical "1-jet at 0" map 

Pk : V^^ — > TV°^ 

2.8. Definition. A cohesive local system (CLS) (overF^) is the following collection 
of data: 

(i) for each admissible a G a one- dimensional local system X" over TV°°' ; 

(a) for each decomposition a = J2k£K <^k, o^k ^ ^[X], ^ factorization isomorphism 

Here ax '■= J2k Q^fc ^ N[X] (note that ax is obviously admissible); nx '■ TV°^^ — > 
rp-poa symmetrization map. 

These isomorphisms must satisfy the following 

Associativity axiom. In the assumptions of |^. 3. ^ the equality 

should hold. Here (pd^-,^ is induced by the evident factorization isomorphisms for local 
systems on the disk X^* . 

Morphisms between CLS's are defined in the obvious way. 

2.9. Theorem. Cohesive local systems over exist. Every two CLS's are isomor- 
phic. The group of automorphisms of a CLS is k* . 

This theorem is a particular case of a more general theorem, valid for curves of ar- 
bitrary genus, to be proved in Part V. We leave the proof in the case of to the 
interested reader. 

3. Gluing 

3.1. Let us define an element p G X by the condition (p, i) = 1 for all i E I . From 
now on we choose a balance function n, cf. |2.4| , in the form 

= ^/^■z^ + z^-p- 
it has the property that n{—i') = for all i E L Thus, in the notations of loc. cit. 
we set 

Z/Q = p- 

We pick a corresponding CLS J = {J'^, /3 G N[X]}. 

Given a = J2 cai ^ ^[^] P — (pk) ^ , we define an element 

k 

where the sum in the right hand side is a formal one. We say that a pair (/I, a) is 
admissible if a/t is admissible in the sense of the previous section, i.e. 

^j. — a = —2p mod lY. 

k 

Note that given p, there exists a G N[I] such that (/I, a) is admissible if and only if 
J2k pk £ Y'l if this holds true, such elements a form an obvious countable set. 
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We will denote by 

e : N[7] — > N[X] 
a unique homomorphism sending i e 7 to —i' e X. 

3.2. Let us consider the space TV^ x TV^^"'''; its points arc quadruples 
{{zk), {jk), (xj), (cUj)) where (2;^) G P^, — a non-zero tangent vector to at Zk, 
{xj) e oj- — a non-zero tangent vector at Xj. To a point 2;^ is assigned a weight 

//fc, and to Xj — a weight — 7r(j)'. Here tt : J — 7 is an unfolding of a (implicit in 
the notation {xj) — {xj)j^j). 

We will be interested in some open subspaces: 



and 



1^ 



whose points are quadruples {{zk), ijk), (xj), {ujj)) G TV^ with all Zk ^ xj. We have 
an obvious symmetrization projection 



■yoap 



Define a space 

-pa _ rp-poK ^ -peia). 

its points are triples {{zk), (Tk), {xj)) where (zk), {rk) and (xj) are as above; and to Zk 
and Xj the weights as above are assigned. We have the canonical projection 



We define the open subspaces 



^ ' jl ' p- 



^ fj, ^ 



Here the w-subspace (resp., o-subspace) consists of all ((2;^), (r^), {xj)) with Zk 7^ Xj 
for all k,j (resp., with all Zk and Xj distinct). 

We define the principal stratification S of as the stratification generated by sub- 
spaces Zk = Xj and Xj = Xji with 7r(j) 7^ 7r(j')- Thus, is the open stratum of S. 
As usually, we will denote by the same letter the induced stratifications on subspaces. 

The above projection restricts to 



3.3. Factorization structure. 



3.3.1. Suppose we are given a G N[7]^, /9 G N[7]; set a := J2k (^k- Define a space 

pa,p c X n X P^(^) 

k 

consisting of all collections {{uk), {{Xj'^)k), {yj}) where (uk) G , {xf^^)k • 
L>°^ {vj) G V^^'^\ such that 



y, G - U Uk{D) 

keK 



for all j (the bar means closure) . 
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We have canonical maps 



yo,/3 • / fi I fi , 



assigning to {{uk), {{xf^)k), iVj)) a configuration {uk{0)), {uk{r)), {uk{xf^)), {yj)), 
where r is the unit tangent vector to D at 0, and 

Pa,, : Vf' ^ n ^"'^ X T'ta 

k 

sending {{uk), {{xf\), (yj)) to (K(0)), (ukir)), (yj)). 



— * 

3.3.2. Suppose we are given a, /3 e , 7 e N[/]; set a :— J2k <^k, P '■— J2k Pk- 

Define a space D"'^ consisting of couples {D^, (xj)) where (Z D is some smaller 
disk (0 < e < 1), and (xj) G D"^^ is a configuration such that a points dwell inside 
D^, and /3 points — outside D^. We have an evident map 

Let us define a space 

•pa,/3,7 (- pK ^ JJ jjak,l3k ^ •pe(7) 

consisting of all triples ((Mfe),x, where (uk) G "P^, x e life -0"'='^'=, (y^) G 
such that 



We have obvious projections 
and 



such that 



We will denote the last composition by g-^^. 
We have a natural projection 



3.4. Let us consider a local system Pp*!"''' over TV^. By our choice of the balance 

function n, its monodromies with respect to the rotating of tangent vectors Uj at 
points Xj corresponding to negative simple roots, are trivial. Therefore it descends to 
a unique local system over V^, to be denoted by X^. 

We define a perverse sheaf 



Xt" j,,X2[dimP?] e M{V}r\S). 
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3.5. Factorizable sheaves over P^. Suppose we are given a i^T-tuple of FFS's 
{^k}, e ^Sc^, k e K, Cfc e X/Y, where Efc = 0. Let us pick fl = {jlk) > 
(AW). 

Let us call a factorizable sheaf over obtained by gluing the sheaves Xk the following 
collection of data which we will denote by g{{Xk})- 

(i) For each a e N[/] such that {jl, a) is admissible, a sheaf e A4{Vp; S). 

(ii) For each a — (ak) e N[/]-^, P e N[I] such that (//, a + P) is admissible (where 
a — J2 o^k), ^ factorization isomorphism 




These isomorphisms should satisfy 

Associativity property. The following two isomorphisms 

^a,|3,7 ^a,/J,7'-N Ifc /^fc '-I Ifc f^fc jl—a—()' 

are equal: 

Here ^3-^ is the factorization isomorphism for X*, and 0-^ is the tensor product of 
factorization isomorphisms for the sheaves A^. 

3.6. Theorem. There exists a unique up to a canonical isomorphism factorizable 

sheaf over P^ obtained by gluing the sheaves {Xk}. 

Proof is similar to in.10.3. □ 
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Chapter 2. Semiinfinite cohomology 



In this chapter we discuss, following essentially | |Ark| ] , the "Semiinfinite homological 
algebra" in the category C. 

4. Semiinfinite functors Ext and Tor in C 

4.1. Let us call an u-module u~ -induced (resp., -induced) if it is induced from some 
u-° (resp., u-°)-module. 

4.1.1. Lemma. If M is a \x~ -induced, and N is xi^ -induced then M N is u- 
projective. 

Proof. An induced module has a filtration whose factors are corresponding Verma 
modules. For Verma modules the claim is easy. □ 

4.2. Definition. Let M* = ©Aex be a complex (possibly unbounded) in C. We 
say that M* is concave (resp. convex) if it satisfies the properties (a) and (b) below. 

(a) There exists Aq € X such that for any A G X, if M* ^ then A > Aq (resp. 
A< Ao). 

(b) For any /i G X the subcomplex (Bx<^ M* (resp. (Bx>^ M*) is finite. 

We will denote the category of concave (resp., convex) complexes by (resp., C^). 

4.3. Let V E C. We will say that a surjection : P — > V is good if it satisfies the 
following properties: 

(a) P is u~-induced; 

(b) Let fi G suppP be an extremal point, that is, there is no A G suppP such that 
A > /i. Then /i ^ supp(ker </>). 

For any V there exists a good surjection as above. Indeed, denote by p the projection 
p : M(0) — > L{0), and take for the map p (g) idy. 

4.4. Iterating, we can construct a u~-induced convex left resolution of k = L{0). Let 
us pick such a resolution and denote it by P/: 

. . . ^ ^ P° L(0) 

We will denote by 

* . Q ^ QOpp 

the rigidity in C (see e.g. ||AJS|| , 7.3). We denote by Py the complex (Py)*. It is 



a u -induced concave right resolution of k. The fact that Py is u -induced follows 
since u~ is Frobenius (see e.g. 



4.5. In a similar manner, we can construct a u^-induced concave left resolution of 
k. Let us pick such a resolution and denote it P^: 

... — >P^ — >P^ — > L(0) — > 
We denote by P\ the complex (P\^)*. It is a u'^-induced convex right resolution of k. 
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4.5.1. For M e C we denote by Py{M) (resp., P}{M), P^{M), P\^(M)) the reso- 
lution P^ ®k M (resp., P> ®k M, ®k M, P-^ ®k M) of M. 

4.6. We denote by Cr the category of X-graded riglit u-modules V = ®x£xV\ sucfi 
that 

(note the change of a sign!), the operators Ei, Fi acting as Ei : Vx — > V\+i', Fi : 
Vx — Vx-e. 

4.6.1. Given M e C, we define e as follows: {M'^)x = (M^x)*, E^ : (M^)a — > 
(iiP^)A+i' is the transpose of Ei : M^x^i' — > M^x, similarly, Fi on is the transpose 
of Fi on M. 

This way we get an equivalence 

Similarly, one defines an equivalence ^ : C°^^ — > C, and we have an obvious isomor- 
phism ^ o V ^ Id. 

4.6.2. Given M G C, we define sM G Cr as follows: {sM)x = Mx; xg = {sg)x for 
X E M, g E u where 

s:u — > u"PP 



is the antipode defined in |[AJS|| , 7.2. This way we get an equivalence 

One defines an equivalence s : C,. ^—>- C in a similar manner. The isomorphism of 
functors s o s = Id is constructed in loc. cit., 7.3. 

Note that the rigidity * is just the composition 

= s o ^ . 



4.6.3. We define the categories Cj and Cj: in the same way as in |42 . 
For G Cr we define PyiV) as 

P}iV) = sP^isV); 
and P}{V), P\^{V), P^{V) in a similar way. 

4.7. Definition, (i) Let M,N eC. We define 

— +• 

Extc' {M,N) := H*(}iomc{P^{M),P}{N))). 

(ii) Let V eCr, N eC. We define 

Toi^sf+.{V,N) := H-\Py{V) ®cP^{N)). □ 

Here we understand Home (P\^(M), Py{N) and Py{y)®cP\{N) as simple complexes 
associated with the corresponding double complexes. Note that due to our bound- 
edness properties of weights of our resolutions, these double complexes are bounded. 
Therefore all Ext~ and Tor^+j spaces are finite dimensional, and are non-zero only 
for finite number of i G Z. 
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4.8. Lemma. For M,N ^ C there exist canonical nondegenerate pairings 

Exty^"(M, N) ® Tor|+„(Arv, m) — > k. 

Proof. There is an evident non-degenenerate pairing 

Homc(M, N) ® {N^ ®c M) — > k. 
It follows that the complexes computing Ext and Tor are also canonically dual. □ 

4.9. Theorem, (i) Let M,N G C. Let R\^{M) be a -induced convex right resolu- 
tion of M, and Ry{N) — a u~ -induced concave right resolution of N. Then there is 
a canonical isomorphism 

22 4_, 

Extc' {M,N) = H'{Romc{R^{M),Ry{N))). 

(ii) Let V & Cr, N & C. Let Ry{V) be a u~ -induced convex left resolution ofV, and 
R\^{N) — a u'^ -induced convex right resolution of N lying in C^. Then there is a 
canonical isomorphism 

Tor|+.(T/, N) ^ H-'(Ry(V) 0c R^(N)). 
Proof will occupy the rest of the section. 

4.10. Lemma. Let V G Cr; let R* , i = 1,2, be two u~ -induced convex left resolutions 
of V . There exists a third u~ -induced convex left resolution R* of V , together with 
two termwise surjective maps 

R'^Rl i = l,2, 

inducing identity on V. 

Proof. We will construct it!* inductively, from right to left. Let 

First, define Lq := Ri Xy R2- We denote by 5 the canonical map L^ — > V, and by 
gf the projections L° — > R^. Choose a good surjection 4>q : R^ — > L° and define 

pO ■= qO o 00 : — >R^; e := d o (f)o : R^ — > V. 

Set K^^ := ker ej; K := ker e. The projections p° induce surjections p° : — > ^r^- 
Let us define 

ker(((ij;i - p?, d^^ - p°) : R^^ © K"^ © R^' K^' © K^^). 

We have canonical projections : L^^ — * Ri^ ■, '■ — ^ . Choose a good 
surjection 0_i : R^^ — > L~^ and write d^^ : R^^ — > R^ for o0-i composed with 
the inclusion K^^ ^ We define p'^^ := q^^ o (p^i. 

We have just described an induction step, and we can proceed in the same manner. 
One sees directly that the left u~-induced resolution it!* obtained this way actually 
lies in Cj;. □ 
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4.11. Let N & C, and let be a u^-induced convex right resolution of A^. For 
n > let b>n{R\) denote the stupid truncation: 

— — > ... — >Rl^ — ^0 — > ... 

For m > n we have evident truncation maps 6>m(-R\) — ^ b>n{R\J. 

4.11.1. Lemma. Let R*/ he a u~ -induced left resolution of a module V E Cr- We 
have 

H\Ry ^cR\) = lim^ H'iR'y ®c &<ni?x). 

For every i G Z the inverse system 

{H\Ry ®c b<nRy)} 

stabilizes. 

Proof. All spaces W{R*/ ®c b<nR\) and only finitely many weight components of 
R*/ and i?\ contribute to H\ □ 



4.12. Proof of Theorem |4.9| . Let us consider case (ii), and prove that H'{R'/{V)®c 



Ry{N)) does not depend, up to a canonical isomorphism, on the choice of a resolution 
Ry{V). The other independences are proved exactly in the same way. 

Let R*, i = 1,2, be two left u~-induced left convex resolutions of V. According to 
Lemma |4.1U|, there exists a third one, R', projecting onto R'. Let us prove that the 



projections induce isomorphisms 



By Lemma |4.11.1| , it suffices to prove that 

H'{R' ®c b<nRy{N)) ^ H'{R' ®c &<„i?\(Ar)). 

for all n. Let Q' be a cone of R* — > R*. It is an exact u~-induced convex complex 
bounded from the right. It is enough to check that H'{Q* ®c b<nR\{N)) = 0. 

Note that for W E Cr, M E C we have canonically 

W (g)c M = {W (S) sM) ®c k. 

Thus 

H'{Q', ®c b<nRy{N)) = H'iiQ'i ® s6<„i?^(A^)) ®c k) = 0, 

since [Q* ® sb<nR\{N) is an exact bounded from the right complex, consisting of 
modules which are tensor products of u"'"-induced and u~-induced, hence u-projective 
modules (see Lemma [4.1.1| ). 

4.12.1. It remains to show that if p' and p" are two maps between u~-induced convex 
resolutions of V, R\ — > R', inducing identity on V, then the isomorphisms 

induced by p' and p", coincide. Arguing as above, we see that it is enough to prove 
this with Ry{N) replaced by b<nR\{N) . This in turn is equivalent to showing that 
two isomorphisms 

H*{{Rl ® sb<nRUN)) ®c k) ^ H'{{Rl ® sb<nRUN)) ®c k) 
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coincide. But R* ® sb<nR\{N) are complexes of projective u-modules, and the mor- 
phisms p' (8> id and p" id induce the same map on cohomology, hence they are 
homotopic; therefore they induce homotopic maps after tensor muhiphcation by k. 

This completes the proof of the theorem. □ 

5. Some calculations 

We will give a recipe for calculation of Tor^o,^, which will prove useful for the next 
chapter. 

5.1. Recall that in III. 13.2 the duality functor 

D : Q-i — > C"PP 

has been defined (we identify C with C as usually). We will denote objects of Q-i by 
letters with the subscript 

Note that DL{0)^-i = L(0). 

Let us describe duals to Verma modules. For A G X let us denote by M+(A) the 
Verma module with respect to the subalgebra u+ with the lowest weight A, that is 

M+(A) := Ind:;<oXA 

where xx is an evident one-dimensional representaion of u-° corresponding to the 
character A. 



5.1.1. Lemma. We have 

DM{X)^^i = M+(A - 2{l - l)p). 



Proof follows from [|AJS|] , Lemma 4.10. □ 



5.2. Let us denote by K* a two term complex in C 

L(0) — > DM{0)^-i 

concentrated in degrees and 1, the morphism being dual to the canonical projection 
M(0)^-i — > L{0)^-i. 

For n > 1 define a complex 

K: := 6>o(i^"®"[l]); 
it is concentrated in degrees from to n — 1. For example, K' = DM(0)^-i. 

For n > 1 we will denote by 

the map induced by the embedding L{0) •—>■ £)M(0)^-i. 

We will need the following evident properties of the system {ii'',^„}: 

(a) K* is u+-induced; 

(b) i^* is exact off degrees and n — 1; H^{K') = k. ^„ induces identity map between 
H^K-J and H^K^,). 
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(c) For a fixed yU G X there exists m G N such that for any n we have {b>mK*)>fi = 0. 
Here for V = ©asx G C we set 

V>^, := ©A>^ Vx. 

5.3. Let V G Cr] let RyiV) be a u~-induced convex left resolution of V. Let N E C. 

5.3.1. Lemma, (i) For a fixed k G Z i/ie d^reci s?/sfem {iJ''(i?^(l^)(g)c(^*®iV)), ^n} 
stabilizes. 

(ii) H^e /iaiJe a canonical isomorphism 

Tori , .(y, AT) ^ lim H-\R\{V) ®c (^^ ® A^)). 

2 — * n 



Proof, (i) is similar to Lemma 4.11.1| . (ii) By Theorem [4.9| we can use any u"'"-induced 
right convex resolution of to compute Tori^,(V, A^). Now extend J^* ® to a 



u+-induced convex resolution of A^ and argue like in the proof of Lemma 4.11.1 again. 
□ 



5.4. Recall the notations of and take for R'yiy) the resolution Pyiy) = Py®V . 
Then 

H'{Py{V) ®c (K ® N)) = H'{V ®c {P} ®K® N)). 
Note that Py ® K* A^ is a right bounded complex quasi-isomorphic to K* (g) A^. The 
terms of Py ® K' are u-projective by Lemma [4.1.1| , hence the terms of P/ (S> K* A^ 
are projective by rigidity of C. Therefore, 

H-{V ®c {Py (»K(»N)) = Tor^(y, K®N). 

Here Tor^(*, *) stands for the zeroth weight component of Tor^(*, *). 

Putting all the above together, we get 

5.5. Corollary. For a fixed k E Z the direct system {Tor^(V", K* N)} stabilizes. 
We have 

Tori , .(y, A^) = lim Tor^(V, K'0N). a 



5.6. Dually, consider complexes DK'^-i. They form a projective system 

{. . . ^ DK:^,^^-, ^ DK^^-, ^ . . . } 

These complexes enjoy properties dual to (a) — (c) above. 



5.7. Theorem. For every k E Tj we have canonical isomorphisms 



ToT%,^^{V, N) ^ lim lim H-\{V ® sDK*,) ®c {K ® N)). 



m ^ n 



Both the inverse and the direct systems actually stabilize. 



Proof follows from Lemma B.3.1|. We leave details to the reader. □ 



Here is an example of calculation of Toroo , 
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5.8. Lemma. Torio^,(k, L(2(/ — l)p)) = k in degree 0. 



Proof. According to Lemma |0| it suffices to prove that Ext^^ (L(2(/ — l)p), 1/(0)) 



k. Choose a u+-induced right convex resolution 

mi - i)p) 

such that 

= DM{2{1 - l)p)^-i = M+(0), 
and all the weights in R^ are < 2{l — \)p. 
Similarly, choose a u~-free right concave resolution 

L(0) ^ Ry 

such that 

i?^ = M(2(/ - l)p) = DM+(0)^-i, 
and all the weights of Rr} are > 0. By Theorem [4.9| we have 



Extc' {L{2{1 - l)p), L(0)) = i/'(Hom* (i?^, i?^)). 
Therefore it is enough to prove that 

(a) Homc(i?^,/2|^) = k; 

(b) Homc(i?^,i?>) = for (m, n) ^ (0,0). 

(a) is evident. Let us prove (b) for, say, n > 0. RJ^ has a filtration with successive 
quotients of type M"^(A), A < 0; similarly, RJ^ has a filtration with successive quotients 
of type DM+{ij)^-i, p > 0. We have Homc(M+(A), L'M+(p)(;-i) = 0, therefore 
Homc(-R\_, Ry) = 0. The proof for m > is similar. Lemma is proven. □ 

CONFORM AL BLOCKS AND Tor'L^, 



5.9. Let M E C. We have a canonical embedding 

Homc(k,M) ^ M 

which identifies Homc(k, M) with the maximal trivial subobject of M. Dually, we 
have a canonical epimorhism 

M — ^ Homc(M, k)* 

which identifies Homc(M, k)* with the maximal trivial quotient of M. Let us denote 
by (M) the image of the composition 

Homc(k, M) — > M — > Homc(M, k)* 

Thus, (M) is canonically a subquotient of M. 

One sees easily that if iV C M is a trivial direct summand of M which is maximal, 
i.e. not contained in greater direct summand, then we have a canonical isomorphism 
(M) — ^ A^. By this reason, we will call (M) the maximal trivial direct summand of 
M. 
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5.10. Let 

Ai = {Xe X\ {i, A + p) > 0, for all i e I; (7, A + p) < /} 
denote the first alcove. Here 7 G 7?. C F is the highest coroot. 
For Ai, . . . , A„ G Ai, the space of conformal blocks is defined as 

(L(Ai),... ,L(A„)) := (L(Ai)®...®L(A„)) 
(see e.g. and Lemma ^]3| below). 



5.11. Corollary. The space of conformal blocks (L(Ai),... ,L(A„)) is canonically a 
suhquotient 0/ Tor|>_^o(k, L(Ai) ® . . .® L{\n) ® L{2{1 - l)p)). 

Proof follows easily from the definition of (•) and Lemma |5]^. □ 

5.12. Let us consider an example showing that (L(Ai), . . . ,L(A„)) is in general a 
proper subquotient of Tor«)_,_Q(k, L{\i) . . . L(\n) L{2{1 — l)p)). 

We leave the following to the reader. 

5.12.1. Exercise. Let P{Q) be the indecomposable projective cover of L{Q). We have 
Tor|=+o(k,P(0)) = k. □ 

We will construct an example featuring P(0) as a direct summand of L{Xi) ® ■ ■ ■ ® 

L{Xn). 

Let us take a root datum of type s/(2); take / = 5, n = 4, Ai = A2 = 2, A3 = A4 = 3 
(we have identified X with Z). 

In our case p = 1, so 2(/ — l)p = 8. Note that -P(O) has highest weight 8, and it is 
a unique indecomposable projective with the highest weight 8. So, if we are able to 
find a projective summand of highest weight in = L{2) ® L{2) ® L{3) ® L{3) then 
V L{8) will contain a projective summand of highest weight 8, i.e. -P(O). 

Let [/k denote the quantum group with divided powers over k (see |[L2|| , 8.1). The 
algebra u hes inside f/k- It is wellknown that all irreducibles L{X), A G A;, lift to 

simple f/k-modules L{X) and for Ai, . . . , A„ G A the ?7k-iiiodule L{Xi) . . . (g) L{Xn) is 

a direct sum of irreducibles L{X), X G A^, and indecomposable projectives -P(A), A > 
(see, e.g. [§). 

Thus L(2) L{2) L{3) L{3) contains an indecomposable projective summand with 

the highest weight 10, i.e. P{8). One can check easily that when restricted to u, P{8) 
remains projective and contains a summand P(— 2). But the highest weight of P(— 2) 
is zero. 

We conclude that L{2) ® L{2) (g) L{3) (g) L{3) ® L{8) contains a projective summand 
P(0), whence 

(L(2), L(2), L(3), L(3)) ^ Tori+o(k, L{2) ® L{2) ® L{3) ® L(3) ® L(8)). 
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Chapter 3. Global sections 



6. Braiding and balance in C and J^S 



6.1. Let f/k be the quantum group with divided powers, cf [p2| , 8.1. Let rC be the 
category of finite dimensional integrable ?7k-moduIes defined in |[KL|| IV, §37. It is a 
rigid braided tensor category. The braiding, i.e. family of isomorphisms 

Rv,w -.V ®W 0V, V,W e rC, 

satisfying the usual constraints, has been defined in [jLl|, Ch. 32. 



6.2. As u is a subalgebra of f/k, we have the restriction functor preserving X-grading 

T: rC^C. 

The following theorem is due to G.Lusztig (private communication). 

6.2.1. Theorem, (a) There is a unique braided structure {Rv,w,(^v) onC such that 
the restriction functor T commutes with braiding. 

(b) Let V = L{\), and let ft be the highest weight ofWEC, i.e. VF^ 7^ and Wy 7^ 
implies z/ < /i. Let x E V, y E W^. Then 

Rv,w{x®y) =C^-^?/®x; 

(c) Any braided structure on C enjoying the property (b) above coincides with that 
defined in (a). □ 

6.3. Recall that an automorphism 6 = {Oy : V — ^ V} of the identity functor of rC 
is called balance if for any V,W E rC we have 

R-wy ° Rv,w = (^v^w ° (^y ® ^w) ^■ 
The following proposition is an easy application of the results of [ [Ll| , Chapter 32. 



6.4. Proposition. The category rC admits a unique balance 9 such that 

— if L{X) is an irreducible in rC with the highest weight X, then 9 acts on L{X) as 
multiplication by ("^^^^ . □ 



Here n{X) denotes the function introduced in 



Similarly to 6.2.1, one can prove 



6.5. Theorem, (a) There is a unique balance 9 on C such that T commutes with 
balance; 

(b) 9lw = C^'\- 

(c) If 9' is a balance in C having property (b), then 9' = 9. □ 
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6.6. According to Deligne's ideology, ||D1|| , the gluing construction of p.6| provides the 
category TS with the balance 9-^^ . Recall that the braiding R-^^ has been defined in 
III. 11. 11 (see also 11.4). It follows easily from the definitions that {^{R''^),^{0^^)) 
satisfy the properties (b)(i) and (ii) above. Therefore, we have $(^-^'^)) = 

(i?, 6*), i.e. $ is an equivalence of braided balanced categories. 



7. Global sections over A{K) 

7.1. Let K he a. finite non-empty set, \K\ = n, and let {Xk} be a K-tuple of finite 
gactorizable sheaves. Let := X{Xk) and A = J2k ^k', let a G N[/]. Consider the 
sheaf X'^{K) over A'i{K) obtained by gluing {Xk}, cf. III.10.3. Thus 

in the notations of loc.cit. 

We will denote by r], or sometimes by r/", or 77^ the projection A^lK) — > 0{K). We 
are going to describe R'r]^X"{K)[—n\. Note that it is an element of V{0{K)) which 
is smooth, i.e. its cohomology sheaves are local systems. 

7.2. Let Vi,... ,Vn e C. Recall (see II.3) that C*_(V1 . . . ® Vn) denotes the 
Hochschild complex of the u~-module Vi (g) . . . Vn- It is naturally X-graded, and its 
A-component is denoted by the subscript {•)x as usually. 

Let us consider a homotopy point z = {zi, . . . , Zn) G 0{K) where all Zi are real, zi < 
. . . < Zn- Choose a bijection K — ^ [n]. We want to describe a stalk Rr]^X°'[K)2[—n]. 
The following theorem generalizes Theorem II. 8. 23. The proof is similar to loc. cit, 
cf. III. 12. 16, and will appear later. 

7.3. Theorem. There is a canonical isomorphism, natural in Xi, 

R7^,X^{KU-n] = C:-{<l>m ® . . . ® $(A'„)),_,. □ 



7.4. The group tti{0{K);z) is generated by counterclockwise loops of z^+i around 
Zk, (Ti, k = 1, . . . ,n — 1. Let ak act on ^{Xi) ® . . . ® ^{Xn) as 

id ® . . . (g) R^(x,+,)MXk) ° R'S>(x,)Mx,+i) ® • • • ® id. 

This defines an action of tti{0{K); z) on $(^"1) ® . . .(8>$(A'„), whence we get an action 
of this group on C*-($(A'i) (g) . . . C?) ^{Xn)) respecting the X-grading. Therefore we 
get a complex of local systems over 0{K); let us denote it C*_($(A'i) (g). . . (8)$(A:'„))^. 

7.5. Theorem. There is a canonical isomorphism in V{0{K)) 

R7],X''{K)[-n] ^ C:-mXi) ® . . . ® HX^)fx-a- 



Proof follows from 16. 61 and Theorem 17.31. □ 



190 



7.6. Corollary. Set Aqo := a + 2(Z — l)p — A. There is a canonical isomorphism in 
V{0{K)) 

Rr,,X''{K)[-n] ^ ® . . . ® <I>(A'„) ® DM(Aoo)c-Oo • 



Proof. By Shapiro's lemma, we have a canonical morphism of complexes which is a 
quasiisomorphism 

Cl-{^{X^) $(A'„))A-a C:(<l>(A'i) ® . . . ® ® M+(a - A))o. 

By Lemma [^XI| , M+(a - A) = DM{\^)(^-i. □ 

8. Global sections over V 

8.1. Let J be a finite set, \ J\ = m, and {Xj} a J-tuple of finite factorizable sheaves. 
Set /ij := X{Xj), jl = {jij) G X'^ . Let a G N[/] be such that (/I, a) is admissible. 



cf. p?T| . Let A'S' be the preverse sheaf on obtained by gluing the sheaves Xj, cf. p75 
and 



Note that the group PGL2(C) = Aut(P^) operates naturally on and the sheaf Afi 
is equivariant with respect to this action. 



Let 



denote the natural projection; we will denote this map also by fjj or fjj. Note that fj 
commutes with the natural action of PGL2(C) on these spaces. Therefore Rf]^:XI^ is 
a smooth PGL2(C)-equivariant complex on TV°^ . Our aim in this section will be to 
compute this complex algebraically. 

Note that Rfj^XS^ descends uniquely to the quotient 



8.2. Let us pick a bijection J — ^ [m]. Let Z_he a. contractible real submanifold 
of TV°'^ defined in [^11, 13.1 (under the name Vg)- points are configurations 
(zi,ri, . . . ,Zm,Tm) such that Zj G P^(]R) = S C P^(C); the points zj lie on S in this 
cyclic order; they orient S in the same way as (0, 1, oo) does; the tangent vectors Tj 
are real and compatible with this orientation. 



8.3. Definition. An m-tuple of weights fl G is called positive if 

m 

H + (1 - 02p e N[I] c X. 

If this is so, we will denote 

m 

:= J2 N + (1 - 02p □ 
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8.4. Theorem. Let Xi, . . . , G J-'S. Let Jl he a positive m-tuple of weights, jjj > 
X{Xj), and let a = a{fl). Let Xj^ be the sheaf on obtained by gluing the sheaves 
Xj . There is a canonical isomorphism 

R%X;^[-2m]z = Tor|_.(k, ^X^) ® . . . ® <^{XJ). 



Proof is sketched in the next few subsections. 

8.5. Two-sided Cech resolutions. The idea of the construction below is inspired 



by [gll, p. 40. 

Let P be a topological space, U = {Ui\ i = 1, . . . ,N} an open covering of P. Let 
jioii-.ia denote the embedding 

n . . . n f/,„ p. 

Given a sheaf JF on P, we have a canonical morphism 

— >C'{U;J^) (285) 

where 

the differential being the usual Cech one. 
Dually, we define a morphism 

C,{U;T) — >T (286) 

where 

C,{U; J^): — > Cn{U; J^) — > Cn-i{U; J^) — > ... — > Cq{U- T) — ^ 

where 

If is injective then the arrows ( P85| ) and (|286|) are quasiisomorphisms. 



Suppose we have a second open covering of P, V = {Vj\ j = 1, . . . , A^}. Let us define 
sheaves 

Q"(W,V;.F) :=a(V;C7"(W;.F)); 

they form a bicomplex. Let us consider the associated simple complex C**(W, V;JF), 
i.e. 

It is a complex concentrated in degrees from — to A^. We have canonical morphisms 

J" — > C'{U- J^) < — C'iU, V; 

If JF is injective then both arrows are quasiisomorphisms, and the above functors are 
exact on injective sheaves. Therefore, they pass to derived categories, and we get a 
functor /C ^— C"(W, V;/C) from the bounded derived category V^{P) to the bounded 
filtered derived category VF{P). This implies 

8.6. Lemma. Suppose that K, E V\P) is such that RT{P-C^{Uy]K,)) = for all 
a, b and all i ^ 0. Then we have a canonical isomorphism in T>^{P), 

Pr(P; /C) ^ P°r(P; C'{U, V; /C)). □ 
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8.7. Returning to the assumptions of theorem p.4| , let us pick a point 
z = (^1, Ti, . . . ,Zjn, Tm) G TV°'^ such that Zj are real numbers Zi < . . . < and 
tangent vectors are directed to the right. 

By definition, we have canonically 
where 

/C:=A'^1,-.(,)[-2m]. 

Let us pick > |a| and reals pi, ■ ■ ■ ,Pn, Qi, ■ ■ ■ ,<1n such that 

Pi < . . . < Pn < zi < . . . < Zm < Qn < ■ ■ ■ < qi- 

Let us define two open coverings U = {Ui\ i = 1, . . . , A^} and V = {Vi\ i = 1, . . . , A^} 
of the space "P" where 

= - U = Pi}; = - U {tk = Qi}, 

k k 

where tk denote the standard coordinates. 

8.8. Lemma, (i) We have 

/?T(P°;C'fe"(W,V;/C)) = 

for all a, h and all i 0. 

(ii) We have canonical isomorphism 

in the notations of \5. 1\ . 

Proof (sketch). We should regard the computation of RT(V°';C^(U,V]}C)) as the 
computation of global sections over of a sheaf obtained by gluing Xj into points 
Zj, the Verma sheaves M.{0) or irreducibles C{0) into the points pj, and dual sheaves 
DM{0)(^-i or DC{0)(^-i into the points qj. 

Using PGL2(M)-invariance, we can move one of the points pj to infinity. Then, the 
desired global sections are reduced to global sections over an affine space A"", which 



are calculated by means of Theorem ^ 



Note that in our situation all the sheaves C^{U, V; /C) actually belong to the abelian 
category A^(P") of perverse sheaves. So C'iU, V; /C) is a resolution of /C in A^('P"). 
□ 



8.9. The conclusion of 8^ follow from the previous lemma and Theorem 5/7. □ 



8.10. The group tti (TV""", Z) operates on the spaces Tor^+Jk, . .®^{Xra)) 

via its action on the object $(^"1) ® . . .® induced by the braiding and balance 

in C. Let us denote by 

Tor|+.(k, ^{X.m)f 
the corresponding local system on TP "™. 
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8.11. Theorem. There is a canonical isomorphism of local systems on TV " 



Proof follows immediately from 6.6 and Theorem 8.4. □ 



9. Application to conformal blocks 

9.1. In applications to conformal blocks we will encounter the roots of unity ( of not 
necessarily odd degree /. So we have to generalize all the above considerations to the 
case of arbitrary /. 

The definitions of the categories C and J-'S do not change (for the category C the 
reader may consult |[AP|| , §3). The construction of the functor <l> : J-'S — > C and the 



proof that $ is an equivalence repeats the one in III word for word. 

Here we list the only minor changes (say, in the definition of the Steinberg module) 
following |[L1|| and 



9.1.1. So suppose C is a primitive root of unity of an even degree /. 

We define i := j. For the sake of unification of notations, in case I is odd we define 
i := I. For z G / we define ii := where {i,di) stands for the greatest common 
divisor of £ and di. 

For a coroot a G 7^ G V we can find an element w of the Weyl group W and a simple 
coroot i E Y such that w{i) = a (notations of ||L1|| , 2.3). We define ia '■= jf^T)^ ^"^^ 



the result does not depend on a choice of i and w. 

We define 70 G 7?. to be the highest coroot, and [3q ElZ to be the coroot dual to the 
highest root. Note that 70 = [3q iff our root datum is simply laced. 

9.1.2. We define 

:= {A G X|A ■ fie a for any fi e X} 



One should replace the congruence modulo lY in the Definition p.6.1| and in |3.1| by 
the congruence modulo Ye. 

We define pe E X a.s the unique element such that {i, pi) = ii — 1 for any i G /. 
Then the Steinberg module L{pe) is irreducible projective in C (see [ |AP|| 3.14). 
Note also that p£ is the highest weight of u"*". 

One has to replace all the occurences of {I — l)2p in the above sections by 2pi. 



In particular, the new formulations of the Definition B.3 and the Theorem |8.4| force 



us to make the following changes in |3.1| and |3]^ 



In ^]T] we choose a balance function n in the form 

^(/^) = ^/^ ■ - ■ 

In other words, we set z/q = —pe- This balance function does not necessarily have the 
property that n{—i') = mod /. It is only true that n{—i') = mod £. 

We say that a pair (/I, a) is admissible if J2k f^k ~ = 2pe mod Ye. 
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9.1.3. The last change concerns the definition of the first alcove in |5.10 
The corrected definition reads as follows: 
if ii = £ for any i & I, then 

Ai = {Xe X\ {i, A + p) > 0, for all i G /; (70, A + p) < £}; 

if not, then 

A; = {A e X\ {i, A + p) > 0, for all i G /; (/So, A + p) < ip^} 

9.2. Let Q denote the affine Lie algebra associated with g: 

O^C^0^s((e))^O. 

Let (9k be the category of integrable g-modules with the central charge k — h where 
h stands for the dual Coxeter number of q. It is a semisimple balanced braided rigid 
tensor category (see e.g. |[MS|| or |[1''2|| ). 

Let be the category of g-integrable g-modules of finite length with the central 
charge —k — h. It is a balanced braided rigid tensor (bbrt) category (see | |KL| |). Let 
be the semisimple subcategory of formed by direct sums of simple g-modules 
with highest weights in the alcove V^: 

Vk := {A G X\ {i, X + p) >0, for all i G /; (/?o, X + p) < k} 

The bbrt structure on 0_k induces the one on and one can construct an equiv- 
alence 

respecting bbrt structure (see ||F2|| ) . D.Kazhdan and G.Lusztig have constructed an 
equivalence 



(notations of |6.1|) respecting bbrt structure (see ||KL|| and |P^3|| ). Here ( = exp ^^"^^ ^ ) 
where d = maxjg/ di. Thus / = 2dK,, and i = dn. 



Note that the alcoves and A; (see p.l.3| ) coincide. 
The Kazhdan-Lusztig equivalence induces an equivalence 

where 0^ is the semisimple subcategory of rCq formed by direct sums of simple Uy- 
modules L{X) with A G A (see and |[AP|| ). The bbrt structure on jfic^ induces 
the one on (9^, and the last equivalence respects bbrt structure. We denote the 
composition of the above equivalences by 

: a ^ 0^. 



Given any bbrt category B and objects Li, . . . , ^ B we obtain a local system 
Homg(l, Li®. . .®Lmf^ on TV°"^ with monodromies induced by the action of braiding 
and balance on Li (g) . . . (g) L^. 

Here and below we write a superscript to denote a local system over TP°™ with 
the fiber at a standard real point zi < . . . < Zm with tangent vectors looking to the 
right, equal to X. 
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Thus, given Li, . . . , € O^, the local system 

Hom0^(l, Li® . . . ®Lmf 

called local system of conformal blocks is isomorphic to the local system 
Hom0^(l, 0(Li)(8) . . . Here will denote the tensor product in "tilded" 

categories. 

To unburden the notations we leave out the subscript ( in from now on. 

For an object X G /jC let us define a vector space {X)^c in the same manner as 
in f).9[ i.e. as an image of the canonical map from the maximal trivial subobject of X 
to the maximal trivial quotient of X. Given Xi, . . . , X^ G rC, we denote 

(Xi, . . . X^) := (Xi ® . . . ® X^)^c- 

9.2.1. Lemma. We have an isomorphism of local systems 

Hom^^(l, 0(Li)® . . . ®(j){Ljf ^ • • • , (f>{Lj)lc 

Proof. Follows from 0. □ 

9.3. Lemma. The restriction functor T : rC — > C (cf. \6.S\ ) induces isomorphism 



Proof. We must prove that if Ai, . . . , G A, -L(Ai), . . . , L{Xjn) are corresponding 

simples in rC, and L(Aj) = TL(Ai) — the corresponding simples in C, then the 

maximal trivial direct summand oi L{\i)® . . .® L{Xm) in rC maps isomorphically to 
the maximal trivial direct summand of i^(Ai) ... L{Xm) in C. 

According to @, ||AP|| , -L(Ai) ® . . . Cg) L{\m) is a direct sum of a module 

L{Xi)^ . . . ^L{\m) G Of and a negligible module X G rC. Here negligible means 
that any endomorphism of X has quantum trace zero (see loc. cit.). Moreover, it is 
proven in loc cit. that X is a direct summand of W ^ M for some M & rC where 

W = ©^en L{uj), 

= {iu e X\ {i,uj + p) > for all i G /; {/So, lu + p) = k} 

being the affine wall of the first alcove. By loc. cit., W is negligible. Since TL{u!) = 
L{uj), uj & Q and since T commutes with braiding, balance and rigidity, we see that 
the modules L{u!) are negligible in C. Hence TW is negligible, and TW ® TM is 
negligible, and finally TX is negligible. This implies that TX cannot have trivial 
summands (since L{0)) is not negligible). 

We conclude that 

(T(L(AO ® . . . ® L{>^)))c = (TL(AO® • • • ®TL{X^))c = 
(L(Ai)® . . . ®L{Xm))^c = {L{Xi) ® . . . ® L{X^))^c □ 
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9.4. Corollary implies that the local system 



is canonically a subquotient of the local system 

Tor|+o(k, T0(Li) ® . . . ® T0(L„) ® L(2p£)^ 

(the action of monodromy being induced by braiding and balance on the first m 
factors). 

9.5. Let us fix a point oo G P""^ and a nonzero tangent vector v G TqoP^. This defines 
an open subset 

and the locally closed embedding 

Given Ai,... ,Am. G A, we consider the integrable g-modules L(Ai),... ,L{\m) of 
central charge k — h. 

Suppose that 

Xi + ... + Xm = ae C X. 

We define Aqo := 2pi, and A := (Ai, . . . , A^, Aoo)- Note that A is positive and a = a(A), 
in the notations of Kl 



Denote by XS' the sheaf on obtained by gluing £(Ai), . . . , C(Xm) , jC(Xoo) ■ Note 

A A 

that 

where ? : ^ 

A A 

Consider the local system of conformal blocks 

Hom^Jl, L(Ai)® . . . 0L{X^)f. 

If YliLi K ^ C X then it vanishes by the above comparison with its "quantum 
group" incarnation. 

9.6. Theorem. Suppose that J2iLi Aj = a G N[/]. Then the local system of conformal 
blocks restricted to TA°^ is isomorphic to a canonical subquotient of a "geometric" 
local system 

S -fl- '/m+l*J!*-^x ■ 



Proof. This follows from Theorem |8.11| and the previous discussion. □ 



9.7. Corollary. The above local system of conformal blocks is semisimple. It is a 
direct summand of the geometric local system above. 



Proof. The geometric system is semisimple by Decomposition theorem, pBD 
Theoreme 6.2.5. □ 



9.8. Example |5.12| shows that in general a local system of conformal blocks is a 



proper direct summand of the corresponding geometric system. 
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Part V. MODULAR STRUCTURE 
ON THE CATEGORY TS 

1. Introduction 

1.1. Let C — > 5* be a smooth proper morphism of relative dimension 1. Let x = 
[xi, . . . ,Xm) be an m-tuple of disjoint sections Xk '■ S — > C. In this part we will 
show how to localize u-modules to the sections x. To this end we will need a version 
of cohesive local system on the space of (relative) configurations on C. 

The main difference from the case C = is that the local systems are in general no 
more abelian one-dimensional. In fact, the monodromy in these local systems factors 
through the finite Heisenberg group. To stress the difference we will call them the 
Heisenberg local systems. 

These local systems are constructed in Chapter 1. 



1.2. Given a i^-tuple of u-modules (or, equivalently, factorizable sheaves) {Xk} we 
study the sheaf g{{Xk}) on C obtained by gluing the sheaves {Xk}. Namely, we study 
its behaviour when the curve C degenerates into a stable curve C with nodes. 

It appears that the sheaf g{{Xk}) degenerates into a sheaf g{{Xk}, {'R-j}) obtained 
by gluing the sheaves {Xk} and a few copies of the sheaf TZ: one for each node of C 
(Theorem 17. 3|) . 

The sheaf TZ is not an object of J-'S, but rather of TS®"^ (or, strictly speaking, of 
IndTS ® Ind^iS). It corresponds to the regular u-bimodule R under the equivalence 



The Theorem |17.3| is the central result of this part. Its proof occupies Chapters 2- 



5. We study the degeneration away from the nodes in Chapter 2. We study the 
degeneration near the nodes in Chapter 4, after we collect the necessary information 
about the regular bimodule R in Chapter 3. 

As a byproduct of geometric construction of the regular bimodule we derive the her- 
mitian autoduality of R and the adjoint representation ad. 



1.3. In Chapter 5 we investigate the global sections of the sheaf g{{Xk}). They form a 
local system on the moduli space of curves with K marked points and nonzero tangent 
vectors at these points (strictly speaking, the local system lives on the punctured 
determinant line bundle over this space). The collection of all such local systems 
equips the category J^S with the fusion, or modular, structure in the terminology 
of (Theorem pA^ ). 

Historically, first examples of modular categories appeared in the conformal field the- 
ory (WZW models), see e.g. ||MS|| and ||TUY|| . Namely, the category of integrable 



g-modules of central charge k — h has a natural modular structure. 

As far as we know, the category J-'S is the first example of nonsemisimple modular 
category. 



198 



1.4. In Chapter 6 we study the connection between modular categories (9^ and Cq 
forC = exp(^). 

It appears that the modular structure on the former category can be reconstructed in 
terms of the modular structure on the latter one. 

As a corollary we get a description of local systems of conformal blocks in WZW 
models in arbitrary genus as natural subquotients of some semisimple local systems 
of geometric origin (Theorem |19.8|) . 



The geometric local systems are equipped with natural hermitian nondegenerate 
fiberwise scalar product (being direct images of perverse sheaves which are Verdier- 
autodual up to the replacement ( i— >■ (~^) which gives rise to a hermitian nondegen- 
erate scalar product on conformal blocks in WZW models. 

1.5. Our work on this part began 5 years ago as an attempt to understand the 
remarkable paper [CFW|. In fact, the key ingredients — Heisenberg local system, 



and adjoint representation — were already present in this paper. 

V.Ginzburg has drawn our attention to this paper. D.Kazhdan's interest to our work 
proved extremely stimulating. 

During these years we benefited a lot from discussions with many people. The idea 
of Chapter 4 is due to P.Deligne. The idea to study the degeneration of Heisenberg 
local system is due to B.Feigin. We are grateful to R.Hain, J.Harris and T.Pantev 
who took pain of answering our numerous questions about various line bundles on 
the moduli spaces. The second author is obliged to V.Ostrik for useful discussions of 
adjoint representation. 
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Chapter 1. Heisenberg local system 



2. Notations and statement of the main result 

2.1. Let a G N[X], a = ^a^^. We denote by suppa the subset of X consisting of 
all /i s.t. 7^ 0. Let tt : J — > X be an unfolding of a, that is tj7r~^(/x) = for any 
II & X. As always, denotes the group of automorphisms of J preserving the fibers 
of TT. 

2.LL The fibered product C Xs ■ ■ ■ Xs C (J times) will be denoted by C"^ . The 
group acts naturally on C"^, and the quotient space C'^/S^ will be denoted by C". 

o o 

C"^ (resp. C") stands for the complement to diagonals in C"^ (resp. in C°). 

2.1.2. TC"^ stands for the complement to the zero sections in the relative (over S) 

o 

tangent bundle. So TC"^ — > C'' is a (C*)'^-torsor. We denote by TC^ its restriction 

o o 

to . The group S^r acts freely on TC"^, and we denote the quotient T'C'^/S^ by 

o o 

The natural projection TC"^ — > TC" will be denoted by tt, or sometimes ttj. 

2.1.3. Given j e J we consider the relative tangent bundle on C"^ along the j-th 
coordinate Tj. It is a line bundle on C"^. For // e suppa we consider the line bundle 

<S> Tj on C"^ . It has a natural E^-equivariant structure and can be descended to 

j67r-i(M) 

the hne bundle on C". 

2.1.4. Given £ > we denote by the standard disk of radius e. If there is no 
danger of confusion we will omit e from our notations and will denote simply by 
D. 

o 

The definitions of D-^, D°', D'' , D", TD'' , TD"" simply copy the above definitions, and 
we do not reproduce them. 

2.1.5. Given a surjection r : J — > K we consider the map ttk '■ K — > X, k ^ 
Y.jer-'^ik) ^(j)- We will use the notation ax for Y^^ex ft^K^if^)/^ ^ N[X]. 

We consider the following (infinite dimensional) manifold 

keK 

o 

where TC^ is the space of analytic open embeddings Sk x D ^ C such that the 
restriction to Sk X is just a X-tuple of sections S — C. Here Sk denotes the 
disjoint union of K copies of S. 

o o 

We have an evident projection px TC^ — > TC^ taking the first jet. Note that 
Pk is a homotopy equivalence. 
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We denote by the natural substitution map TC^ — > TC'^ . 

2.1.6. Recall (see IV. 9.1) that I stands for | in case / is even, and for I in case / is 
odd. Recall (see loc. cit.) that 

Yr.= {\ e X \ \ ■ e e X} 

We denote by d the cardinality of XjY , and by d^ the determinant of the form |?-? 
restricted to the sublattice d X Note that if i is divisible hy d := maxi^j di then 
di = tl(X/Y£). This will be the case in our applications to conformal blocks. 

To handle the general case we need to introduce some new characters. We define 

Xi:={i2eX^Q\ fi-YieiZ} 

Evidently, Yi C X C Xi, and X^ is generated by X and {4-i',i E I}. So if d\i then 
Xi = X but in general this is not necessarily the case. 

Note that de = \^{Xe/Ye). 

To study the modular properties of the Heisenberg local system and the category J^S 
(cf. especially the Theorem |7]^(b)) we will have to modify slightly the definition of 
the latter one, and, correspondingly, of the category C. We start with the category C. 

Consider the subalgebra u' C u (see II. 12.3) generated by 6i, Cj, Kf^, i E I (notations 
of loc. cit.). 

We define C to be a category of finite dimensional Xrgraded vector spaces V = ©Va 
equipped with a structure of a left u'-module compatible with X^-gradings and such 
that 

for X G Vx, i E I. 

This is well defined since {dii, Xi) G Z for any i E I. 

We have a natural inclusion of a full subcategory C ^ C. 

We define the category J^S' exactly as in III. 5. 2, just replacing all occurences of X 
hjX,. 

We have a natural inclusion of a full bbrt subcategory J^S ^ J-'S', and the equivalence 
$ : J-'S — y C extends to the same named equivalence $ : J-'S' — > C. The proof is 
the same as in III; one only has to replace X by Xe everywhere. 

Recall that in case d\i (the case of interest for applications to conformal blocks) we 
have Xi = X, J^S' = J^S, C = C. 

From now on we will restrict ourselves to the study of the categories J-'S', C . However, 
in order not to scare the reader away by a bunch of new notations we will denote them 
by TS,C. 

The interested reader will readily perform substitutions in the text below. 

2.1.7. Consider a function n : Xi — ^[2^] such that n(/i + 1/) = ni^li) +n(z/) +/i • z/. 
We will choose n of the following form: 

for some E X^. From now on we fix such a function n and the corresponding vq. 
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Let g be the genus of our relative curve C — > S. 

2.1.8. Definition, (a) We will denote the unique homomorphism 

identical on by a i— > a~; 

(b) a G N[X{] is called g-admissihle if a~ = {2g — 2)vq. 

2.1.9. From now on we assume that C is a primitive root of unity of degree /. Then 
C = exp(27rA/— 1 j) for some integer k prime to /. We fix fc, and for a rational number 
q we define := exp(27rv^^gy). 

2.1.10. Given a = ^ N[Y] and its unfolding vr : J — > Y, we consider the 

o 

following one-dimensional local system T"^ on TD'^: 
by definition, its monodromies follows: 
around diagonals: ^27r0i)-7r{j2). 
around zero sections of tangent bundle: (^^"('^(j)). 

o 

We define the one-dimensional local system X" on TD°' as X" := [tij^I'^)'^^'^ (cf. 
111(46)). 

2.1.11. For a line bundle £ we denote the corresponding C*-torsor by C 
2.2. Statement of the main result. 

2.2.1. Definition. The Heisenherg local system Ti is the following collection of data: 

o 

1) A local system on TC° for each admissible a G ^[X^]; 

2) Factorization isomorphisms: for each a G unfolding tt : J — > Xi, surjection 
r : J — > K, the following isomorphisms are given: 

satisfying the usual associativity constraints. 

2.2.2. Theorem. Let 5 — > S denote the determinant Yme bundle of the family C — > 
S (see e.g. |^M|]). Then after the base change 



Cs C 

i i 
S S 

there exists a Heisenberg Local System Ti. 

The dimension of Ti is equal to d^, and the monodromy around the zero section of 6 
is equal to (-i)rkx,^i2i.o-<^o_ 
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2.2.3. Remark. In the case g = 1 the hne bundle is known to be trivial. It is easy 
to see that there exists a one-dimensional local system on S with any given monodromy 
around the zero section. 

We will construct the Heisenberg local system Ti. over S (as opposed to 6). Lifting it 
to 6 and twisting by the above one-dimensional systems we can obtain a Heisenberg 
local system with any given scalar monodromy around the zero section. 

The construction of the desired Heisenberg System will be given in the rest of this 
Chapter. 

3. The scheme of construction 

3.1. First note that it suffices to construct the desired local system Ti. for ( = 
exp(^!-^^). If k is prime to /, and (' = exp(27rV— 1 j), then is obtained from 
7i( just by application of a Galois automorphism of our field k. So till the end of 
construction we will assume that C = exp(^^-^^). 

3.2. In what follows everything is relative over the base S. To unburden the notations 
we will pretend though that C is an absolute curve. Thus H^{C) stands, say, for the 
local system of Z-modules of rank 2g over S. 

For a G NfX^] we introduce the following divisor on C": 

where A^j,, z/ G suppa, stands for the corresponding diagonal in C". Note that for 
5f > 2 all the coefficients of the above sum are integers. To simplify the exposition we 
will assume that g > 2. For the case of (? = 1 see |3.6| . 

Given an unfolding tt : J — > Xe we denote the puUback of under ttj by V-^; this 
is a divisor on C"^ . 

We consider the (relative) Picard scheme Pic(C) C?> Xe. The group of its connected 
components is naturally isomorphic to Xe. Each component carries a canonical po- 
larization uj which we presently describe. It is a skew-symmetric bilinear form on 
ifi(Pic°(C) Xe) = Hi{C) (8> Xe equal to the tensor product of the canonical cup- 

product form on Hi{C) and the symmetric bilinear form on Xe. Note that 

is positive definite, so uo is (relatively) ample. 
We denote by AJ^ : — > Pic(C) ® Xe the Abel-Jacobi map AJq,(X] /^a;^) = 

The admissibility condition implies that the Abel-Jacobi map lands into the connected 
component {J'ic{C)®Xe)(2g-2)uQ to be denoted by A. Note that the projection A — > S 
has a canonical section VL®vq., so Ais a, genuine abelian variety, not just a torsor over 
one. Here VL denotes the (relative) canonical line bundle on C . 

3.2.1. Definition. We define the following line bundle on C": 
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The desired construction is an easy consequence of the following Propositions: 

3.3. Proposition. There is a unique line bundle C on A such that for any 
5f-admissible a we have = AJ* (£). The first Chern class ci(£) = — [cu]. 

3.4. Proposition. There exists a local system on £ 5 such that dimij = df 

2i 

(see p.l.6| ); the monodromy around the zero section of C is equal to ; and the 
monodromy around the zero section of 6 is equal to (_i)rkX£^i2vo i^o_ 

3.5. In the remainder of this section we derive the desired construction from the 
above Propositions. 

We fix a (/-admissible a. We denote by AJq, the natural map between the total spaces 
of the corresponding C*-torsors: 

Aj„: (aj:(/:))-— 



By the Proposition |3.3| we have an isomorphism 

Aj;(£) ^ (287) 
It is clear from the definition of Ca that the pullback of Ca to TC° has the canonical 

o 

meromorphic section Sa- The restriction of this section to TC^ does not have poles 
nor zeros, and hence it defines the same named section of the C*-torsor (A J* (£))'. 

We change the base to 6, and preserve the notations AJ^, Sa for the base change of 



the same named morphism and section. By the Proposition |3]J we have the local 
system S) on C Xs S. 

We define to be s* AJq, Sj twisted by the one- dimensional sign local system. 

The proof of the above Propositions and the construction of factorization isomor- 
phisms will be given in the following sections. 

3.6. The above construction does not work as stated in the case of elliptic curves: 



the line bundle 0{V°') in the Definition p.2.1| does not make sense since the coefficients 
■ /X of the divisor apriori may be halfintegers. 

We will indicate how to carry out the construction in this case. 

For any G Z such that A^ff /i ■ /i, N^n{fi) G Z V/i G we define 

jC^ ■= (g) T^^"(^') ® 0(Arr'"). 
We will prove the following versions of the above Propositions. 

3.6.1. Proposition. There is a unique line bundle on A such that for any g- 
admissible a G N[Xe] we have £^ = Aj;£^. The first Chern class ci(£^) = -N[uj]. 



3.6.2. Proposition. There exists a local system S^^ on (£^)'such that dim^^ = d^. 

2 

The monodromy of around the zero section of £^ is equal to ( '^'^i . 



Moreover, for any N\N' we have S)'^ = [j^]*^^ where [^] : C'^ — > is the map 
of raising to the (^)-the power. 
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3.6.3. Now is defined as s* ^AJ for any as above exactly as in In 
fact, it is enougli to take N = 2. 



4. The universal line bundle 



In this section we will give a proof of the Propositions 3.3 and 3.6.1 



4.1. First we formulate a certain generalization. Suppose given a free Z-module A 
of finite rank with an even symmetric bilinear pairing (, ) : A x A — > Z. We fix an 
element z/ G A, and a function b : A — > Z, b(A) := |(A, A) + (A, u). 

4.1.1. For a G N[A] we introduce the following divisor on C": 

where A^a, /x, A G suppa, stands for the corresponding diagonal in C"". Note that all 
the coefficients of the above sum are integers. 

Given an unfolding tt : J — > A we denote the puUback of under ttj by P'^; this 
is a divisor on C"^. 

We consider the (relative) Picard scheme Pic(C) ® A. The group of its connected 
components is naturally isomorphic to A. Each component carries a canonical po- 
larization u which we presently describe. It is a skew-symmetric bilinear form on 
ifi(Pic°(C) (g) A) = Hi{C) ® A equal to the tensor product of the canonical cup- 
product form on Hi{C) and the symmetric bilinear form (, ) on A. 

We denote by AJ„ : C"" — > Pic(C) (g) A the Abel-Jacobi map AJ„(X; fix^) = Y^iXf,) (g) 

The admissibility condition implies that the Abel-Jacobi map lands into the connected 
component (Pic(C) (g A)(^2g-2)u to be denoted by A/^. 

Note that the projection A/^ — > S has a canonical section Q ^ u, so A/<^ is a genuine 
abelian variety, not just a torsor over one. Here Q denotes the (relative) canonical 
line bundle on C. 



4.1.2. Definition. We define the following line bundle Ca on C": 

An element a = J2(^x^ ^ N[A] (formal sum) is called (yf-admissible if a~ = {2g — 2)v. 



Now we are able to formulate the Proposition generalizing 3.3 



4.2. Proposition. There is a unique line bundle £(A, (,), v) on A\ such that 
for any ^f-admissible a we have Ca = AJ*(£(A, (,), u)). The first Chern class 
Ci(/:(A, (,), z/)) = -[cu]. 
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4.3. We start the proof of the Proposition ^.2| with the following Lemma. Let ttj : 
J — > A be an unfolding of a. Let r : J — > be a surjection, and hk '■ K — > A 
be an unfolding of uk as in |2.L5 . To simplify the notations we will denote ax by (3. 

Let (Jt- denote the natural ("diagonal") embedding ^ C"^. 
4.3.1. Lemma. There is a canonical isomorphism 

Proof. It is enough to prove the Lemma in the case \ J\ = \K\ + 1. So we fix i,jEJ 
such that r(i) = r(j) = k, and we denote TTji^i) by yUj, and vrj(j) by fij. 

We have n*j(V°') = fii ■ fijAij + V where Aij (f_ supp(r'')- 

Moreover, it is clear that V fl A,j = o^(v:\(T)^y), and hence 

a>:(0(I?')) = -^KiOip^)) 

On the other hand, for any smooth divisor D we have a canonical isomorphism 
0{p)\v = Mv (the normal bundle). 

In particular, we have (j*(C(A.y)) = cF*{Ti) = <7*(Tj) = T^. 

Thus a;{T^^^'^ ^T-^^^^ ® 0((/i„/i,)A,,)) = T,^('^')+i'('^^)+(^-'^^-) = yM^^+A^.) = 

Finally, if m 7^ z, j, then evidently a*(Tm) = TT-(m)- 

Putting all this together we obtain the statement of the Lemma. □ 

4.4. To prove the Proposition we have to check a necessary condition: that the first 
Chern class of Ca is a pullback of some cohomology class on under the Abel-Jacobi 
map AJq,. This is the subject of the following Lemma. 

4.4.1. Lemma. If a is admissible, then Ci(£q,) = AJ* (— [cj]). 

Proof. Let us choose an unfolding vr : J — > A. We denote by vtj the corresponding 
projection C"' — > C". 

It is enough to prove that the pullback of the both sides to C"^ under ttj coincide. 

We introduce the following family of 2-cycles in C"^. For 1-cycles a, b in C, and 
z 7^ j G J, we denote by x bj the following product cycle: the i-th coordinate runs 
along the cycle a, the j-th coordinate runs along the cycle b, all the rest coordinates 
are fixed. The homology class of x bj depends only on i,j and the classes of a and 
b. 

We denote by fi the following 2-cycle: the i-th coordinate runs along the fundamental 
cycle of C, all the rest coordinates are fixed. The homology class of fi depends on i 
only. 



It suffices to check that the pairings of both sides of |4.4.1| with this family of cycles 
coincide. 

We have: 

{-uj,ai X bj) = (7r(i),7r(j))an6= (a^ x bj) n ((7r(i), 7r(j))Aij) = (ci(£„),ai x bj); 

(288) 
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{-u;,f,) = -g{7:{{),n{j)); (289) 

(ci(/:„), /.) = (2 - 2g)h{n{z)) + /, n n*{V^) = (2 - 2(7)b(7r(z)) + (7r(z), (J] 7r(j) - 7r(z))). 

i6J (290) 



To assure the equality of (|289| ) and ( P90|) we must have 



that is, 



(1 - g){n{t), n{{)) = (2 - 2^)b(7r(z)) + (vr(z), ^ 7r(j)), (291) 



:i - ^)((vr(.), vr(O) - 2b(7r(.))) = (7r(.), J] 7r(j)) (292) 



which is precisely the admissibility condition. □ 



4.5. Let us choose a basis I of A. 



Using the Lemma [4.3. 1| we see that it suffices to prove the Proposition for a of a 
particular kind, namely 

a = ^aii + ^a_i(-i) 
where all the positive integers a^, a_j are big enough. 

4.5.1. We define := Y^i^iCHh and «_ := Z^ie/ 
We consider the following Abel-Jacobi maps: 

AJ+ : ^ (Pic(C) ® A),^ =: v4+, 

and 

AJ_ : — > (Pic(C) A)„_ =: A_. 

We have 

AJq, = m o (AJ+ X AJ_) 

where m : A_ — > is the addition map. 

If all the a±i are bigger than then the map 

(AJ+ X AJ_)* : Pic°(A+ X5 A_) — ^ Pic°(C°+ X5 C°-) 

is an isomorphism, and the induced map on the whole Picard groups is an inclusion. 



According to the Lemma |4XT| , Ci(/:„) = Aj;(-[u;]) = (AJ+ x AJ„)*(m*(-[u;])). 
So we deduce that there exists a unique fine bundle C on Xg A_ such that 
= (AJ+ X AJ_)*/:'. 

It remains to show that CJ = m*C for some line bundle C on (necessarily uniquely 
defined). To this end it is enough to verify that the restrictions of C to the fibers of 
m are trivial line bundles. 
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4.5.2. We choose an unfolding J of a. We choose a surjection r : J — > K with the 
following property: K = KqU Ki, r is one-to-one over Ki, and for any k E Kq we 
have T~^{k) = {i, — i} for some i E I. 

Moreover, we assume that a is big enough so that for each z G / both i and —i appear 
at least g times in of both Kq and Ki. 

Recall that ar stands for the diagonal embedding ^ C"^. 

It is clear that = C^" C'^\ and the Abel-Jacobi map AJj o : — > 
factors through the projection onto the second factor. 

Fix a point a G A\. Let us choose p G C^^ such that AJj(crT-(C'^° x p)) = a- Then 
(AJ_|_ X AJ_) o a-r maps C^'^ x p to the fiber m~^{a). 

It is easy to see that the induced maps on the Picard groups ((AJ+ x AJ_) o (jr)* : 
Pic(m~^(a)) — > Pic(C^'') is injective. 

Thus we only have to check that 

((AJ+ X AJ_) O a^yC'lcKoy^p = {(Tr O 7Tj)*Ca\cKoxp 

is trivial. 

According to the Lemma |4.3.1|, this line bundle is equal to n^^Ca^)- It is clear from 



the definition that Caj^ is lifted from the projection to the factors carrying nonzero 
weights. In particular, the restriction of £q,^ to a fiber of this projection is trivial. 



This completes the proof of the Proposition 4.2. 



4.6. To prove the Proposition |3.3| it suffices to apply Proposition [4.2| to the case 
A = X,- (?, ?) = f ?■?; u = u,- b(A) = f n(A). 



To prove the Proposition ^.6.1| we take A = X^; (?, ?) = v = z/q; b(A) 

Ar^n(A). □ 



5. The universal local system 



In this section we will give a proof of the Propositions p.4| and |3.6.2 



5.1. Recall the notations of |4.1|. Let us take A = Xg (B Yf, ((xi, (2:2, 1/2)) = 
-jiyi-X2 + y2-xi+yi-y2); z/ = (z/q, 0). 

We denote by A'. We have an obvious projection pr^ : A' — > A. We denote the 



line bundle £(A, (,), z/) (notations of |4.2|) by C. 



5.2. Theorem, (a) C is relatively ample with respect to pr^^. 

(b) The direct image S := pr^^C is a locally free sheaf of rank df . 

(c) In the situation of (that is, ^ > 1) we have det{S) = £ ® {p*Sft^-^'^^'+^^\ 



where p stands for the projection A — > S. 



(d) Assume g = 1. Then in the notations of p.6| we have for any N as in loc. cit. 
(det(£))®^ = ^p*6'^'^ for some i G Z. 



208 



5.2.1. Let us construct the desired local system assuming the Theorem By the 
virtue of ||BK|| , Corollary 3.4 and Corollary 4.2, S is naturaly equipped with the flat 
projective connection. Hence its lifting to (det(£^))' carries a flat connection with scalar 
monodromy around the zero section equal to exp(^2^^). Isomorphism |5.2| .(c) yields 

the map m : C Xs 5 — > (det(£^))', where Tn(\,t) = A ® t'^t^''h^^^i+^-^T^\ It is clear 
that m*S is a locally free sheaf with flat connection, whose monodromy around the 

0-section of C is equal to expf^^^^^) = ('^ , and monodromy around the zero section 
of 6 is equal to (_i)i-kx<^i2i.o i^o_ jj^jg proves the Proposition ^ 



The proof of the Proposition |3.6.2| is even simpler. Note that for any M the lifting of 
S to ((det(£^))®^)' carries a flat connection with scalar monodromy around the zero 
section equal to exp(^^|^). 

Now |^(d) implies the isomorphism (det(£))®i2iv ^ (^^n^(^i2 as in 

(recall that 5®^^ is trivial). 

So for any we can define Sj^ to be m*S where m : — > (det(£^))'^^^^ is the 
composition of raising to the 12-th power and the above isomorphism. □ 



5.3. We now proceed with the proof of the Theorem |5]^. The statements (a) and 
(b) follow immediately from the Proposition |4.2| and the Riemann-Roch formula for 
abelian varieties (see e.g. |[M1|| ). 

To prove (c) we need two auxilliary Propositions. 

As usually, it is more convenient to work in greater generality. Thus suppose given 
A, ( 



u as m 



We will denote the canonical section (g) z/ of = (Pic(C) (S) A)(^2g-2)u by s. This 
section identifies A\ with Pic°(C) A, and we will use this identification in what 
follows. 



5.4. Proposition. s*{C{A, (,), z/) = (J-^^'^'^) (notations of ^). 



5.5. Corollary. C{A, (,), u) = C{A, (,), 0) p* 5-^'''''''\ 

Proof. Let first g = 1- Then note that the condition of (yf-admissibility reads a~ = 
independently of u. To stress the dependence of on u we will include u as the 
subindex for a moment. 

We have Tx = p*{S'^) for any A G A. 

For any 1-admissible a, and any u we have 

^" = ^0^ (g) Tf'") = £^®p*(5-("^'")) =£E^ 

AgsuppcK 

It follows that £(A, (, ), z/) = £(A, (, ), 0) for any z/. On the other hand 6(z/, u) E 12Z, 
and (5*^^^ is known to be trivial. 

This takes care of the case (7 = 1. 

Assume now g > 1. 
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In view of the Proposition it is enough to show that C{A, (, ), z/) = C{A, (, ), 0) (8> 
p*S for some hne bundle S on 5*. So we can assume that S* is a point. 

Let us choose a nonzero holomorphic form a with zero divisor (cr) on C. Then, for 
any a G N[A], we have an embedding 



Recall the Definition ^.1.21 of (^-admissibility. Since g is fixed, while u varies, till the 



end of the proof we will replace this term by v-admissihility. 
Note that if a is 0-admissible, then a + {2g — 2)v is i/-admissible. 
It is clear that for 0-admissible a we have 

= (g) t)^'"'''^ ® = (g) T^o^'^) ® = 

^Ssuppa /jgsuppa 

(notations of ^TTl) . 

Now the Corollary follows from the definition (and uniqueness) of i2(A, (, ), v) (Propo- 
sition U). □ 

5.6. Proposition. Assume g > 1. Then [i?pA*('C(A, (,), 0))]^ = 5^'^'^^'^^^ where 
d stands for det(— (,) ), while p\ denotes the projection — > 5", and [i?pA*(?)]^ 
denotes the determinant of the complex RpK^iJ) (see e.g. ||KM|| ) . 



Note that d equals the Euler characteristic of Rpt^^{C{K, (, ), 0)). 

5.7. Let us derive the Theorem ^[^(c) assuming the above Propositions. 

Note that the scalar product ((z/q, 0), (z/q, 0)) = 0, and hence the Corollary ^]5] implies 
that C does not depend on z/q. It follows from loc. cit. that the RHS of |5.2|(c) does 
not depend on z/q either. 

We will assume that z/q = until the end of the proof. 

For M G Z and an abelian group G let [M] : G — > G denote the multiplication by 
M. We choose M such that MXe C Yg. 

5.7.1. Lemma. [M]* det{S) = [M]*{C ® {p*Sy'^-^'^^'+^^^). 
Proof. Let us define +m '■ Q)Ye — > Ye as +m{x, y) = Mx + y. 
We have an equality of quadratic forms 

([M] X id)*(, ) = (+,,)*(-!?.?) + prK^?-?) 

(note that all the quadratic forms involved are integer valued and even). 
It implies the equality of line bundles: 

([M] X idyC = i+M ® idymYe, -i?-?, 0) ® p^CiXe, ^?-?, 0)) 
Note that (pr^^, +m) '■ Xi®Yi — > © is an automorphism. Hence 
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[MY det(£) = det(pri,(pr;/:(r,, -I?-?, 0) ® prt/:(X,, ^?-?, 0)) 



2 



= det(pri,pr;/:(r,, -^?-?, 0)) ® £(X,, ^?-?, 0)^' (293) 

by the projection formula (note that df is the Euler characteristic of 
pri,pr*/:(y,,-i?-?,0)). 

The first tensor multiple is equal to 

p\ det((ppi,o(c)^^j./:(r,, -^?-?, 0)) = p^d-'^^i^"^^^ 

by the Proposition 

The second tensor multiple is identified with 

£(X,,^?-?,0) = [M]*/:(X,,^?-?,0) 
This completes the proof of the Lemma. □ 

5.7.2. Now the difference of the LHS and RHS of ^(c) is a line bundle S on Pic°(C)(g) 
Xi which is defined functorially with respect to S. Moreover, we have seen that [M]*S 
is trivial. This implies that H is trivial itself. 

In effect, it defines a section of Pic°(C)Af ® (where the subscript m stands for 
M-torsion) . 

But Pic°(C)Aj ®Xt = R^pc^ Z/MZ ) ® Xe, and it is well known that R^pc*{ Z/MZ ) 
does not have nonzero functorial sections. Hence the above section vanishes, so the 
difference of the LHS and RHS is a line bundle lifted from the base S. 

But we know that the restrictions of the LHS and RHS to the zero section of Pic°(C)® 
Xi coincide. 

This completes the proof of |5.2|(c). 

5.7.3. Now we will prove B]2|(d). 



According to the proof of Corollary |5]^ both sides are independent of u, so we put 
1/ = 0. 

The formula (293) and the argument just above it applies to the case of elliptic curve 
as well provided N\M. The first tensor multiple of (293) is obviously lifted from the 
base. Since the Picard group of the moduli space A^i is generated by 6, loc. cit. 
implies that 

[M]* det(£:) = p*{5') ® C{Xe, 0) 

for some i. Hence 

[M]*(det(^))®^ = p*{5'^) ® £(X,, ^"^'^N -?, 0) = [MY{p*{S'^) ® C"") 



Exactly as in |5.7.2| this implies that 

(det(£))®^ = p*(5'^)®£^ 
This completes the proof of |5.2| (d). □ 
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5.8. We start with the proof of Proposition p^ . 

li g = 1 then both sides are trivial Indeed, the RHS is trivial since G 12Z, 

and 5®^'^ is trivial 

To see that the LHS is trivial it suffices to consider the case a = {0} (neutral element 
of A with multiplicity one). 

/^From now on we assume that g > 1. 

Put P := F{{pc)*{^c/s)) where pc denotes the projection C — > S. We have the 
natural inclusion i : P ^ (7(29-2)^ ^ ^ N[A] be the multiset consisting of {2g — 2) 
copies of u. We will identify C*'-^^"^'' with C". Of course AJ^^ o i maps P to the image 
of s. So it suffices to prove that 



(AJ„ o z)*(/:(A, (, ), v)) = pUS-'^^'"^) (294) 

where pp denotes the projection P — > S. 
Using the fact that b(z/) = |(z/, u) we deduce 

(AJ«o^)*(£(A, (,), u))=^*iC^)=^*iS'<^'\n-|^''^^^)ihu,u)A)). 

^ (295) 

Here A C C-"'' is the diagonal divisor, and for an invertible sheaf JF on C we denote by 
5"(JF) the invertible sheaf 7r,(J^^")^" on C(") (where vr : ^ C(") is the projection). 

Let us introduce some more notation. Let I C C x C^"-* be the incidence divisor. 
We will denote the projection of C x C'-"^ to the i-th factor by pr^ till the further 
notice. This will not cause any confusion with our previous use of the notation pr^. 
For an invertible sheaf JF on C we define a rank n locally free sheaf JF^") on C'-"^ by: 
^(") :=pr2,(0,®prl(^)). 

5.8.1. Lemma, (a) The map JF 1— > S^{J-') defines a homomorphism from Pic(C) to 
Pic(C(")); 

(b) For any line bundle on C we have ((7r,(^^"))^"'-)®2 = S''{J^'^^){-A); 

(c) det(^(")) = (7r,(^^"))^"'-. 
Proof, (a) is clear. 

(b) We obviously have a morphism from the LHS to S"{J-"^). We have to check that 
the cokernel is supported on A, and its stalk at the generic point of A is 1-dimensional. 
For this we can assume that C = A^, and J-" = O, and check the statement directly. 

(c) Let us first construct a morphism from the LHS to the RHS. Let / C C^^^ be the 
union of diagonals Xi = xf, let pr2 (resp. pr^^) be the projection of (7"+^ onto the last 
n (resp. first) coordinates. Then 



7r*(det(^("))) = det(pr2*(pr^-F® O/)) 
because the square is Cartesian. 



(296) 
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We also have the arrow: Oj ©i=2,..,n+iC'{xi=Zi} which yields the morphism 



det(pr2.(prt^ ® Oj) det(pr2,(prt^ ® (©0{..,=.,}))) = (297) 

It is clear that the morphism ( p971 ) anticommutes with the action of E„, hence, 
by ( P96|) , it defines the desired arrow. 



It is easy to see that the image of the monomorphism ( P97| ) is J-' {—D) C J-" , 



where D is the union of all diagonals. But the latter inclusion induces isomorphism 
This completes the proof of the Lemma. □ 



5.8.2. We return to the proof of Proposition ^.4[ It suffices to prove it assuming 
that the line bundle exists over S. Indeed, let Aig denote the moduli space 



of curves of genus g. Then it is known that Pic(A^g) is torsion free (see e.g. [^12 
Lemma 5.14). Hence it injects into the Picard group of the moduli space of curves 
with 6'-characteristics. 

We have 

^*(£„) =f (52g-2(^-|(.,.))(l(^^ Z/)A)) =^(S2^"2(^]3)(_A))-|(-,-) = 

2*(det®2((r]t)(2^-')))^^("''^) = z*(det((ni)(23"2)))-(.,.) 
So the Proposition follows from 

5.8.3. Lemma, det (z* (fit) (2^-2) p*^^6_ 

Proof. Consider the exact sequence of sheaves on C x C*^"-*: 

— > — > pr*fii — > piin^ ®Oi — ^ 

where denotes the kernel. Let now (until the end of the proof) pr^ denote the 
projections of C x P to the respective factors. We see that 

{id X iy\J^) = pr*fi5 ®pr;(?) 

We apply the functor -Rprg^ o (id x i)* to this exact sequence (note that [i?pr2^(f2^ 
pr2(?))]^ does not depend on ? since the Euler characteristic of fl^ is 0). 



Using Mumford's formula (see ||M2|| , Theorem 5.10) we get 

det(f (fii)(2f-2)) = [Ppr2,(prtnt ® z*(0,))]i 

= [Ppr2,(pr*fii)]i - [Ppr2,(pr*fii)]i = 



[6((^)^ - ^) + 1 - - ^) + 1)]PP^ = 6PP5 



This completes the proof of the Lemma along with the Proposition 



5.9. We start the proof of the Proposition 



213 



5.9.1. Lemma. Let 2t — > 5* be a family of abelian varieties over a smooth base S. Let 
a : 21' — ^ 21 be an isogeny. Let £ be a line bundle over 21. Then deg(a) [-Rpa*-^]^ ~ 
[i?P2('*ci*'^]^ lies in the torsion of Pic(S'). 

Proof. By the relative Riemann-Roch theorem (see e.g. 
the equalities in the Chow ring Aq 

ch[R{p(2i'^.a* C] = p^,^{ch{a* C)tdQi' /s) = p<2i*a*a*[ch{C)td<2i/s] = 
= deg{a)p<2i*[ch{C)tdQi/s] = deg{a) ch[RpQi^{C)] 
Taking the components of degree 1 we get the Lemma. □ 

5.9.2. Remark. We will apply the Lemma to the situation 2t = Pic''(C) ® A. In this 
case the hypothesis of smoothness of 5* is redundant. Indeed, it is enough to take for 
S the moduli space of genus g curves M.g. It is well known that there exists a smooth 
covering tt : Aig — > Aig inducing injection on Picard groups. One can take for Aig 
the moduli space of curves with a basis in H^{C, Z/3Z). 

We continue the proof of the Proposition. We define the integer function m(A, (, ) ) 
by the requirement 

[i?PA.(£(A, (,), 0))]^ = 
We will need one more Lemma. 

5.9.3. Lemma. The function m satisfies the following properties: 

(a) m(Ai © A2, (, )i + (, )2) = rn{Ai, (, )i)d2 + rn{A2, (, )2)di (for the notation d see 
Proposition 

(b) Let L : A' ^ A be an embedding with finite cokernel. Then 

m(A',.*(,) ) = #(A/A')^m(A,a); 

(c) If A = Z and (1, 1) = -16 then m(A, (, ) ) = -if. 

5.9.4. We will prove the Lemma below, and now we derive the Proposition from the 
Lemma. 

We call 2 lattices isogenic if they contain isomorphic sublattices of maximal rank. 
From (a) it follows that the Proposition holds for the sum of 2 lattices if it holds for 
each of them. From (b) it follows that the Proposition holds for a lattice if it holds 
for an isogenic one. Thus it is enough to prove it for (A, (, ) ) = (Z, n). 

Note that the statement for the lattice (Z, n) is equivalent to the statement for the 
lattice (Z©Z, ra© (— ra)) since m(Z©Z, n© (— ra)) = 2(— n)^ ■m(Z, n). But the lattices 
(Z © Z, n © {—n)) are isogenic for various n, and (c) says that the Proposition is true 
for n = —16. 

The Proposition is proved. This completes the proof of the Theorem ^.2| (c). □ 



Fu] Theorem 15.2) we have 
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5.10. It remains to prove the Lemma [5.9.3 

(a) is easy. 

(b) follows from the Lemma p. 9.1 



To prove (c) we will need the following Lemma. 

Let C — > 5 be a family such that a square root fi^ exists globally over C. It gives 
the section q : S — ^ Pic^-^(C). On the other hand, Pic^-^(C) posesses the canonical 
theta line bundle O{0). 



5.10.1. Lemma. Q*{0{e)) = 5^2 

Proof. (J. Harris and T.Pantev) Consider a relative curve C over base i?, and a line 
bundle L over C of relative degree 5^ — 1. This gives the section from B to Pic^~^(C), 
and we can restrict 0{6) to B. Evidently, the class of 0{6)\b equals the class of 
divisor D C B : 6 G D iff h^{Lk) > 0. 

On the other hand, one checks readily that 0{—D) = [Rpc*LY- 

We apply this equality to the case B = S, L = fis. Then [i?pc^,L]^ is computed by 
Mumford formula (see |[M2|| , Theorem 5.10). Namely, we get [Rpc*^^Y ~ ^'^ where 
fc = 6(i)2-6(l) + l = -l. 

We conclude that Q*{0{e)) = 5i □ 



5.10.2. Now we are able to prove the Lemma |5.9.3| (c). 

We can assume that VL^ exists globally over C. The corresponding section g : 5* — > 
Pic^~^(C) identifies Pic^~^(C) with Pic°(C). We will use this identification, and we 
will denote the projection Pic°(C) — > S by p. 



(52 by the Lemma |5.10.1| . We define Ci :- 



We have Rp,{0{9)) = O and Q*{0{e)) 

o{e)®p*5-^. 

Then (4)*£i = £(Z, —16). Indeed, the 6'-divisor, and hence Ci is (— l)-invariant. Thus 
(2)*£i and £(Z, —4) are the line bundles with the same Chern class, and both are 
(— l)-invariant. So fiberwise they can differ only by a 2-torsion element. We conclude 
that C{Z, -16) = (2)*£(Z, -4) = {^yXi fiberwise. But the restriction of both these 
line bundles to the 0-section is trivial. Hence they are isomorphic. 



Now (c) follows from the Lemma |5.9.1| since obviously 



6' 



□ 



5.11. We finish this section with a proof of one simple property of the Heisenberg 
local system 7i", a G N[X£]. It states, roughly speaking, that depends only on the 
class of a modulo NfY^]. More precisely, the following Lemma holds. 



5.11.1. Lemma. Let a = J2k&K 0'kfJ'k,Oi' = Y.k&RO'k^k e ^[X^]. Suppose - fik ^ Ye 
for every k & K. Then the natural identification = lifts to a canonical 
isomorphism = . 

Proof. Let 7 G N[Y£], 7~ = 0. We define (3 G N[Xf] as /? = a + 7. We have an obvious 
projection pr : — > C". It is enough to construct a canonical isomorphism 

^ m. 
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5.11.2. Consider the addition homomorphism of abelian varieties 

a : (Pic(C) X^)(2p-2).o x (Pic(C) ® ye)o — > (Pic(C) ® ^^)(2fl-2).o 
We will compute the inverse image a*£. 

To this end we introduce the following bihnear form a on Xf^Y^^Yf 

<^{{x, 7/1, 1/2), {x', y[, 2/2)) := -j{x ■y2 + x' ■y2 + yi-y2 + y'i-y2 + y2- y2)- 

The automorphism (x, yi, 7/2) ^ {^i Hi, Hi + ^2) of ® ® carries this form into 
a', where 

cr'iix, yi, 1/2), {x, y[, 1/2)) := -^(x ■ 1/2 + 2^' • ^2 + ^2 • ^2 - • - • - 2^' • yi)- 
Note that a' = ai + 02 where 

(Tx{{x,yx,y2)\x' ,y'^,y'2)) := -^(a^ • ^2 + 3:^' • ^2 + ^2 • ^2) 

and 

02{{x, yi, y2), {x', y[, y'2)) := -j{-y'i ■ yi - x ■ y[ - x' ■ yi) 

5.11.3. We will denote by pr;^2 the projection of (Pic(C) (E) X£)(^2g-2)uo x (Pic(C') (E) 
Ye)o X (Pic(C) (g) Ye)o to (Pic(C) » Xe)^2g-2)uo x (Pic(C) ® Ye)o (the product of first 
two factors). 

We also denote by pr^ the projection of (Pic(C) Xe)(^2g-2)iyo x (Pic(C) ® Yi)o to 

(Pic(C)«)X,)(2g-2).o- 

Then we have 

a*£ = WuMXe (BY,® Ye, a, (z/q, 0, 0)) = pi^MXe © Y, © Ye, a', (z/q, 0, 0)) = 
= pri2*(>C(X^ ® © y^, (71, {vo, 0, 0)) (8) ®Ye® Ye, 02, {v^, 0, 0))) = 

= pr*£: C{Xe © y^, (72, (i/o, 0)) 

In the last line we view 02 as a bilinear form on X^©y^ since anyway it factors through 
the projection of Xe®Ye® Ye to the sum of the first two summands. The last equality 
follows from the projection formula. 

5.11.4. Let us denote the line bundle L{Xe © Ye, 02, {vq, 0)) by Then we have 

det(a*£:) = det(pr*£) ® ii*^' 

Hence we can define a map 

m : (det(pr*£:)y x £ — > (det (a* £:))', {t, u)^t® u^"'^ . 

Recall that is the universal local system on (det We obviously have the equality 

m*a*Sj — prlS) 

(To be more precise, one could put the exterior tensor product of pr*S) with the 
constant sheaf on £ in the RHS). 
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5.11.5. We are ready to finish tlie proof of tfie Lemma. 
Recall that Ti^ is defined as s^AJ^io (notations of |3.5|). 

We consider also the Abel-Jacobi map AJq,^^ : — ^ (Pic(C)®X£)(2c,_2)i/o x (Pic(C)(8) 
1^)0. As in loc. cit. we have the canonical section ^ of AJ* ,^(det(pr^£^)) and the 
canonical section s of AJ* ,^(det(a*£)). 

We have 

= s*Aj;^^a*^ 

and 

pr*7i:" = ^*Aj;^prtf) 

It is easy to see that there exists a section 5 of AJ* such that 

m(?, s) = s. 

Hence H^^ = s*AJl^^a*Sj = s)*Aj;^^pr^^ = -^^AJ^^^pr^fi = pi^W. 
This completes the proof of the Lemma. □ 



6. Factorization isomorphisms 



6.1. We need to introduce some more notation. Recall the setup of 2.1 



First, we will need the space TC^ containing TC^ as an open subset. It is defined in 

o 

the same way as TC^ , only we do not throw away nor the diagonals, neither the zero 
sections. 

The space TC^ decomposes into the direct product 



k&K 



The projection to the first (resp. second) factor will be denoted by pri (resp. pr2). 
We have the natural substitution map TC^ — > TC^ . We will denote it by qr when 

o o 

there is no risk of confusing it with the same named map TC^ — > TC'^ . 

The evident projection map TC^ — > C'' will be denoted by pr. We will use the same 

00 00 

notation for the projections TC^ — > C"^ , and TC" — > when there is no risk of 
confusion. 

o 

The open embedding C"^ "—>■ C'^ will be denoted by j. We will keep the same notation 

o 

for the open embedding C". 

6.2. Recall that we made a choice in the definition of 7i°: the isomorphism ( pSTp 
was defined up to a scalar multiple. 

Let us explain how to make a consistent family of choices. 
Given a surjection r : J — > K we denote ax by [3 for short. 
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6.2.1. Definition. The isomorphisms 9a '■ Ca — — ^ AJ* (£), and : AJ^(£) 
are called compatible if the following diagram commutes: 

vr}(6lc) 



Here the left vertical equality is just the Lemma [4.3.1| , and the right vertical equality 
is tautological since AJ^ = AJq, o a^-- 

Clearly, we can choose the isomorphisms ( |287|) for all J in a compatible way. We will 
assume such a choice made once and for all. 

This gives rise to the local system Ti." on 

6.3. Now we are ready for the construction of factorization isomorphisms. 
6.3.1. Let us start with the case of disk. 

Given an unfolding tt : J — > Xi we define the meromorphic function Fj on TD^ as 
follows. We fix a total order < on J. The standard coordinates on TD^ are denoted 
by {xj,^j; j E J). We define 

7T{i)jtn{j),i<j 7r(i)=7r(i) jeJ (298) 

The function does not depend on the order on J. 



Recall the setup of 2.1.5 for the case C = D. We have the following two functions on 

Fj{qr), and Fk{pk) x [] ^r-i(fc) (299) 

It is easy to see that the quotient of these two functions TD"^ — > C actually lands 
to C*; moreover the quotient function TD'^ — > C* is "canonically" homotopic to the 
constant map TD'^ — > 1. 

Let Q denote the one dimensional local system on C* with monodromy ( around the 
origin and with fiber at 1 trivialized. 

We define 1^ := F*j{Q). 

Let m : C* x C* — ^ C* denote the multiplication map. Then m*{Q) = Q 
canonically. 

Hence the homotopy between the functions p99| yields the factorization isomorphisms 
for the local systems I'^ . 

The associativity of these factorization isomorphisms follows from associativity of the 
above mentioned homotopies between functions P9£ . 

6.3.2. We return to the case of an arbitrary curve. We denote the "zero section" 
— > TC^ by z. 

Consider the following line bundle on TC^: 

= (qrOpryCa 
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Lr carries the local system 1-C := (gr opr)*7i". 
Since z o opr = dr, we have z*Cr = ^^p- 

The latter line bundle over has a meromorphic section vr|^S/3 constructed in p.5| . 
We will extend this section to the whole TC^ . 

We do have a meromorphic section s'^ : TC^ — > Cr, s'^ = g*7r}(sa), where Sa '■ 
C" — > Cry was defined in 0|. 



Recall that in |S.3.1| we have defined the meromorphic function Fm on TD^^ for any 
unfolding M — >• X^. 

We have 

div(s;) = pr^\diY(j)K7i*KSp)) + pr^\div{l[ F^-i(fc))) 

k€K 

We define the meromorphic section 

= < n Fr-\k) (300) 
Then div(sT-) = pvi^ {div{p*j^TT}^s 13)) , and it is easy to see that z*Sr = t!'kSi3. 

o 

Since pri is a projection with contractible fibers it follows that restricting to TC^ we 
have 

6.3.3. Let m : C*x£^ — > £^ denote the multiplication map. Then m*?i'^ = QMl-C . 
So putting all the above together, we get 

= ( n ^r-HA.))*2 ^ = ( n ^ ^^'^ = 

which completes the construction of the factorization isomorphisms. 

6.4. The compatibility of the constructed factorization isomorphism for 7i with the 
ones for X is immediate. 
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Chapter 2. The modular property of the Heisenberg local system 



7. Degeneration of curves: recollections and notations 

7.1. Let J^g be the moduli space of curves of genus g. Let 2D be a smooth locus of 
an irreducible component of the divisor at infinity in the compactification A4g. It has 
one of the following types. 

(a) Either we have a decomposition g = gi + g2, gi,g2 > 0. Then D is the moduli 
space of the following objects: curves Ci, C2 of genera gi, g2 respectively; points xi G 
Ci,X2 G C2. Thus, Cg degenerates into Ci U C2/{xi = X2). 

(b) Or we put go = g — 1, and then D is the moduli space of the following objects: 
curve Co of genus go with two distinct points Xi 7^ X2 G Cq. Thus, Cg degenerates 
into Co/{xi = X2). 

We denote by the universal family over D. 

7.2. Let D — > D denote the moduli space of objects as above plus nonzero tangent 



vectors Vi at Xi, and V2 at X2- Let Tr^M-g denote the normal bundle to S) in M.g 



with the zero section removed. There is the canonical map p : S) T^Aig (see 
e.g. pFMl , §4). 



7.3. Let C be the universal curve over M.g. Let a G N[Xf]. 



Consider TC (see |2.1.^ ). Note that C has singularities (nodes) over A4g—A4g. 



To simplify the exposition we just throw these nodal points away. That is, TC is 
formed by configurations of nonsingular points with nonzero tangent vectors. 

Let us describe the preimage of D in TC , to be denoted by TC^. 

In case |7]l|(a) TC§ is a union of connected components numbered by the decomposi- 
tions a = ai + a2. The connected component TC^^"'^ is the product C"^ x C^^. Here 
C"'' denotes the configurations of distinct points with nonzero tangent vectors on 

In case [7.1| (b) TCg is the space of configurations of a distinct points with nonzero 
tangent vectors on Cq — {xi, X2}. 

7.4. Thus we obtain the map pa : D X J, TCg — > Trc-TC — the normal bundle 
to rC% in TC with the zero section removed. 

Note that if we prescribe a weight /ii to the point Xi, and a weight /i2 to the point X2 
then 

in case [7l|(a) we can identify 2) Xj, TCg^^^ with fcf^+^^ x TC^^^^^ (notations 
of |T2D; 



in case [TTKb) we can identify 31) x g TC^ with TCq 
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(the exponents are formal sums, and we do not perform symmetrization over fii and 
if they happen to be equal or contained in supp a). 

7.5. It is known that the determinant line bundle 6g over Aig extends to the line 
bundle 6g over J^g. 

In case [TIKa) let zui, i = 1,2, denote the natural projection from D to A4g^- 
In case [m|(b) let zuq denote the natural projection from D to M. go- 



Then 5g\^ = tul6g^ ® tU26g2 {lesp. dgl'X) = GJo^go) (see PFM 
Summing up we obtain the map also denoted by pa- 
in case [m|(a): 



(302) 



m case 



0(b): 



TC-^^^^^^ Xm,, K — ^rcg ^^STC'' >< ^.)- (303) 

7.6. Consider the specialization SpTi^ of the Heisenberg local system along the 

boundary component TCg y^j^^^g- It is a sheaf on T^^j^y, j^iTC y^j^^^g)- We will 

describe its inverse image under the map pa- 
Theorem, (a) In case |7.1| (a) we have 



for /ii = {2gi — 2)uq — ai" , and /i2 = {2g2 — 2)i/o — (notations of p.l.8|) ; 
(b) In case |7]l|(b) we have 

Here the sum is taken over the set X^/Yi (see IV. 9. 1.2 and |2.1.6|) . The statement 
makes sense by the virtue of the Lemma |5.11.1| . Thus there are exactly d^ summands. 

The proof occupies the rest of this Chapter. 
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8. Proof of Theorem |7]6|(a) 

We are in the situation of [7.1|(a). Let us denote AigUD by Ai° C Aig. In this section 
we will extend the constructions of sections | and ^ to the universal family of curves 
over Ai . 

8.1. It is well known that Pic(C/A^g) extends to the family of algebraic groups over 
M° which will be denoted by Pic{C/M°). 

Restricting to D we get 

Pk(C/AT°)|j, = Pic(Ci/D) xs) Pic(C2/D)/((xi) - (X2)), (304) 
and Pic(C/S)) = Pic(Ci/D) xj, Pic(C2/S)). 

In particular, Pic(C/1D) is an extension of Z by an abelian scheme. 



8.1.1. Recall the notations of Given A, (, ), z/ as in ^]T] one constructs the linear 
bundle C{A, (, ), u) over A/^ (see [4.2|) . To unburden the notations we will denote this 
line bundle simply by £ when it does not cause confusion. 

Aa will denote (Pic(C/A^°) ^ A)(2g~2)i^, and p will denote the projection Aa — > M°- 
We have an isomorphism 

O: Aa{C,/^)x^Aa{C2/^)^Aa\^ 

where 

U{a,b) := {a+Xi®u,b+X2®i^) E (Pic(Ci/D)®A)(2g,_i)^ x j,(Pic(C2/D)(g)A)(2g2_i)^ = 

= Pk(C/S))®A)(23_2). 

(the latter isomorphism is obtained from (|304|) ). 



8.1.2. Lemma. There exists a line bundle C on Aa such that jC\p-i(^Mg) = and 

Proof. Note that the line bundle Ca (see [4.1.2| ) defined over C° extends to U (Ci — 
XiT^ X {C2 - X2)"2 c C by the same formula [4.1. 2| . Moreover, automatically 
extends to C"UC^' x C^^ since the complement to (C^ x (C2 -xs)"^ c 
in C" U X 6*2^ has codimension two. 



We define the following line bundle on U Cf^ x C2 



Ct2 . 



£„:=/:,(b(^i)(Cr xC2"^)) (305) 

Here C"^ x C2' is viewed as a divisor on C^uCf^ x C2'. Note also that b(/xi) = b(/i2) 
since /ii + /i2 = — 2z/. 

The line bundle £ on Aa extends uniquely to a line bundle £ on in such a way 
that 
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Arc = Ca. (306) 

In effect, any two extensions of C to A\ differ by the twist by some power of 0{p^^'D) 
— the hne bundle lifted from M° . But evidently, AJ*0(p-iD) = C(Cr x C^^), so 
we can choose our twist uniquely to satisfy ( P06| ). 



8.1.3. Let us choose a basis / of A. Let us fix ai,a2 G N[A]; ai = J^i^ihi + 
J2iei b-ii-i), ^2 = Eie/ + Eie/ c_i(-i) such that 6^, 6_i > gi, Ci, c_i > §2- 

We have the closed embeddings (Xi : Cf^ ^ C^'^^' (resp. as : ^2°' C^^'^''^) 
adding to a configuration on Ci (resp. C2) /ii copies of xi (resp. /i2 copies of X2). 

It is clear that AJi o ai (resp. AJ2 o ^2) induces injection from Pic(y4iA/S}) to 
Pic(Cf7D) (resp. from Pic(v42A/S)) to PicfCs^V®))- 

Hence it is enough to check that 



— ri^2 jSl 

(O o (AJi X AJ2) o (ai X a2))*£|p-is) = <ylC^\+^^ M a\L^^^^^ (307) 

Consider unfoldings tti : Ji — > A of ai, and 7r2 : J 2 — > A of 0:2 • It is enough to 
check that 



(tti X 7r2)*(0 o (AJi X AJ2) o (ai X 02))* LV^^^ = (vri x 7T2nalCJ,+,, M cr^CJ^^^^) 

(308) 

One checks readily that the isomorphism (|308|) holds after restriction to (Ci — xi)'^^ x 

(C2-X2)^^ 

The necessary condition to extend the isomorphism across the complement divisor is 
the equality of (relative) first Chern classes: 

ci((0 o (AJi X AJ2) o {a, X a2)rC\p-i^) = c,{alC^{+^^ M a^^^+^J 

This is immediate since ci(0*(£x))) = Ci(£J^ ) Kl Ci(£(4 )• If the complement divisor 
were irreducible, this condition would be sufficient as well. If the divisor is reducible, 
one has to check that the fundamental classes of different irreducible components 
are linearly independent. All the irreducible components of our divisor are diagonals 
Zj = Xr, r = 1,2] j G Jr- Their fundamental classes are linearly independent in 

This completes the proof of the Lemma. □ 

8.2. We proceed with the proof of the Theorem [7.6| (a). 

Let us consider the line bundle C := £(X^, ^?-?, Uq) on A := Ax^ On the other hand, 
let us consider the triple A, (, ), z/ defined in ^A\ , and the corresponding line bundle 
C :=Z(A, (,), u) on A := Axi^Vf We denote by p (resp. p^, r = 1,2) the obvious 
projection A' — > A (resp. A'{Cr) — > A{Cr)). 

We define £ := p^C', £c,. '■= Pr*C,'cr- 1^ obvious that 
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S\p-i(^^ = {U-^y{8c,MSc,) (309) 

and hence 

det(£)|,-i(^) = (0-i)*((det(£cJ)^'^^'"^) K {dei{£c,)r^'^^^) = 

= (0-^)*((det(%))'^" m {det{£c,))<') (310) 



Recall that the line bundle Sg on A4g extends to the line bundle 6g on Aig, and 

Sgls = 6g^ M6g^. 

Proposition. det(£^) = C ® (^p* S^'j^ei-h^^^f+^'^-^T^') where p denotes the projection 

Proof. If we restrict both sides to p~^Aig C p~^Ai° then we just have the Theorem ^]2[ 

On the other hand, it is easy to see that the normal line bundle to S) in is 
nontrivial. This means that two extensions of a line bundle from p'^Aig to p^^Ai 
coincide iff their restrictions to p~^D coincide. 

So it remains to compare the LHS and RHS restricted to 

By the virtue of (310) above we have 

det(?)|,-i(s) = il3~'n{det{Scjf^' m (detiSc,))"'') = 



Here the second equality follows from the Theorem |5 .21 , and the third one follows from 
the Lemma |8.1.2| . 

This completes the proof of the Proposition. □ 

8.3. We are ready to finish the proof of the Theorem |7.6| (a). 

8.3.1. Let M be the standard deformation of TC ^Ja^ to the normal cone of 



^C'S ^M;5g (see e.g. 0). 
So we have 

o ^ 

Let t : M — > C; pr : M — > TC 5g denote the canonical projections. We 

define an open subset U G as 



U := (TC" x^^ 5)xC*U Trcsx^(^C7" x^ (5J-) 



To finish the proof it is enough to construct a local system Hj\f on U such that 



n^\o = m] (311) 
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P"(«^l,rcf.-..,<„,x,ror-...„,^ = Hr^^mHT". (312) 



Recall the notations of p75[ The canonical meromorphic section Sa of AJ* (det(£^)) 
extends to the same named meromorphic section of AJ* (det(£^)) over TC ^-j^ - {SgJ. 



8.3.2. Lemma. The section := t / "'*^^^)pr*So is regular on U, and we have 
(see (310)) 

Proof. Immediate from the Proposition and the construction of C in |8.1.2|. Note 



also that n(/ii) = n(/i2). □ 

8.3.3. Remark. If one of gi,g2 is equal to 1, then the following remark is in order. 



Suppose, say, gi = 1. Then = df^ satisfies the assumptions of ^]6|, and Sa{ 
should be understood as the canonical section of AJ*^(det(£^(7j)®'^?^ arising from the 
Theorem p.2| (d). 



8.3.4. We construct the local system 9) on (det(£^))' as in |5.2.1| . Now we define 



The property ( pll| ) is clear. Let us prove the property (|312|) . 

It is clear that the isomorphism ( p09| ) is the isomorphism of bundles with flat projective 
connections. 

Suppose (71,(72 > 1- Let us define a map 

O : (det(^ci))- (det(^ci))- ^ idet(£\^)J 

composition of 

(det(£ci))- XX, (det(£cj)- — (det(£:cj®'^")-® {detiSc^f"''); (Ai, A2) ^ ® Af , 
the isomorphism (310), and the obvious map (0*(det(£^|x))))' — ^ (det(£^|xi))'- 
Then we see that 



The property (pi2|) follows. 



This completes the proof of |7l6| in case gi,g2 > 1- 



The minor changes in case one of gi, (72 equals 1 are safely left to the interested reader. 
□ 



9. Proof of Theorem |7]^(b) 



We start the proof with the following weaker statement. 

9.1. Proposition. p^SpT^^ = ©^,+^,=_2.o^^o^''^+''^ ® T'mi 
for some one-dimensional local systems "P^^. 
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9.2. To prove the proposition, let us introduce some notations. We denote Aig U D 
by Ai° C M.g. It is well known that Fic{C / A4g) extends to the family of algebraic 
groups Pic(C/7Vl ) over A4 . 

Restricting to D we get the projection 

71 : Pic(C/M°)\^ — ^Pic(Co/2)) 

which identifies Pic(C/7W°)|j) with a C*-torsor over Pic(Co/2)). 

The class of this torsor is equal to (xi) - (xa) G Pic°(Co/D) = Pic°(Pic''(Co/I))) for 
any G Z. 

For any fii, fi2 G Xi such that /ii + /i2 = — 2z/o we have a subtraction map 



a; 1^ a; — /ii ® xi — /i2 ® a;2 (313) 



Recall that in |5]^ we have defined for any curve C of genus g a vector bundle with 
flat projective connection £ on (Pic(C) <^ Xi)(^2g~2)uo- For the curve Cq we will denote 
this bundle by Scq- 

We define the vector bundle S^-^ := r*^^^^^£cf^ on (Pic(Co/D) ® X(,)(2g-2)vo- It carries a 
fiat projective connection. 

If ii'i — /ii G Y£ then the vector bundles and £^i^ differ by a twist by a line bundle, 
and the corresponding fiat projective connections are identified by the Lemma 
In particular, the locally constant sheaf of algebras End (£^^, J canonically depends only 
on the class of /ii modulo Y^. We will use the notation End (6^^,) for /i G X^/Yi from 
now on. 



9.3. The plan of the proof is as follows. 

Consider the sheaf of algebras End(£^) on (Pic(C) ® X^) (23-2)1/0- The data of a fiat 
projective connection on £ is equivalent to the data of a fiat genuine connection on 
End(£^) preserving the algebra structure. 

Let W be a small (punctured) neighbourhood (in classical topology) of in 
(Pic(C) ® Xf)(2g-2)vo- The monodromy around p^^{T)) acts on ^, or, equivalently, on 
semisimply. It acts on the sheaf of algebras End (£^)|7y by the algebra automorphism 

m : End(g) — > End(^) 

We will construct a locally constant sheaf of algebras 971 C End(£^) with the following 
properties. 



9.3.1. (i) 971 can be extended to a locally constant sheaf of algebras 971 on 

(Pic(C/7W°)®X,)(23-2).o- 

(ii) The sheaf £\u decomposes into direct sum of d^ eigensheaves of m : £\u = ®\£\] 
and 97t = exEndfgx). 

(iii) 97t|p-i(j,) = e,,ey,/v,Endf£:,,). 
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9.3.2. The construction and the proof of the above properties will occupy the rest of 
this section. Let us derive the Proposition PT^ from these properties. 



The decomposition (ii) of £\u induces a decomposition: Sp^c, = ©^io^^. It follows 
from (ii),(iii) that there is a bijection between the set of summands and X^/l^ such 
that 9Jl|p-i(j)) = @^,cy./v^ End (^,,). Moreover, End(^^) = End (g^,). 

Now for any gf-admissible a G we have an isomorphism of local systems 
End{n^:^^^^n = <+,,+,,AJ:+^^+^^End(f,J = 

A'l+A'2=-2!^0 fj.i+fi2=—2uo 

= <+^,+^,Aj;+^^+^^End(^^J 
Hence s*^^ +^2^Ja+M +^^2^^^l ~ 'H'^^^^^^'^®V^^ for some one-dimensional local system 
On the other hand, obviously, 

^*a+^ll+^l2^'^*a+^ll+^l2^^J.l = -^qAJ* Sp^g = Sp7i° 

Ati+M2=-2i/o 



This completes the proof of the Proposition 9.1. □ 



9.4. Before we prove the properties p.3.1| (i)-(iii) we need to introduce the following 
general construction. 

Let Pa '■ 21 — > S be an abelian scheme over a base S. Let L be a relatively ample 
line bundle on 21. It defines a morphism 0x, from 21 to the dual abelian variety 
21 : a I— >• TaL ® where denotes the translation by a. Let ic '■ G 21 be the 
kernel of this homomorphism. Then pc '■ G — > S is an etale cover. 

Let Lc;? denote the line bundle L^p^O* where stands for the zero section S — > 21. 
Recall that L denotes the C*-torsor corresponding to the line bundle L. 



9.4.1. The sheaf pc^icL^y has a natural structure of a group scheme acting on the 
sheaf p<^^:L. There is an exact sequence 

^ PcSGL^y ^ G ^ 

The subsheaf O* acts on p%^L by multiplications with functions. The action of an 
element h G pG*'i*QL^ covers the translation by \>{h) G G C 21. 

The group scheme pG*i*GL^ carries a unique flat connection compatible with multi- 
plication. In effect, the elements of finite order form a Zariski dense union of etale 
group subschemes. 



9.4.2. The sheaf pG*i*GLty has a natural structure of algebra acting on the sheaf p<2i*L. 
The natural inclusion pG*i*GL^ ^ pG*i*GL^ is multiplicative and compatible with 
the action on p2i*L. The sheaf of algebras pG*i*GL^ carries a unique flat connection 
compatible with the one on pG*i*GLty. 

The map 
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PaJh^^ End(p2i*-^) (314) 

is an isomorphism. 

9.4.3. Remark. Note that the above construction gives an ahernative way to define 



the fiat projective connection on pgi^fL — without referring to [[BK 



9.5. We apply the above construction to the following situation. We take S = 
(Pic(C/W) ® X^)(2g_2).o; 21 = (Pic(C/W) ® {Xe © r^))(2<;-2).o,o; vr = pri; L = £' as 
inO. 



Then G = Phidc/m^xA,., .....R'Pc^ WYe ). 

Recall that by the Picard-Lefschetz theory the monodromy m acts on R^pc*{Zi) by 
the formula 

y^y± {y,x)x 

where x is the vanishing cycle. In particular, the invariants of m in R^pc*{Ii) form 
a sub lattice of codimension 1, namely, the orthogonal complement of the vanishing 
cycle. 

We define Tl C End (g) = p&*i*^C'(y as follows: 
where G"^ stands for the invariants of m on G. 



9.6. Let us check the properties |9.3.1 



The sheaf G"" = (Xe/Ye) (g) {R^pc*ili))'^ extends to a sheaf G on M° . Moreover, we 
have an embedding 

^-, G^{Fic(C/M°)®Y,)o 

Let us choose some extension C of C to {Pic{G/M ) ® (X^ © Ye)) (29-2)1/0,0- Recall 
that denotes lC/(gp*0*T/~\ We define 

m:=p^J*^TJ^ 

Evidently, m\u = Tl. 

It is easy to see that the algebra structure on 97t extends uniquely to 971. This proves 
(i)- 

Property (i) implies that 971 C (End(£^))". On the other hand one can check that there 
exists a unique decomposition of S in the sum of d^ summands of equal dimension: 
S = such that 971 = © End (£^x) C End(£^). Since m commutes with 971 it follows 
that each Sx is an eigenspace of m. (ii) is proved. 



9.7. It remains to check p.3.1| (iii). Recall that for yUi,/i2 ^ such that /xi + /X2 



—2^0 we have introduced the substraction map r^^.^j (313). 
Let us denote the line bundle introduced in ^]l|for the curve Gq by C'^^. 
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9.7.1. Lemma. For any /ii,/i2 ^ Xi such that yUi + yU2 = — 2z/o we have a canonical 
isomorphism 



Proof. Just as in the proof of the Lemma |8.1.2| we define the extension of the hne 



bundle on to the line bundle on C°U (Cq -xi -Xa)" for any a G NfX^© Y^]. 



The extension is given by the same formula ( P05|) . 
We necessarily have 

AJ*£^=£,(n(Co-xi-X2n 
for some n G Z where (Co — Xi — Xa)" is viewed as a divisor in C". 
On the other hand, 

for some m E 1j where A/" denotes the normal line bundle to [Cq — Xi — X2)" in 
U (Co - xi - X2)". 

The line bundle Af is lifted from the base D. Hence {L ® J^)(y = for any line 
bundle L on (Pic(Co/S)) ® (X^ © F£))(2g_2)^o,o- 

Finally, two line bundles on (Pic(Co/!l)) ® (X^ © Yf)) (29-2)1/0,0 are isomorphic iff their 
inverse images with respect to AJq, are isomorphic for any a. 

This completes the proof of the Lemma. □ 



9.8. Now we can use the above Lemma together with (|314|) to define for any /x G 
XijYn the morphism of algebras 

V'm • ^Ip-M®) — ' End(g^) 
It remains to show that the morphism 

J2 V'm : ^Ip-O) End(i',.) 

is an isomorphism. It is enough to prove that (f is surjective. 

Since each morphism (p^ is obviously surjective, it suffices to check that all the idem- 
potents of ®fj^^Xe/Ye End(£^^) lie in the image of (p. 

Consider the subgroup Z C G|p-i(X)), 

Z := Kervr fl G\p-i(^X)) 

We have Z ~ Xe/Yj . 

Clearly, the morphism ip^ maps Pz*i*z^'v C P(iJ^C'(y to the one-dimensional subspace 
of End (£^y,) generated by id. Let us denote the corresponding linear functional on 
Pz*i*z^v by K^. 

It is enough to prove that the set of functionals G Xe/Ye} is linearly indepen- 

dent. 

Note that the quadratic form ?■? on Xi induces a perfect pairing (X^/Y^) x (X^/Y^) — > 
Q/ITj, and thus identifies the finite abelian group X^/Yf with its dual {X^/Y^Y . 

Since pz*i*z'^'v is X^/Y^-graded, the group (X^/Y^)^ acts on it by multiplication, and 
the corresponding module is isomorphic to the dual regular representation B[Xe/Yi\. 



229 



Consider /i = G X^/Y^. The functional Kg does not vanish on any graded component 
of pz*i*z^^'^- Hence generates {pz*i*z^^'vy as a (X£/Y£)^-module. On the other 
hand, it is easy to see that for any A G {Xi/Y^y we have A(Ko) = ^^A• 

This completes the proof of the property p.3.1| (iii) along with the statement the Propo- 
sition O. □ 



9.9. Now we will derive the Theorem |Ty^(b) from the Proposition |^ 
Given /i G Xi/Yi we will denote —2uq — /i by jj! . 

We have proved that Sp£^ = ©^eXf/Yf^^A*, and the flat projective connections on £,£fj, 
agree (note that the sum of bundles with fiat projective connections does not have a 
natural projective connection). 

Recall that in order to define the local system 7^"+/^+^*' we have used the canonical 
section Sa+^+^i of the line bundle AJ*_|_^^^, det(£^^). 

The Theorem follows immediately from the next two statements. 

9.10. Lemma. The canonical section Sa of AJ* det(£^) can be extended to a section 
Sq, over M. in such way that 

■Sa|p-l{D) = W Sa+fj,+^' 



The proof is completely parallel to the one of 8.3.2| . □ 



9.11. We consider ©^ex^/y^^^/x as a projectively flat bundle via the isomorphism with 
SpS. Then ©^ex^/y^ det(£^^) is a direct summand of an exterior power of ©^ex^/y^^^/x 
and thus inherits a fiat projective connection. 

Proposition. The collection fi G Xi/Yf) forms a projectively flat section 

of ©/.ex,/y, det(£:^). 

9.12. Proof. The fiat projective connection on (B^eXg/Yi det(£^^) induces a fiat genuine 
connection on det(£^^) ® det(£^A)~^ for any n, \ E Xe/Yg. We have to prove that s^s^^ 
is a fiat section of det(£^^) © det(£^A) 

It suffices to prove that s'^s^^ is a flat section of (det(£^^) © det(£^A)~^)^ for some 
positive integer N. 

This follows immediately from the next two Lemmas. 

9.12.1. Lemma. There exists > such that the one-dimensional local system 
(det(£^) © det(^A)"^)^ is trivial for any /i, A G Xi/Y^. 

o ^ 

9.12.2. Lemma. Any invertible function on TCq^^^ ^Mg ^ is constant if go > 1. 



9.12.3. We will prove the Lemmas in the following subsections. Let us derive the 
Proposition now. First of all, if (/o = there is nothing to prove. The case go 



1 is left to the reader. Otherwise, we conclude that s^s^'^ being invertible over 



ji^a+M+A 5 is a constant function, and thus a flat section of a trivial local 



system (det(£^) © det(^A)"^) □ 
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9.13. To prove the Lemma p.l2.1| it is enough to show that the image of the 

• o ^ 

monodromy representation of the fundamental group 7ri(T^^„^ s^^'^^ ^a)) 

(see (|303|) ) in PGL{®^(zXi/Yi£t?j is finite. 

o 

To this end it suffices to show that the image of vri (TC") in PGL{S) is finite. 



Recall the notations of p75| . Let us choose a finite subgroup G C pc^icC,'^ project- 
ing surjectively onto G and such that the kernel of this projection contains at least 
three elements. 



Then it follows from the discussion in |9.4| that the action of 7ri(TC") on 8 factors 
through the group Aut(G). 

This proves the Lemma |9.12.1| . □ 

9.14. Let us prove the Lemma p.l2.2[ To unburden the notation we will omit the 
subindex q- Assume there is a nonconstant invertible function. We can lift it to 
the nonsymmetrized Cartesian power and obtain a nonconstant invertible function on 

{TGY x_A4g 5 for some set J of positive cardinality n. 

Let us choose a subset K = J — j of cardinality n — 1 and consider the projection 

pr : (TGY xm, 6 (TGf xm, 5 

9.14.1. Claim. pr,C* = O*. 
Proof. Consider a projection 

pr' : (TGf Xm, 5 xm, G, ^ {TGf Xm,, S 

Then we have 

pr.O* = 0pr:(fi^(C,/A^,)) 

But for generic (C, Zk & G, k E K) the subgroup of Pic(C) generated by {Q, (zk), k G 
K} is free. That is, for any i G Z there are no meromorphic sections of fi* invertible 
on C — {zk, k G K}. 

This completes the proof of the Claim. □ 

9.14.2. Using the Claim inductively we conclude that 

TiiTGy xm, 6, O*) = r(5, O*) = r(A^„ 5^) 

Since (7 > 1, we know that for z 7^ the line bundle 5* is nontrivial, and hence does 
not have any invertible sections. 

For 2 = we know that that the only invertible functions on hA^ are constants (see 
e.g. [iM| 2.3). 



This completes the proof of Lemma 3.12.2 along with the Theorem 7.6. □ 
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Chapter 3. Regular Representation 



10. A CHARACTERIZATION OF THE REGULAR BIMODULE 



This section belongs really to the Chapter 2 of IV. 



10.1. Consider the algebra u defined in ||AJS|| , Remark 1.4. It is an infinite dimen- 
sional k-algebra containing u as a subalgebra. We have u = u~ C?) u° (S> u"*" where is 
formed by some divided power expressions in Ki. 

We have C = u — mod, and u itself viewed as a left regular u-module is isomorphic to 
©Aey u. (S> L(/A) where u is considered as a left regular u-module. 

Thus u does not belong to C being infinite dimensional, but belongs to IndC, see [pi 



§4. If we take into account the right regular action of u an u as well, then we can 
regard u as an object of IndC ® IndC,., that is, an infinite dimensional u-bimodule. 
Finally, composing the right action with the antipode, we may view u as an object of 
IndC ® IndC. We will denote this object by R. 



10.2. Given V,W G C we define a functor Fv(giw '■ C — > C, 

Fv^w{M) = {sM ®c V') ® W. 

The functor C x C — > F(C, C), (V, W) h-^ Fv(g)W, is exact in W and right exact in V. 
Therefore, by the universal property it extends to a functor 

C®C — ^F(C,C), O^Fo. 

This in turn extends to a functor 

IndC ® IndC — > F(IndC, IndC), O ^ Fo- 

We have Fr = Id. 

In concrete terms, C(S)C is equivalent to Xi x X^-graded u-bimodules. This equivalence 
sends V<^W to V^sW with an evident bimodule structure (the latter tensor product 
is understood as a product of vector spaces). For a bimodule O and M e C we have 

Fo{M) = s{sM ®c O). 

Here sM ®c O has a right u-module structure and X^-grading inherited from O. So, 
for the bimodule R we have 

s{sM ®c^) = M 

for all M e C. 



10.3. Let C denote the category of Z-graded objects of C. For an Xi x X^-graded 
u-bimodule O we define a functor Fo-^+, : C — > C^, 

Fo;-+,(M) := sTorii ,,(sM,C). 

Here Torio+,(sM, O) has a right u-module structure and X^-grading inherited from 
O. 
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10.4. Lemma, (i) Suppose O is -induced as a left u-module. Then Fq-^s^+u = 
for n <0, and F^.^+o = Fq- 

(ii) Suppose O is projective as a left u-module. Then Fc);^+„ = for n 0, and 
Proof follows immediately from the next 



10.4.1. Lemma. Let V e Cr, and assume that N E C is -induced. Then 

ToT%^,{V,N) = ToT^,{V,N). 

In particular, if N is projective then 



Proof. According to Theorem IV. 4. 9 we may choose any u"'"-induced right convex 
resolution of N for the computation of Tor^_,_,(V, A^). So, let us choose N itself. Then 
we have 

H\Ry{V) ®c N) = H*{{Ry{V) ® sN) ®c k). 
But Ryiy) (E) sN is a left u-projective resolution of V ® sN, so 

H-{{Ry{V) ® sN) k) = Tor^((y ^ sN), k) = Tor^(V, N). □ 



10.5. Corollary. 

fo zfn^O 
^^■f+"-\ld ifn^O. 

Proof. The bimodule R is projective as a left u-module. □ 



10.6. Lemma. Let Mi, . . . , M„, N G C. There is a canonical perfect pairing between 
Extc' (Ml (g) ... M„, A^) and Tor^_^fc(k, Mi (g) . . . M„ A^*) for every A; e Z. 

Proof. This is just IV.4.8. □ 

10.7. Converse Theorem. Suppose Q G IndC (E) IndC, and an isomorphism of 
functors (j) : Fq^^^, is given. Then (p is induced by the isomorphism 

Proof. We start with the following Lemma: 

10.7.1. Lemma. Let M e IndC. Suppose Extc' (M, A^) = forn 7^ and arbitrary 

— +0 

N e C. Suppose further that Ext^j (M, A^) is exact in A^. Then M is projective, 
and Extc' (M, N) = Homc(M, N). 

Proof By the Theorem IV.4.9, Ext^' (M, A^) = H'{RomcC{P'{M), R'{N))) where 
P*{M) is some u+-induced convex right resolution of M, and R'{N) is some u~- 
induced concave right resolution of A". 
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Since Ext^^ (M, ?) vanishes for n 7^ 0, and is exact for n = 0, we deduce that 
Extc'^ {M,N) = H'{}lomc{P'{M),N)). In particular, 

Extc' \M,N) = Coker(Homc(P^(M), A^) ^ Homc(P°(M), A^)) 

Let us denote this latter functor in by h{N) for brevity. We denote by ^* : h{N) — > 
Honic(M, A^) the evident morphism of functors. By the assumption, h{N) is exact 
and hence representable by some projective G Ind C. We denote by ^ : M — > P° 
the map inducing C,* on the functors they represent. 

We denote by ^ : — > P^{M) the map inducing the evident projec- 
tion Honic(P'^(M), A^) — > h{N) on the functors they represent. Then 
6 o ^ = e : M — > P^{M) where e stands for the augmentation. 

Now e is injective, hence ^ : M — > P° is injective. We may extend ^ : M — > P° to 
a u"'"-induced convex right resolution P° — > P^ — > ... of M, and use this resolution 

instead of P'{M) for the calculation of Ext^^ (M, A^). Repeating the above argument 
for P* we conclude that 

Coker(Homc(P\ AT) ^ Homc(P°, A^)) = Homc(P°, A^), 

i.e. dl = 0, whence = do : P° — > P\ whence M = P^. □ 

10.7.2. Proof of the Theorem. Applying the above Lemma together with 
the Lemma IV. 4. 8, we see that Q is projective as a left u-module, and 
sTor'L^^(sN, Q) = sTor^(sA^, Q) = s{sN ®c Q) ii n = 0, and zero otherwise for any 

Net. 

So (p boils down to the isomorphism of functors in A^: 

s{sN Oc R.) ^ s{sN (g)c Q) 
Applying the Lemma IV.4.8 again, we obtain the isomorphism of functors 

C-^C: s(Homc(R,?)) ^s(Homc(Q,?)), 
whence the isomorphism of representing objects. □ 



11. The adjoint representation 



11.1. For fi e Yi G Xg (see IV. 9. 1.2) we denote by an autoequivalence C — > C 
given by twisting by L{fi) : T^{N) := N ® L{n). 

For /i, G C we will consider an autoequivalence ® of IndC ® IndC. 

The objects R and ® T_^^ give rise to the same functor Pr = Ft^^t-^.r. = 
Id : IndC — > IndC (notations of |10.2[ ). The equality of functors is induced by the 
isomorphism of objects : R P-^R- 

Consider the tensor product functor ® : IndC ® IndC — > IndC. 

Let us denote by ad the object ®(R) G IndC. For yU G C we have ®(T^ ® 
T_^R) = ad. Thus the isomorphism induces the same named automorphism of ad. 
This way we obtain the action of the group Yi on a"d. 

We define the adjoint representation ad as the quotient ad/Y^. 
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It is easy to see that ad G C C IndC, and in fact ad = ad k[Yi] with the trivial 
action of u on the second multiple, and the trivial action of on the first multiple. 

In concrete terms, ad coincides with u considered as a u-module via the adjoint action. 
The X^-grading on ad is compatible with multiplication on u, and the generators have 
the following weights: 

6i e (ad)_j/; G (ad)^/; Ki G (ad)o. 
Note that the highest weight of ad is equal to 2pi (notations of IV. 9. 1.2). 

11.2. Recall the notations of IV. 9.1, 9.2. Recall that 0(; is a semisimple subcategory 
of C consisting of all the direct sums of simples L(A), A G A = A^. 

The natural embedding O,^ ^ C admits the right adjoint functor i-^ (the 
maximal 0^-subobject), as well as the left adjoint functor ^-^ (the maximal 
Of-quotient). Finally, 

N ^ {N)a 

denotes the image functor of the canonical morphism from the right adjoint to the 
left adjoint. 

One checks easily that if M C is a direct summand belonging to 0^ and not properly 
contained in any of the kind (i.e. maximal), then we have a canonical isomorphism 
{N)a M. 

For this reason we call (A^)a the maximal Oc_-direct summand of N. 
H.Andersen and J.Paradowski introduced the tensor structure ® on the category O, 



(see |[AP|| ). Arguing like in the proof of Lemma IV.9.3, one can show easily that for 
M, A^ G C C we have 

M^N = (M(g) A^)a 

11.2.1. Definition. The semisimple adjoint representation is the following object of 

ad := L{X)®L{X)* 
AeA 

Here * is the rigidity (see e.g. IV.4.6.2). 
11.3. Theorem, ad = (ad)A. 

Proof. According to [[LM|| , ad G C represents the functor V ^— Nat (Id, Id^V) sending 



V E C to the vector space of natural transformations between endofunctors C — >■ C. 

Hence (ad) a represents the functor sending V" G (9^ to the vector space of natural 
transformations between endofunctors Id and (Id ^V)^'- C^c — ^ C^c- 

Similarly, ad G represents the functor W Nat(Id, Id(8>iy). 

It remains to recall that for G C C we have Id^VT = (Id ® W)^. □ 
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Chapter 4. Quadratic degeneration in genus zero 



This chapter belongs really to the part IV. Here we construct a sheaf IZ E IndJ-'S ® 
IndJ-'S corresponding to the regular bimodule R G IndC ® IndC under the equivalence 

12. I-SHEAVES 

Since TZ is an object of IndJ-'S ® IndJ-'S we start with developing a little machinery 
to describe certain Ind-sheaves. 

12.1. We consider the root datum x Y; 

xX; 
/O := 7 U 7; 

{{yi, Vi), (xi, X2)) := (yi, Xi) + (y2, X2)] 

l^^{ii.i2)^{ii.i2)eY'>- 

The corresponding category J^S^ is equivalent to J^S ® J-'S. Recall that an object X 
of J^S^ is the following collection of data (see III.4.2): 

(a) a weight A(A') = (Ai, A2) G x Xf, 

(b) for each (ai.as) e N[7] x N[7] = N[7^], a sheaf X^^''^^ G (^^^\'^^ ; 5) ; 
Note that {AtllT,,^) = (^a.S'^i) x (^^^^2); 

we will denote by X°''^'°'^{d) perverse sheaves over A^'^x^id) obtained by taking the 
restrictions with respect to the embeddings A^llx^i^ ^ -^a^,'a2 ! 

(c) for each {ai,a2), {Pi, P2) £ N[7] x N[7], d> 0, a factorization isomorphism 

' ' (315) 

satisfying the usual associativity conditions. 
Note that A^^^^^'^'^id) = A'^''^^{d) x A^^'^^id), and 

12.2. Definition. An I-sheaf is the following collection of data: 

(a) a weight x G ^e, to be denoted by x(X^); 

(b) for each (Ai, A2) e Xi x Xi such that Ai + A2 — x = 7 G N[7], and ai,a2 G N[7], 
such that ai, q;2 < 7, a sheaf X^^'^^' G A^(>1ai;a2 ; '^j; 

we will denote by X°''^'°'^{d) perverse sheaves over Ax'^x^i^) obtained by taking the 
restrictions with respect to the embeddings Axllx2{d) ^ «4aL'a2' 
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(c) for each Ai, A2 G Xi with Ai + A2 — X = 7 ^ '^[Ai ^"^^ Q^i; 0^25 A, (32 G N[/] such 
that tti + 0:2 + /32 < 7, (i > 0, a factorization isomorphism 

' ' (316) 

satisfying the usual associativity conditions; 

(d) for each (Ai, A2) e Xe x Xi such that Ai + A2 — x = 7 G N[/], and ai, 0:2 G N[/] 
with a 1,02 < 7, and /3i,/92 G N[/], an isomorphism 

-pai+/3i,02+/32 ~ ^ ;pcn,a2 
^Ai+/3;,A2+/3^ '^*^Ai,A2 

satisfying the usual compatibilities. 



Here a stands for the closed embedding ^a^A2 "^^ 



Ai+/3i,A2+/3^- 



12.2.1. Remark. Note that an I-sheaf X can be uniquely reconstructed from the par- 
tial set of data (b),(c),(d), namely the data (b),(c),(d) given only for ai = 02, Pi = ^2- 
In what follows we will describe I-sheaves by these partial data. 



13. Degeneration of quadrics 

13.1. We recall the construction of ^11, 15.2, 15.3. Consider x x with 
coordinates p, q, t. Consider the subvariety Q C P^ x P^ x given by the equation 
pq = t. The fiber Qt of Q over t G A^ is a projective line if t 7^ 0, and the union of 
two projective lines if t = 0. 

Each fiber Qt has two marked points: {p = 0,q = 00), and = 00, g = 0). For t = 
each irreducible component of Qo has exactly one marked point, and the marked 
points lie away from the singularity of Qo- The irreducible components of Qo are 
denoted by Qov (for vertical), and Qoh (for horizontal). 

There are two maps /i, /2 from the standard projective line Pjj to Qt, taking G P^^ 
to the first (resp. second) marked point on Qt, and mapping P^^ isomorphically onto 
the irreducible component of Qt containing this marked point. If z is the standard 
coordinate on P^^, then 

Thus, restricting to the open subset 'Q G Q given by the inequality t 7^ 0, we obtain 
a map C* — > . 

The limit for t — > is a boundary point of (notations of IV.2.3). Composing 
with the "1-jet at 0" projection — > TV°^ (notations of IV. 2. 7) we obtain a map 
C* — > TP°2. and the limit for t — ^ is a boundary point of TV° . 



13.2. For a G N[I] let Q" A^ denote the space of relative configurations: 
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13.2.1. Q" contains the open subset 'Q" := {Tr°')-\C*). 

Q*" C is the open subset of configurations where none of the points equals the 
marked ones. 

(5°° C Q*" is the open subset of configurations where all the points are distinct. 

:= 'Q^ n Q*"; 'Q°" ■= 'Q" n g°". 

The open inclusion 'Q°" "—^ 'Q*" is denoted by j. 
The projection Q*" — > is denoted by tt*". 

13.2.2. Let Hi, G be a pair of weights such that the triple (/Xi, /X2, a) is admis- 
sible (see IV.3.1). 

The above construction defines the map 6*" : 'Q°°' — > ^mij"2 (notations of IV.3.2), 
and we define the local system J^^^^j,^ on 'Q°"' as 9°'*I^_^^^ (notations of IV. 3.4). 

We denote by J^*^^^ the perverse sheaf juJ^^^j^n^idimQ'^] on 'Q"^. 

13.3. The aim of this Chapter is to compute the nearby cycles ^7r'«i7^"^2 ^ perverse 
sheaf on Q*"- '^^^ problem is not quite trivial, but it appears that one can combine 
the sheaves '^tt'^J^''^^^ different a,iii,ii2 into a single I-sheaf; and this I-sheaf is 
already easy to compute. 

14. The I-sheaf TZ 

14.1. We denote by Q* the open subset of the special fiber Q* : = 
Qo — {(0, C)o), (oo, 0)} obtained by throwing away the marked points. Evi- 
dently, Qq is the union of two irreducible components A^ and A^ given by the 
equations p — (vertical component), and q = (horizontal component) respectively. 
They intersect at the point (0, 0) e Q'- 

The irreducible components of Qq'^jCk e N[/], are numbered by decompositions a — 
CKi + ai,a2 & Namely, 

Qr= u ^Tx^h 

ai+a2=oi 

Each irreducible component embeds into x A'^- 

|a2| |o:i| 

Namely, (?i, . . . ,q\ai\;Pi, ■ ■ ■ ,P|a2|) goes to (gi, . . . ,q\a,\,0,... ,0;pi, ... ,p|a2|,0, ... ,0). 

We see readily that these embeddings agree on the intersections of irreducible com- 
ponents, whence they combine together to the closed embedding 



Ql'^-^A^xAt (317) 

14.2. We define an I-sheaf TZ as follows. 

(a) We set x(^) = (/ - l)2p; 

(b) For /ii, 112 e Xe such that Hi + 112 — {I — l)2p — a E we define 
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(318) 



(Note the reverse order of ^1,^2!) 



^mM2 is a perverse sheaf on A^^^ x A% . 



For /5 e N[/] we define 7^"+'^'"+^ 



la, a 
V1M2 



■^/^i+/3,/i2+/3- 



>i+/3,At2+/3 



a^:TZ"f,,^ where cr stands for the closed embed- 



ding 

Thus the isomorphisms |12.2| (d) are simultaneously defined. 

(c) We will construct the factorization isomorphisms |12.2| (c) for the case ai = a2 



a: 



13^ = [32 = 13 (cf. Remark [T2XT| ). 



14.2.1. For (i > we introduce the following analytic open subsets 

Q<d,<di Q>d,>di Q<d,>di Q>d,<d- 

Q<d,<d ■■= {{P,q,t)\ \p\ <d> \q\}; Q>d,>d ■■= {{P,q,t)\ \p\>d< \q\}; 
Q<d,>d ■■= {{P,q,t)\ \p\ <d< \q\}; Q>d,<d ■■= {{p,q,t)\ \p\ > d > \q\}. 

For a,/3,7 G N[I] we introduce the following open subset Q°''^''^{d) C Q"''^'^'^'^: it is 
formed by the configurations such that exactly a points of configuration lie in Q<d,<d) 
exactly [3 points lie in Q<:d,>d, and exactly 7 points lie in Q^d,>d- 

We have evident decomposition 

Intersecting the above subsets with 'Q"+^+t, 'Q'°+^+t, 'Q°"+/3+7^ Q"^+/^+t, etc. we 
obtain the opens 'Q°''^''^{d), etc. with similar decompositions. 

We denote by J'^f^'"<{d) the restriction of J'^^f^^ to 'Q*"'^'^(ci). 



14.2.2. We have the canonical isomorphisms 



j;:,i\d) ^ x^^f\d) st£^) m j;:f^l,,.,.{d) (319) 

satisfying the standard associativity constraints. Here X^l^i^^\d) ^X^^^^'' have the follow- 
ing meaning. 

The set Q<d,>d (resp. Q>d,<d) projects to the vertical component Qo^ (resp. horizontal 
component Qo/i) of the special fiber Qq : (p, g, t) 1— > (0, g, 0) (resp. (p, g, t) {p, 0, 0)). 

This induces the projections 

v^^ : Q^'f^'^d) Qi; 

Recall that Qo^ (resp. Qo/i) has the marked point (0, 00) (resp. (00, 0)) lying on it, 
and f^((5°'^'°((i)) (resp. /;.''' ((5°'°'^ (rf))) is a standard open subset of Qo„ (resp. Qq^)- 

Restricting our maps to 'Q* we get 
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Note that 'Q'^'^'^{d)) = Qoi'^{d) — the standard open formed by the configura- 
tions with all (3 points running in the annular neighbourhood of the marked point on 
Qov 

Similarly, h'^{ = Qlh^{d) — the standard open formed by the configura- 

tions with all 7 points running in the annular neighbourhood of the marked point on 
Qoh- 

The sheaf 2^^^{d) (resp. 2^^^{d)) is defined in III. 3. 5. We keep the same notation for 
its inverse image to 'Q'^'^^'^^d) (resp. 'Q*'^'^''^{d)) with respect to (resp. h'^). 

14.2.3. One final remark is in order. Note that Q'^ = Al; Q*^ = A\ (notations 
of |4l|). Hence Q'Po, = A^; Q'-foh = Al 

Under this identification the open Q'^'^ld) corresponds to the standard open A^'^^ld), 
and the open Qlh'^{d) corresponds to the standard open Arid) (notations of III.2.2). 

Warning. Note the opposite roles played by the marked points on Qq^ and Aj.- the 
open Q'y'^{d) = A^'^{d) is formed by configurations where all points run near the 
marked point of Qq^, or equivalently, where all points run far from the marked point 
e A\ 

The sheaf X^^^{d) on Qoy'^^id) corresponds to the sheaf I^i^i-^2p+f3-fiii'^) -^v'^id) 
(notations of III. 3. 5). 

The sheaf 2^^^{d) on Ql^'^id) corresponds to the sheaf X(;'°i)2p+7-/x2 (^) -^li^i^)- 



14.2.4. Putting all the above together, the desired factorization isomorphisms |12.2| (c) 



for the sheaf TZ are induced by the factorization isomorphisms ( |319| ) for the sheaf J^*. 



15. Convolution 

15.1. Let us throw away the line p = oo,q = from Q. What remains is the 
degenerating family Qa of affine lines with the marked point (0,oo). The notations 
'Qa, Q'y etc. speak for themselves. 

Given a finite factorizable sheaf X G J-'S we can glue it into the marked point (0, oo) 
and obtain the factorizable sheaf A" over the family 'Qa of affine lines. For each t G C* 
the restriction of X to the fiber {Qa)t = ^ is the FFC X we started with. 

More precisely, let A = a G N[/]. We have the sheaf X" over 'Q2 such that for 

any t G C* its restriction to each fiber ( 'Q2)t = A" coincides with X^. 

We have the projection 

pr : Qa — > Alx C, pr(p,g,t) = {p,t). 

The restriction of pr to 'Qa is one-to-one onto A\xC*, so pi^X is the constant family 
of FFC on A X C*. 

Recall that vr denotes the projection to the t-coordinate. The square 
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Qa - 


c 


pr 




id 




X C 


c 



commutes, and the map pr is proper. 

By the proper base change for nearby cycles we have 

Here 7r",pr" form the evident commutative diagram 



C 

id 

c 



15.2. Let us compute pr"\l/7r"Af" in another way. First we describe \1/^qA'". It is a 
sheaf on (Qa)o which will be denoted by Qq„ for short. 

Note that Qoa = U Aj^ is the union of two irreducible components intersecting at 
the point (0,0). Hence Q^^ is the union of irreducible components numbered by the 
decompositions a = ai + 0:2, ai, 02 £ Namely, 

Qoa= u K^x^r- 



Here V^^ stands for the space of configurations on P^. 

Each irreducible component embeds into "P" x A'^ as in |14.1| , and one checks readily 
that these embeddings agree on intersections, whence they combine to the closed 
embedding 



K X Al 



We will describe ^^\E'^<:,A'°. 



15.2.1. Note that is equipped with two marked points with tangent vectors. The 
marked points are 00, 0. The tangent vector at is dq, and the tangent vector at 00 



was defined in 13.1 



Recall that for fi E Xi such that the triple (A, /i, a) is admissible, the sheaf C^tt^^-^a/? 
on A"^ X A'^ was introduced in p.4.2K b). 

According to the Theorem IV.3.6 we can glue the sheaves <jf ^tt'^iTa//* and to obtain 
the sheaf X^^ on the space x A'^. 

Here is viewed as a sheaf on Q^'^id) x A'^ (notations of |13.1| and |14.2T^ ) constant 
along A'^. So it is glued into 00 x A'^, while C^tt'^iTx^^ is glued into x A"^. 



15.2.2. Clmm. 



Proof. Evident. □ 
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15.3. We proceed with the computation of pr"\l/^QA'". 
Recall the sheaf TZ introduced in p.4.2| . 

15.3.1. We define the convolution X -k TZ on x Ah as the following collection of 
data: 



For jj, G Xi such that A + /i — (/ — l)2p = a G N[/], the sheaf 
on the space "P"^ x A"^- 

The notation V^^ suggests that the monodromy around oo is A, and the monodromy 
around is /i. 

We leave the formulation of factorization isomorphisms to the interested reader. 
15.3.2. Denote by pr" the projection V" x A"" — > A"'. Then, evidently, 



Here the second equality holds by the Claim |15.2.2| , and the last equality was explained 
in 



15.1 



15.4. Thus, for each X G TS, we have the natural isomorphism pT^{X-kTZ) = X. 
That is, for A = X{X),a G = a + {I - l)2p - A, we have pr,(A' * 7^)^^;^ = X^. 

15.4.1. Lemma. There is a natural isomorphism of functors in X: 

$pr,(^*7^)^F^(7^);^+.(<^>(A')) 



(notations of |10.3| ). 

Proof. This is just the Theorem IV. 8. 4. □ 

15.5. Theorem. There is a natural isomorphism in IndC ® IndC: 

$(7e) ^ R. 

Proof. This is just the above Lemma combined with the Converse Theorem |10.7|. □ 
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Chapter 5. Modular functor 



16. Gluing over C 
This section is quite paraUel to the Chapter 1 of IV. 

We will change our notations slightly to make them closer to those of loc. cit. 

16.1. Let again C — > be a smooth proper relative curve of genus g. 

Let us assume that g > 1 for a moment. It is well known that the isomorphism classes 
of complex structures on a surface of genus g correspond bijectively to the conformal 
equivalence classes of Riemann metrics on this surface. 

Each conformal equivalence class contains a unique metric of constant curvature —1. 
Thus we may assume that each fiber Cg is equipped with such a metric. 

Given < £ < 1 and a finite set K, let denote the space of if -tuples {uk)keK of 
analytic morphisms over S : S x — > C inducing isometry on each fiber, such that 
the images Uk{S x D^) do not intersect. Here we equip the disk with the Poincare 
metric of constant curvature —1. 

Given a K-tuple a — (ctfe) e N[X^]''^ such that a — X^fe ctfe, define a space 

Cf := Cf X n TD'^^'^ 

and an open subspace 

Cf := X n TDf'". 
We have an evident "substitution" map 

qa : Cf TC" 
which restricts to qs : Cf — > TC°". 

16.2. Let us define an element p£ E by the condition (i, p^) = £j — 1 for alH e 7 
(see IV.9.1.2). ^Prom now on we choose a balance function n in the form 

^(/^) 1^- l^- Pi- 

In other words, we set 

1^0 = -pi- 



We pick a corresponding Heisenberg system Ti.. 
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16.2.1. Remark. The monodromy of Ti, around the zero section of determinant hne 
bundle is equal to (^~iy^^e(^^^Pi'pf . According to the strange formula of Freudenthal- 
deVries (see e.g. [I^'ZI ) we have 12p ■ p = dh dim q. Here g is the Lie algebra with the 
root datum X,Y, . . . , and h is the dual Coxeter number of q, while d := maxjg/ di. 

Let C = 6^P(^^^^^) some positive integer k. Then the above monodromy equals 
exp(7rV— l(rkg + ^ ^ ) ) which coincides with the multiplicative central charge of 
the conformal field theory associated with the affine Lie algebra g at level k (see 
e.g. pFMp . 



We will offer an explanation of this coincidence in Chapter 6. 

16.2.2. Given a = G N[I] and jl = {pk) ^ , we define an element 



a 



k 

where the sum in the right hand side is a formal one. We say that a pair (/I, a) is 
g-admissihle if 

^ /ifc - « = (2 - 2g)pi, mod Y^. 

k 

Note that given /T, there exists a G such that (/T, a) is admissible if and only if 
Hk fJ'k £ if this holds true, such elements a form an obvious countable set. 

We will denote by 

e : N[/] N[Xe] 
a unique homomorphism sending i G / to — i' G X^. 

16.3. Let us consider the space TC^ x TC^^"^; its points are quadruples 
((zfc), (rfc), (xj), (ciJj)) where (zk) G C^, r/^ — a non-zero (relative) tangent vector to 
C at Zk, (xj) G C"^^"\ ujj — a non-zero tangent vector at Xj. To a point z^ is assigned 
a weight pk, and to — a weight — 7r(j)'. Here vr : J — ^ / is an unfolding of a 
(implicit in the notation (xj) = (xj)jgj). 

We will be interested in some open subspaces: 



and 



whose points are quadruples ((^fc), (t^), (xj), (cUj)) G TC^ with all z^ ^ Xj. We have 
an obvious symmetrization projection 

Define a space 

= TC°^ X C^("); 

its points are triples {{zk), (rfc), {xj)) where (zk), (r^) and (xj) are as above; and to Zk 
and Xj the weights as above are assigned. We have the canonical projection 



We define the open subspaces 



H' H' H' 
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Here the •-subspace (resp., o-subspace) consists of all {{zk), (rk), (xj)) with z^. ^ Xj 
for all k,j (resp., with all z^ and Xj distinct). 

We define the principal stratification S of as the stratification generated by sub- 
spaces Zfc = Xj and Xj = Xj> with 7r(j) 7^ 7r(j'). Thus, C^" is the open stratum of S. 
As usually, we will denote by the same letter the induced stratifications on subspaces. 

The above projection restricts to 



16.4. Factorization structure. 



16.4.1. Suppose we are given a G N[/]'^, (3 G N[/]; set a := J2k ctfc- Define a space 



consisting of all collections {{uk), {{Xj'^)k), iVj)) where (uk) G , {xf^)k G 
(yj) G C^(^), such that 



1/, G C - U UkiS X 

for all j (the bar means closure). 
We have canonical maps 

assigning to {{uk),{{xf^)k),{yj)) a configuration (^^(0)), (ufc(r)), (ufc(xf ^)), (y^)), 
where r is the unit tangent vector to at 0, and 

k 

sending ((u^), {{xf^)k), (%)) to ((ua,.(0)), (^^(r)), [yj)). 

16.5. From now on we change the base to 5 — > S in all the above spaces and 
morphisms. We preserve the old notations. 

Given a ^f-admissible pair (/2, a) we can find another i^-tuple of weights pi' G X/^ 
such that jl' is congruent to jl modulo Yi (see IV. 9. 1.2), and a^/ is ^f-admissible in the 



sense of 2.1.8 



Let us consider a local system p^fTi"'^' over TC°^ 



----- 

OOL 



Note that all the spaces TC^f (for different choices of /!') are identified with TC^' 
and the local system p^rTi^f^' does not depend on the choice of /2' by the virtue of 
the Lemma p.ll.l| . Thus we will identify all these local systems and call the result 



By our choice of the balance function n, its monodromies with respect to the rotating 
of tangent vectors lOj at points x^ corresponding to negative simple roots, are trivial. 

Therefore it descends to a unique local system over C2", to be denoted by 7i°. 

We define a perverse sheaf 
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16.6. Factorizable sheaves over C. Suppose we are given a fT-tuple of FFS's 
{A'fc}, Xk e TSc^, k e K, Ck e X(,/Y, where J2k Cfc = 0. Let us pick /2 = {flk) > 

Let us caU a factorizable sheaf over C obtained by gluing the sheaves Xk the following 
collection of data which we will denote by g{{Xk}). 

(i) For each a E N[I] such that (/I, a) is (yf-admissible, a sheaf E M.{C^; S). 

(ii) For each < e < 1, a = (ak) E N[I]^ , P E N[I] such that (/I, a+P) is ^f-admissible 
(where a = J2 <^k), a factorization isomorphism 

These isomorphisms should satisfy the standard associativity property. 

16.7. Theorem. There exists a unique up to a canonical isomorphism factorizable 
sheaf over C obtained by gluing the sheaves {X^}. 

Proof is similar to III. 10.3. □ 

16.8. We will need the following version of the above Theorem. 

Suppose we are given a i^-tuple {Xk} of objects of J-'S, and a J-tuple {3^j} of I-sheaves 



see 



12:21) . 

Let us pick A = {Xk) > {X{Xk)), and (/T, z7) = (/Tj, Uj) such that (/2j + Uj) > (x(3^j))- 
We will denote the concatenation of A, /2, and v by A/iz7. 

Let us call a factorizable sheaf over C obtained by gluing the sheaves X^ and I-sheaves 
yj the following collection of data which we will denote by g{{Xk}, {3^j})- 

(i) For each a E such that (A/2z7, a) is (/-admissible, a sheaf X^^^ = 

(ii) For each 0<e<l,a= (ctfc) E 0,^) = {f3j,-fj) E ^ E N[/] such 
that Pj, 7j < fij + Uj — xiyj) foi' any j E J, and (A/iz7, a + P + •y + ^) is ^f-admissible 
(where a = ctfc^ P = J2 Pjy 7 = S 7^)5 a factorization isomorphism 

These isomorphisms should satisfy the standard associativity property. 

Theorem. There exists a unique up to a canonical isomorphism factorizable sheaf 
over C obtained by gluing the sheaves {X^} and I-sheaves {3^j}. 

Proof is similar to III. 10.3. □ 



16.9. We will apply the above Theorem exclusively to the case yj = TZ (see [14. 2| ) 



16.9.1. Recall (see [TOD that = tC^kujuj ^ Qe{a) ^^^^^ 7-tuples 

((zfc), (rfc); (xj), {ujj); ivj), {r]j); (t„)). 
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Here (t^) ^ C"^*-"^; (zk) G C^; {xj),{yj) G C'^. All the points Zk,Xj,yj are distinct, 
and Tfc is a nonzero tangent vector at Zk] uJj is a nonzero tangent vector at xf, rjj is 
a nonzero tangent vector at yj. 

We define 

C:^,^. ■■= TC°^^^-^ X (C7/[(x,) = {y,)])<-^ 
Note that the natural projection p : C'^^_, — > ^Xfiu normalization map. 



16.9.2. Suppose we are in the situation of |16.8| , and {yj} is just a set of J copies of 



the I-sheaf 7^ (see TO ). Thus, {3^^} = {TZj}; TZj = 7^ for any j e J. 
It is immediate from the definition of TZ that the sheaf g{{Xk} , {TZj})'i_^_, on C^^^ 
descends to a sheaf on Q'^^^ to be denoted by g{{Xk}, {T^j})'^^^- 

16.9.3. Remark. All the above constructions generalize immediately to the case where 
C is a union of smooth connected components C„ of genera gn, J^Qn = 9- 

Then is a union of connected components numbered by the partitions a = J^c^n- 
Each connected component is the product 11 C^". The Heisenberg local system is just 
the product of Hg^. A factorizable sheaf g{{Xk}) on each connected component also 
decomposes into external product of the corresponding sheaves on factors. Note that 
each connected component gives rise to its own admissibility condition. 

On the other hand, a sheaf g({Afc}, {TZj}) does not necessarily decompose into external 
product. In effect, if for some j the sections xj and yj lie on the different connected 
components of C, then some connected components of will be glued together in 

17. Degeneration of factorizable sheaves 

17.1. Definition. An m-tuple of weights fl G X^™ is called g -positive if 

m 

J2fXj + 2{g-l)peeN[I]cXe 
i=i 

(notations of IV. 9. 1.2). If this is so, we will denote 

m 

i=i 

17.2. We will use freely all the notations of section |^. In particular, C is the universal 
curve of genus g. 

Given a if-tuple of FFS's {X^} and a gf-positive iiT-tuple of weights /I = (flk) > {\{Xk)) 
we define a := dg^fl). 

We consider a sheaf Xp^ = g'^{{Xk}) on Cj^ obtained by gluing the sheaves Xk 



see 



16.6). We will study its specialization along the boundary component D. 



Let C denote the following object: 

in case [n|(a) C is the universal curve over Adg^ x A^ga- It consists of two connected 
components Ci and C2. 
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in case [rT|(b) C is the universal curve Cq over A^gg. 

The maps ( |302| ) and ( p03| ) give rise to the following morphisms also denoted by p^- 



(Ci)^Ux(C2),t,.— (320) 



(Co)^,;,i,^2 ^ ^(c|s,)'i^M (321) 



(recall that by default all the bases are changed to the punctured determinant line 
bundles). In ( p2CI| ) the sets jli and /i2 form an arbitrary partition of the set jl. Finally, 
we can choose /ii,yU2 arbitrarily: the spaces we consider do not depend on a choice of 

Air- 

Recall that C^^^^^^^ is the set of tuples ((z^), (r^); x, u;; r/; (tm)). Here 
(tm) G C^*-"^; [zk] G C^] (xj), {uj) G C'^ . All the points Zk,x,y are distinct, and 
is a nonzero tangent vector at Zk', a; is a nonzero tangent vector at x; is a nonzero 



tangent vector at y (see p.6.9.1|) 



We defined the nodal curve C in loc. cit.. One can see that the morphisms ( |320| ) 
for different connected components (resp. the morphism (|321|) ) can be glued together 
into (resp. factor through) the same named morphism p^'- 



C^,/.i,M2 ' ^(cb)^^'/? (322) 



17.3. Theorem. There is a canonical isomorphism 



(notations of 16.9.2 and 16.9.3|) 



We have to specify ^i, fi2 in the formulation of the Theorem. 

17.3.1. In case ( 320| ) the choice of /ii,//2 depends on the connected component 
(see |16.9.3|) . Namely, we set fir = ar — c^grif^r), r = 1,2. 



In case (p21|) we sum up over all the choices of (/Xi,/i2) G (X^ x Xi)/Yi (antidiagonal 
action) such that /ii + /X2 = 2p^. Thus, if we identify all the spaces C^^^^^^^^ with one 
abstract space Q^ -,?, then Spgjj({Afc}) is a direct sum of d^ summands. Or else we 
can view p* Spg^jdAf^}) as a collection of sheaves on different spaces C^^^^^^^- 

17.3.2. Proof. By the definition of gluing ( |16.8| ) it suffices to construct the desired 
isomorphism "near the points x, y" and, separately, "away from the points x, y" . 

The situation "near the points x, y" is formally equivalent to (a direct sum of a few 



copies of) the situation of |14.2| . Thus we obtain a copy of the I-sheaf TZ glued into 
the node x = y. 



The situation "away from the points x,y" was the subject of the Theorem 7.6 



We leave it to the reader to work out the values of /ii, /i2. We just note that these are 
exactly the values making the tuple (a, /I, /ii, /i2) admissible. □ 
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18. Global sections over C 

18.1. Given a i^-tuple of weights Jl and a = Oig{jl), consider the projection 

?7 : C2 — > TC°^ = 



see 



16.3 



Given a i^-tuple of FFS's {Xk} with {jlk) > (A(A'fc)) we consider the sheaf g({'^fc})^ 
on C2 obtained by gluing the sheaves Xk- 

In this section we will study the complex of sheaves with smooth cohomology 

o ^ 

i??7=Kg({A'fc})^ on TC^. Note that it does not depend on a choice of {Jlk) > (^('^fc)) (if 

o ^ 

we identify the spaces TC' for different choices of p). 

Namely, we want to compute its specialization along the boundary component 2D. 
Recall the notations of |^. 

In case [7.1| (a) for any partition /2 = /ii U /i2 we have the map (cf. (|302|) ) pp: 



TCf '^^ X TCf '^^ — ^To_3 TC^- (323) 



in case [rT|(b) we have the map (cf. ( p03| )) p^: 



On the other hand, consider the space C 



To. TC^ 



a 



see 



(324) 

17.21) . In the case ^]l](b) it projects 



to TCq'^^'^'^ . We denote the projection by rj. 

In the case [rT|(a) C^^^^^^^ disconnected. Its connected components are numbered 
by the partitions fl = fliU /i2. Each component projects to the corresponding space 

o ^ o ^ 

rp(-^^n,^ll ^ rpQ^2,tJ-2^ Each one of those projections will be denoted hj r], as well as their 
totality. 

18.2. Theorem. In the notations of |17.3| and |17.3.1| we have a canonical isomorphism 



Proof. This is just the Theorem |17.3| plus the proper base change for nearby cycles. 



□ 



One can apply Theorems |17.3| and |18.2| iteratively — degenerating the curve C more 
and more, and inserting more and more copies of TZ into new nodes. 

In the terminology of PFM|] 4.5 (see especially 4.5.6) the Theorem |18.2| means that the 
category J^S is equipped with the structure of fusion category. The correspondence 
associating to any i^'-tuple of FFS's {Xk} the cohomology local systems Rri^:g{{Xk})'^ 
on the space TC°^ , satisfying the compatibility conditions \18.2[ is called fusion func- 
tor, or modular functor. 



249 



Chapter 6. Integral representations of conformal blocks 



19. Conformal blocks in arbitrary genus 

19.1. Recall the notations of 1V.9. We fix a positive integer k and consider the 
category of integrable g-modules of central charge k — h. We set ( = exp(^^-^^), 
so that / = 2dK,, and i = dn. 

We have an equivalence of bbrt categories : O^, — — > where is a semisimple 
subcategory of C defined in loc. cit. It is well known that has a structure of 
fusion category (see e.g. UBi^'MH or [ [I'U Y[ ). The category (9^ is also equipped with 



the structure of fusion category via the equivalence 0. From now on we will not 
distinguish between the categories and Ot^. 

19.2. Here is a more elementary way to think of fusion functors. Recall that a 
fusion functor is a correspondence associating to any i^-tuple of objects {Lk} of 
our category the local systems (or, more generally, the complexes of sheaves with 
smooth cohomology) {{Lk})^ on the spaces TC°^ , satisfying a certain compatibility 
conditions. 

We can view those local systems as representations of Modular Teichmiiller groups 
Tg K in the stalks at some base points. 



We will choose the base points "at infinity" (see |P4|| ). Namely, we degenerate the 



curve C into the projective line with g nodal points. More precisely, we choose the 
real numbers Xi < yi < X2 < ■ ■ ■ < Xg < i/g and degenerate C into F^/{xj = yj, 1 < 
j ^ g)- The marked points degenerate into the real numbers zi <...< Zm {fn is 
the cardinality of K) such that Zm < xi. The tangent vectors at all the points are 
real and directed to the right. We will denote this homotopy base point at infinity by 

19.3. For Li, . . . , € (9^ the stalk {{{Lk})c)oog k canonically isomorphic to 



(Li® . . . ®Lm(8)ad ) (see ||TUY|| ) . Here we use the notation (?) introduced in IV. 5. 9 
and IV. 9 (maximal trivial summand), and the notation ad introduced in |11.2.1| 
(semisimple adjoint representation). 

The action of Tg^K on (Li® . . . (8>Lm®ad'^^) is induced by its action on 

Li^ . . . ^Lm0Sid'^^ : generators act by braiding, balance, and Fourier transforms 
P^M|| ) of the adjoint representation. 



see 



19.4. The Theorem |18.2| equips the category jFiS (and, via the equivalence $, the 
category C) with the fusion structure. To unburden notations and to distinguish from 
the case of we will denote the corresponding local systems (or, rather, complexes 
of sheaves with smooth cohomology) by [Li, . . . , L^]^. 

Theorem. The stalk ([Li, . . . , Lm\c)oo 

^ is canonically isomorphic to 
Torii , ,(k, Li® ...®Lm® ad®^) 
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(notations of IV. 4. 7 and |10.1 



Proof. In effect, the stalk in question is the global sections of some sheaf on the space 
C" where C = P^/(xj = yj, 1 < j < g). The global sections will not change if we 
merge the points yj into Xj for any j along the real line. The specialization of our 
sheaf will live on the space (P^)" (no nodal points anymore). 

It will be the sheaf obtained by gluing {£fc},7i,... ,Tg into the marked points 
Zi, . . . , Zm, Xi, . . . , Xg. Here Ck = ^~^Lk, and the sheaves Ti, . . . ,Tg are just g copies 



of the same sheaf T = $ ^ad. This follows immediately from the Theorem p.7.3| , the 
Definition of ad in p. 1 . 1| , and the Theorem 15.5. 

It remains to apply the Theorem IV.8.4. □ 



19.5. The action of ^ on Tor^_,_,(k, Li ( 



>Lm ® ad*^^) is induced by its action 



on Li ® . . . ® Lm ® ad®^: generators act by braiding, balance, and Fourier transforms 
of the adjoint representation. 



Now suppose Lk G Or for all k E K. Then LiC 



5 ad 



{Li® ...®Lr 



ad®^)A (notations of |11.2|) by the Theorem |11.3| . The RHS is a natural subquotient 
of Li ® . . . ® Ljn ® ad®^, hence the action of Tg k on the latter module induces some 



action of Tg ^ on the RHS. This action coincides with the one of 19.3 by the uniqueness 
result of ||Ml5|] which claims that any two extensions of bbrt structure on a category 
to a fusion structure coincide. 



19.6. By the virtue of Corollary IV.5.11, (Li® ...®L 
quotient of Toric_^_,(k, {Li® ...®L^® ad®^) ® L{2pe)). 



®ad^^) is canonically a sub- 



The above discussion implies that the action |I9]3| of Tg x on the former space is induced 
by its action |19.5| on the latter space. More precisely, Tg^K acts on Tor^_,_,(k, (Li ® 



Ljn ® ad®^) (S) L{2p()) in the evident way, leaving L{2pi) alone. 



19.7. Let us translate the above discussion back into geometric language. Let us 
consider the set J := KUj. We denote by ^ the natural projection TC°"^ — ^ TC°^ . 

Summarizing the above discussion, we obtain 

Theorem. Let Lk e 0(;, k e K. Then the local system ^*(Li, . . . , Lm)c on TC°'^ is 
a natural subquotient of the local system [Li, . . . , Lm, L(2p£)]^. 

19.8. Let us reformulate the above Theorem in more concrete terms. 

Recall that Vk = is the first alcove parametrizing the irreducibles in (9^. Let 
\i, . . . , \m G Vk be a i^-tuple of weights. We consider the corresponding irre- 
ducibles L(Ai),... ,L(Am) G Ok, and the corresponding local system of conformal 
blocks (L(Ai), . . . , L(A™))^ on the space TC°^ . 

On the other hand, consider a := Ai + . . . + A^ + 2gp£. We define J := K L\ j, and 
Xj := 2pe. Let A denote Ai, . . . , Am, Aj. 

Denote by the sheaf on obtained by gluing £(Ai), . . . , C{Xm), '^{Xj). 
Note that XS' = ui^Ti^ where u stands for the open embedding ^ C^. 

A ' A A A 

Recall that r] stands for the projection — > TC°^ . 
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Theorem. The local system of conformal blocks .^*(L(Ai), . . . , L{Xm))c isomorphic 
to a canonical subquotient of a "geometric" local system Rq^uuTi^. □ 

19.9. Corollary. The above local system of conformal blocks is semisimple. It is a 
direct summand of the geometric local system above. 



Proof. The geometric system is semisimple by Decomposition theorem, pBE)|| , 
Theoreme 6.2.5. □ 
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K', IV.5.2 
K', IV.5.2 
k, 0.2.2, 1.2.1 
£(A), 0.10.6 
£, V.3.3 
V.5.1 
C{A, (,), z/), V.4.2 




:r5<^, III.14.5 
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0.4.8, III.6.1 
£(7r), 0.14.6 
C{a), 0.14.6 
>C«, V.3.2 
Cr, V.6.3 
C^, V.3.6 

A, 0.14.8 
Ck, 0.14.8 
£(q), 1.4.2 
Cu, 1.4.5 
A V.2.1 

£ocsys(y;C), III.ll.l 
L(A), IV.6.4 
L(A), IV.9.5 
L(A), 0.2.17, II.5.2 
(L(Ai),... ,L(A„)), 0.10.3 
(Li,... V.19.8 
[Li,... ,L„]^, V.19.4 

III. 14.10 
I, 0.2.2 

I, 0.2.2, IV.9.1 
0.2.2, IV.9.1 

IV. 9.1 
M(T,5), 0.2.4 
M{ii), 0.4.7 

KA/", 0.5.8 
M®U, 0.5.9 

0.10.6 
■^Ao,,,r, 0.14.14 
MA,g, 0.14.14 
A^A, 0.14.14 
Mg,5. 0.14.14 
Al^, 0.14.14, V.7.1 
Mg, 0.14.14, V.7.1 
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M{A;Sn), 1.3.1 
Mf, 1.3.10 
Mt^, II.7.9 
M^, II.4.2 
M(A), 0.2.17 
M+(A), IV.5.1 
M*, 0.2.14 

: C°PP ^ C 0.9.1 
(M), 0.10.1, IV.5.9 
(M)^5, 0.10.7 
(M)a, V.11.2 
M^--, II.6.12 

m(Ji, . . . , J„) : D'^i' -"'" — . D^, 0.3.3 
m(i/i, . . . , i/„) : D^i' -''^" — > j)u^+...+ur,^ 0.3.3 
ma, II. 8. 5 

ma(i^l, . . . : D"^' -'"^ > JJVi,...,Va-l,Va+Va+l,Ua+2,-,Vn^ 0.3.4 

ma(z/l, . . . , Z/„) : b"^^-^"^ > JJUU-,^a-l,ya+Va+l,Ua+2,...,Vn^ 0.3.4 

m(p) : nj^(^,) X ^(J) b{K), 0.7.2 
mp(p) : X{jD{K^) x P(J) ^ P(i^), 0.7.6 
fhp{p) : Y{jD{K^) X P{J) P{K), 0.7.6 
m{P;u'), 0.8.1 

mc/s(p) : nj^(i^,) X C{J)/s C{J)/s, 0.14.2 

mc/s(p) : UjD{K,) X ^(J)/^ ^ C{K)/s, 0.14.2 

m : vCi — > 1.4.5 

m : ^Xi — ^ ^X,, II.6.4 

m : XC^A), — ^XC^A)*, II.8.3 

m : M(A) — > DM(A)^-i, III.6.1 

®c M, 0.9.6 
A^A, 0.14.13 
A^,, II.4.1 
TV, II.2.20 

n(A), 0.2.21, IV.2.4, IV.9.1, V.16.2 
n^(/i), 0.14.8 
(n), II.9.1 
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0{K), III.7.3 
0{K;d), III.7.3 
C(t), III.7.3 
O, III.18.2 
Og, III.18.2 

IV.9.2 
a, IV.9.2 

IV.9.2 
Crx, 1.2.6 
Crrf(^), II.3.4 

pT^ ■■ CZ;5 T,^^ C^s. 0.14.20 

Pf : MA,g;S Tgj^^^^,;MB,g;S, 0.14.20 



p: D ^T^Mg, Y.7.2 

Pa-. S) TCg ^ Trc^TC", V.7.4 

Pa ■ C^,,.i,^2 ' ^(Cb)^^'/:' V.17.2 
Vr(I;n), II.3.3 
n(^), II.6.5 

IV.2.1 
P"'^, IV.2.1 
P", IV.2.1 
V-^, IV.2.1 
7^°", IV.2.3 
V^, IV.2.3 
7^5", IV.3.2 
7^2", IV.3.2 
T'S, IV.3.2 

Vf^'\ IV.3.3 
T'l'^, IV.3.3 

IV.2.3 
P<Sl;«^ IV.2.3 

IV.2.3 
Fl„ V.13.1 
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P = pi(C), 0.7.6 
P(J), 0.7.6 
P(J), 0.7.6 
P'^iK), 0.8.1 

p^ixy, 0.8.1 

P'^iKy, 0.8.1 
P^'''', 0.8.1 
P'^(i^), 0.8.1 

pz7l;i72;^^ 0.8.1 

P'^'''', 0.8.1 
P(ir, J), 0.8.2 
P{n), 0.10.3 
P„ II.9.2 
P, II.9.2 
P, II.9.2 

Pic(C/5), 0.14.5 
pi, III.14.10 
p(z7;z/'), 0.8.1 

Ml, n.12.2 

p(J), 0.7.2 
pri, V.5.1 
pr, V.6.1 
pri, V.6.1 
pr2, V.6.1 
pr", V.15.1 

pr : Qa — >AlxC, V.15.1 

p: A — >S, V.5.2 

Pk- — > TV"^. IV.2.7 

Pp ■ TV^" — > TV^'P, IV.3.2 

Pa,(3 : Vl'^ Uk D-'^ X V'/_s, IV.3.3 

P.,^, : ^ n. X n. D^l^ X IV.3.3 

. . . : D'^l'-''^" > 2)1^1,..., I'a X £,'^a+l,-,Un^ 0.3.4 
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p{ui, ... ,Vn)- D^i'-''^" — ^ X D'^^ X . . . X D""^, 0.3.3 
p(Ji, ... ,Jn): — ^ X X . . . X f)"^", 0.3.3 
Px- TS,,<x^ M{Ai;S),m.b.A 
p : JacA — ^ Jac, 0.14.8 
> : "A — > A("), II.9.1 

PK ■■ ^:fs — > TS'^^, III. 10.2 

PK - TC^ — .TC^, V.2.1 

: — . TC^^M, V.16.3 
Q, V.6.3 
Q2(J), II.9.2 
g^, 0.13.1 
Qo^, V.13.1 
Qofe, V.13.1 

0.13.1 
Qt, 0.13.1 
g, 0.13.1 
g>rf,<,, V.14.2 
g<d,>rf, v.14.2 
g>d,>d, v.14.2 
g<d,<d, v.14.2 
g"'^'^(d), v.14.2 

'g, 0.13.1 

'g^', 0.13.2 
'g'", V.13.2 

'g°", v.13.2 

g : C — > C, 11.11. 7, II.12.5 

q : n > C*, 1.4.2 

q(C,C'), 1.4.11 
q,j, II.2.25 

?A, ni.14.1 

III.14.8 
III.14.8 
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ql, III.14.8 
gi, III.14.8 
<la,0n^ IV.3.3 
qr, V.2.1, V.6.1 
?A<M : C<x C<^, III.14.8 
: ^"^'^ — 'T^^^^ IV.2.3 
7^°^'^ ^ 7^^ IV.2.3 

?a : T'" — ^ TP", IV.2.3 
qa,p : Pf''' ^ T^r''' IV.3.3 
qa,/3 : i?"'^ — > D'^+'^, IV.3.3 
gl. : P?'^^ ^ IV.3.3 

: C'f — ^ TC", V.16.1 
9.^/3 : Cl'f ^ V.16.4 

n, 0.13.3 

^M^M.' 0-13-3, V.14.2 
7^„, 0.15.2 
TZepl^^^^, 0.14.21 

0.15.8 
Uep^, 0.15.8 
Rm5, 0.16.1 
R, 0.12.3 
Rr(X,Y;}C), 1.2.4 
i?^^, IV.6.6 
Rv,w, IV.6.1 
Rm,m', 0.2.18 

i?A^,Ar: M^X ^Af(E)M, 0.5.10 
R : U — ^ u, 11.11. 7, II.12.5 
r : 'f — > 'f (g) 'f, 0.2.5 

II.2.25 
r„ 11.9.2 

r : Rr(A, H^; K) ®peQ2{J)R^{K II-9-3 
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: Cocsys{0{Ky,C) — > Cocsys{0{L) x Hi 0{Ki);C), III.11.2 
Sign. 0.3.9 
Sew, 0.14.13 
Sh{X), 1.2.1 
Sh^.+ {X), 1.2.13 
<S«, 1.3.1 

II.6.1 
50, II.6.1 
S, 11.7.1 
^S, 11.9.1 
Sa, II.9.1 
SpW^, V.7.6 

0.6.1, 1.3.2 
S^, II.7.2 
,^5, 0.14.1 
Supp(q;), 0.14.6 
S: 'f — > 'f, II.2.13 
S{, ): 'f® 'f — ^ k, II.2.10 
Sa : V{A)®V{A) — > k, II.2.16 
Sa : V{A) — > V{A)% II.2.21, II.12.4 

>S'm;Ao,.-- ,A„_i ) II. 2. 22 

II.4.7 

S: Up* ^ Up, III.12.19 

S' : Up* ^ uj, III.12.19 

Sa, V.3.5 

s^, V.6.3 

4, V.6.3 

s = (g) z/, V.5.3 

s : C^Cr, IV.4.6 

s : u — ^ u°PP, 0.2.9, IV.4.6 

s' : u — > u°PP, 0.2.9 

sgn{F,E), 1.4.6 

sgn(Ti,T2), II.6.9 

sgn(^ < q' <t), II.8.8 
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sgn(^), II.8.9 
sgn(r, r/), II. 8. 9 
suppa, IV. 2.1 
Tj, 0.14.6 
r^^, 0.14.19 
rcg, V.7.3 

TeichA, 0.15.8 

'"Tij : Cc — ^ -^jiC) II. 6. 2 

^T,o, II.8.1 

T'^'', 0.3.1 

T^", 0.3.1 

T'', 0.3.1 

T-^, 0.3.1 

T;, V.2.1 

Tj, V.2.1 

Tg,K, V.19.2 

Tc/5, 0.14.2 

TC^, V.2.1 

TC", V.2.1 

rC2, V.16.3 
V.16.3 

TC", V.7.3 

TC-^, V.2.1 
TC^ V.6.1 
TD"'^, IV.2.2 
TD"-^, IV.2.2 

tV, v.2.1 
IV.2.3 

tV, v.2.1 
TD^, IV.2.3 
TP"-^, IV.2.1 

rp-poa^ IV.2.1 

rP2", IV.3.2 
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TV^ IV.8.1 
TVi, IV.3.2 
T-pJ c TV^, IV.2.1 
f D-^, IV.2.2 

Tor|+„(Ar,M), 0.9.7, IV.4.7 

Tor|+,(k, ^{X^) ® . . . ® IV.8.10 

Tor;:^(k, M), II.3.1 

til 'f+®V(A) — ^ 'f+(g)1/(A), II.2.18 
tj-, II. 7.1 

U, 11.11. 3, II.12.2 
[/(/?), III.12.14 
C/k, IV.6.1 

u, 0.2.7, II.11.4, II.12.3 

u°, 0.2.15 

U-, 0.2.15 

u+, 0.2.15 

u^°, 0.2.15 

u^°, 0.2.15 

Ua, 0.2.15 

u, 0.12.2 

u, 0.12.2 

u', 0.12.2, V.2.1 

Us, 0.2.12 

Uk, 0.2.12 

ul{lC) : $+(/C) $+(/C), 0.6.6 

+ul: $+-^$+,11.7.10 

+u*{c,<r). n.8.8 

<(/C), 1.3.11 

V{a), III.10.3 

Vert(r), 0.14.13 

Vx, 1.2.2 

y(A)A, II.2.15 

V(A), II.2.15 
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V{K)l, 11.2.21 
V{k)\ II.2.21 
Vi^'K), II.4.4 
iV, III.14.11 
vfilC), 1.3.11 

vfiK) : $+(/C) ^$+(/C), 0.6.6 
+vf: $+^$+11.7.10 

Vj-. $J)|(7r*/C) ^ $^;^,(7r*/C) III.12.10 
vj,: $+j(7r*/C) ^<l>+^,(7r*;C) : mj,, III.12.15 

: $Jo}(^*^) - ©J'ec/(/3) *^„(7r*/C) : up, III.12.15 
w, 1.3.2 

I. 3.2 
Wp, II. 6. 5 
u;^, II.8.4 
w\ III.18.3 

III.4.4 
A"^", III.4.4 
Xl{r), III.9.3 
III.9.3 
X^{Td), III.10.3 
A"-", IV.8.1 

V.15.2 
Xi<n, V.15.3 
X, 0.2.1 

X^, 0.12.1, V.2.1 
X^, V.12.1 
(Xi,...Xj,IV.9.2 
(X),c, IV.9.2 

II. 2.2 

y, 0.2.1 

0.2.3, IV.9.1 

y^, v.12.1 

Z, IV.8.2 
^Q, II.2.24 



275 



'^"V.o ""Vio "V'i+i, II.10.2 

(5>i, III.2.2, III.7.4 
a<i, III.2.2, III.7.4 
dL, IV.2.3 
afe, IV.2.3 
a-, IV.2.6, V.2.1 
a^, IV.3.1, V.16.2 
V.17.1 

IV.8.3 
ax, V.2.1 
a±, V.4.5 
/5o, 0.10.2, IV.9.1 
r = (r,g), 0.14.13 
r(CA), 0.14.13 
7o, 0.10.2, IV.9.1 

S,-, n.6.2 

So, n.8.1 
A, II.6.6 

A,, IV.5.10, IV.9.1 

A: u — ^ u®u, 0.2.8, II.11.4, II.12.3 

A : 'f — > 'f, II.2.4 

A: U — ^ C/(8)C/, II.11.3, II.12.2 

A ,f : 'f (8) 'f ^ ( 'f ® 'f) Cf ® 'f), II.2.5 

AW(e^)+, II.2.8 

AW : 'f — ^ 'f ^, II.2.7 

Af, 0.6.1 

A^, 0.10.2 

A^„ 0.14.6 

Ai,-, II.6.1 

Aa: l^(A) — > 'f ® 1/(A), II.2.18 
AX : 'f ® V{Ky — > V{Ky, II.2.28 
^A, 1.3.2 
5c/s. 0.14.1 
5, V.2.2 
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6, V.2.2 

Tg, 0.14.14, V.7.5 
S: 'f — , 'f 'f , II.2.9 
. >j* y f^*^N^ II.2.9 

Sr. 'f ^ 'f, II.2.11 
Si, 0.2.7, II.11.4, II.12.3 

Q : ^M),-i ^M)u, 0.6.9 

er. <^x{X)^^x+AX) : ^,,111.12.11 

e^: ^u^®$A+,3'W : III.12.17 

Si : V{A) — > 1/(A), II.2.16 

e, II.2.2 

C, 0.2.2 

Ci, 0.2.2, II.12.1 
C(X;t),II.2.3 
C, II.10.4 
77^, IV.8.1 
fjj, IV.8.1 

r/ : P'^(K) — > P{K), 0.11.1 

77 : CA,g MA,g, O-U-U 

ri : A'^{K) — > 0{K), IV.7.1 
III.9.4 

: C2 — ^ TC°^ = TC^^, V.18.1 
77 : P2 — > TV°^, IV.8.1 
77 : — > Mg, 0.14.14 

77 : CA,g MA,g, 0.14.14 

?7, V.18.1 

Oi, 0.2.7, II.11.4, II.12.3 

: ^ 0.6.9 

^i,Dy: : e,,w, ni.13.2 

e*, II.2.13 

II.2.3 
^f,Q, n.2.20 
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e;<,, II.3.5 
o*o<r, n.8.14 

9,<r, II.3.4 

dg<T;a, 11. 3.4 

Oj, II.4.1 
Ov, IV.6.3 
IV.6.6 

: Hom^.(A';,3;;) ^ Hom_^.+. (A';^^,, 3^;+^^,), ni.4.4 

^ = : Hom^.(^)(A'^(X), ^ Hom^„+. ni.9.4 

t(z/') : L*"^ — > D'^^"', 0.4.4 

A, V.4.1 

^A, II.4.4 

X{M), 0.4.3 

Aj., 1.4.6 

A„, II.2.20 

Ao, III.16 

Aoo, IV.7.6, IV.9.5 

A > /I, III.7.1 

I^Q, II.2.24 

II<i, III.2.3, III.7.6 

/i>fc, III. 7.6 

i^, II.3.2 

i/i • i/2, 0.2.1, II.4.1 
i/i < i/2, 0.2.1 
UQ, II.2.20 

I/O, IV.2.4, IV.9.1, V.16.2 

i^aig), n.3.3 

z/^, II.4.1 

^: K:^,, IV.5.2 

7ri(X;r), 1.4.1 
TTj, III. 12.9 



278 



TlK. V.2.1 



1 



TT*", V.13.2 

TT : J — ^7, 0.3.1 

Trf : Ch(F) — > Ch(£;), 1.4.13 

^ ■ 'fx. ^ 'U' n-4-2 

TT : '^A — ^ A, n.6.12 

ttS : (D(0; 1)^ x D(0; 1)^)° ^ A^(i^), III.8.1 

^^0,1,2, V.7.5 
p, 0.2.2 

Pi, 0.2.2, IV.9.1 
po, n.6.6 

Pab, ni.7.2 

^, II.3.3 
^ < q', II.8.8 
pj/, III. 12. 15 
S^, 0.3.1, II.4.1 
frfe, IV.7.4 
a>fc, III.7.2 
a<i, III.7.2 
(7a, III.14.1 
ai<^, III.14.4 
a^<^, III.14.4 
(7A<^, III.14.4 

^ J^5<A, III.14.2 
ac : J ^ [iV], II.8.1 
<7 = <7^'/^ : Al AlX'f,,, in.2.4 

<i = ^di,d2, ni.10.3 

q"^ : X Al, V.14.1 

: Qoa 'P: X V.15.2 
Txiu, z/'), 0.4.5 
r|, 1.4.3 
r{K), II.2.3 
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TA, II.2.6 

TQ, II.2.20 
Td, III.9.4 
T>fe, III.7.2 
T<i, 111.1.2 
Tc:J^[N], II.6.2 

rf : Hom^.(A;^,3;^) ^ Hom_,.(A;f , J^), III.4.4 

T,;,,,, III.11.2 

T.;d, III.11.9 

T : rC — IV.6.2 
$^(/C), 1.3.3 

■■ M{A,Sn) — > Vect, 1.3.10 
$^(/C), 0.6.2 

$ : MiD^S) — >Vect, 0.6.7 
0.6.8 

$ : ^ — > Vectf, III.4.5 

$: — ^ C, 0.6.12, III.12.27 

$j, 1.2.11 

$^,^(X:),II.7.13, III.12.6 
$+(/C), II.7.3 

— >Vect,II.7.U 

$a(2'.?), 11.6. 14 

$a(A'),III.4.5 

$ : — > C, III.12.12 

<P 1^(1^1,1^2), 0.3.6 
'/'mi,M2('^, '^O, 0.5.4 

(z/i, z/2, i^), 0.5.4 

0.7.3 
Mp), 0.7.7 
: MS — >C, 0.10.7 
0^ 0.10.7 
0.10.7 
(/.c(p), 0.14.4 

: ^A^XO ^ - 'f^^, II.6.10 
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: $ArX,) - 'f;_^, II.6.10 
'^0A,l : ^ArX,,) ^ -f^„ II.6.11 

^4!? ■■ '^'F.m^A)!) ^ ,a-';f(\/rA)), II.8.9 

""(P^^ : +C«(-A; J("A),) ^ ^^a* /f(^("A)), 11.8.10 
-(/.(^ : $o+(:2:rA).) ^ V^rA)*^, II.8.14 
: MM^h) L{K),, II.8.18 
$+(J(-A),)^ ,a-V(^rA)*), II.8.20 
^4^^ : +C"(^A;X(^A),) ^ ^^a* ^^^(FC^A)*), II.8.21 
A^S^'i^o ■■ M^h,o uC;{L{A)), II.8.23 

(/.f? : $,(^J,(Ao, . . . , A_,)u) ^ (L(Ao) ® . . . ® L(A_J),, II.10.6, II.12.7 
: ^X.(Ao, . . . , A_„)!,o ^ .q(^(Ao) (g) . . . ® L(A_„)), II.10.8, II.12.8 
<j>, = : I^id) 2f|;(4) K2f^^(4,), ni.3.2 

0, = 0j,(cr) : j-^(cr) ^ jj|:(cr<.) ^ft^-'(4.)> ni.3.5 

(f)n ■■ ®KXk^ ®L Xk), III.11.3 

0x^L : o ^ o ^K^L, III.ll.lO 
05 : g^X" ^ p:^7r^J"- IV.2.8 

0: a^^oIV.9.2 

XK, II.3.3, II.4.1 
1.2.11 

^x, III.11.8 

: MiA'^ir^.d)) M{A-{L)d x n^eL 0{Ki)), III.11.9 
: — . X ni.11.9 

: — > Cocsys{0{K)-TS), III.ll.ll 
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iP{ui,U2), 0.4.3 
i){ui,U2,u), 0.5.8 
ijj^^{iy,iy'), 0.5.8 
'^X(Ao,... ,A_„;i/)7, II.10.5 
>i : P("A;5a) V{^-^A;Sa), H.lO.l 
: P("A;5a) — ^2^(A;5), II.10.3 

i/j'^'^id) : ^ K III.4.2 

V'^'^(rf) ■■ ^iT'^Kd) K III.4.4 

^/;(r) : A'("'^)(t) ^ X^^^^^^(r<i) K A'(0''^^)(r), III.9.2 

n, V.3.2 

cu, 0.14.5, V.3.2 

LOX: 1.2.5 

1, 0.2.14 

1^5, III.ll.ll 

(•,•) on 'f, 0.2.6 

V . copp ^ iv.4.6 

* : C — > C°PP, IV.4.4 

: J^S®J^S — > J^S, 0.5.9 

®A {Xa^Un}, 0.15.2 

®K : J'S^ — > Cocsys{0{K)]TS), III.ll.ll 
( )t\ 0.16.1 

{®A {La]^MSn])MS, 0.16.1 

®, III.11.4 
®, IV.9.2 

Mk, 0.8.5 
g^";^{A'„;7^4, 0.15.3 
a^a, III.2.2 
did, 111.2.2 
dill, III.2.3 
did, III.7.2 
9^(7, III.7.2 



282 



diT, III.7.2 
dia, III.7.4 
diji, III.7.6 

V«, IV.9.2 
oOg,K, V.19.2 
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Index of Terminology 

^-curve, 0.14.13 

adjacent facet, 1.3.2 

adjoint representation, 0.12.5, V.11.1 

admissible element u eY+, 0.8.4, (in N[Xe\), 0.14.6 

admissible pair (//, a), IV. 3.1, IV.9.1 

affine Lie algebra Q, 0.10.6, IV. 9. 2 

antipode, 0.2.10 

arrangement (real) 0.6.1, 1.3.1 

associativity condition, 0.3.6, 0.4.3, 0.7.3, 0.7.7 

baby Verma module, 0.2.17, 111.13.8 

balance, 0.2.18 

balance function, IV.2.4 

base (of a tree). III. 7.2 

bbrt category, IV.9.2 

braiding, 0.2.18 

braiding local system, 0.3.5 

branch, III.7.2 

canonical map, 0.6.6, 1.3.11, 11.7.10 
Cartan datum, 0.2.1 
cartesian functor, 0.15.8 
chamber, 1.3.1 
coaction, II. 2. 18 

cochain complex of an arrangement, 1.3.13 
cocycle condition, 0.8.5 

cohesive local system (CLS for short) H of level fj, (over P), 0.7.7, IV.2.8, (over C/S), 
0.14.4, (over A), III.8.4 

compatible isomorphisms, V.6.2 

comultiphcation, 0.2.10 

configuration space of colored points on the affine line, II. 6. 12 

concave complex, 0.9.3, IV. 4. 2 

convex complex, 0.9.3, IV.4.2 

conformal blocks, 0.10.3, IV. 5. 10 

conic complex, 1.2.13 

convolution, V.15.3 
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coorientation, 1.4.6 
cutting, III.2.2, III.7.2 
deleting morphism, 0.14.20 
depth, II.2.2 

determinant line bundle, 0.14.1, V.2.2 

diagonal stratification, II. 6.1 

dominant weight. III. 18.2 

dropping. III. 2. 2 

dual cell, 1.3.2 

dualizing complex, 1.2.5 

edge (of an arrangement), 0.6.1, 1.3.1 

elementary tree, III. 7. 2 

enhanced disk operad. III. 7. 5 

enhanced graph, 0.14.13 

enhanced tree. III. 7. 3 

enhancement. III. 7.3 

face, 1.3.1 

facet, 0.6.1, 1.3.1 

factorizable sheaf (supported at c), 0.4.3, III. 4. 2, (finite, FFS for short), 0.4.6, III. 5.1, 
(over ^A, ^I), III.9.2 

factorization isomorphisms, 0.3.5, 0.4.3, 0.7.3, 0.7.7, V.2.2, V.16.6 

first alcove, 0.10.2 
flag, 0.6.1, 1.3.2 
fusion functor, V.18.2 

fusion structure, 0.15.1, (of multiplicative central charge c), 0.15.8, V.18.2 

g'-admissible element of N[X^], V.2.1 

51-admissible pair, V.16.2 

gi-positive m-tuple of weights, V.17.1 

generahzed vanishing cycles of /C at a facet F, 1.3.3 

generahzed baby Verma module. III. 14. 10 

gluing, 0.5.8, 0.8.6, III.10.3, IV.3.5, V.16.6 

good Ao-tuple (w.r.t. (^,z/)), 0.14.15, 0.14.22 

good object (w.r.t. u"*" or u~), 0.9.2 

good resolution (right or left), 0.9.4 

good stratification, 1.2.9 
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good surjection, IV.4.3 
half-monodromy, II. 6. 2, II. 8.1 
height (of tree), III.7.2 
Heisenberg local system, 0.14.11, V.2.2 
Hochschild complex, II. 3.1 
homogeneous element, II. 2. 2 
i-cutting. III. 2. 3 
I-sheaf, V.12.2 
level, 0.7.7 

local system of conformal blocks, 0.11.7, IV.9.2 
marked disk opcrad, III. 7. 7 
marked tree. III. 7. 6 
marking, 1.3.2 

maximal trivial direct summand, 0.10.1, IV. 5. 9 

modular functor, V.18.2 

multiphcative central charge, 0.14.12 

nearby cycles, 1.2.11 

neighbour (left), II.6.2, II.8.1 

open /-colored configuration space, 0.3.5 

operad of disks, III. 7. 3 

operad of disks with tangent vectors T>, 0.7.2 

orientation sheaf 

perverse sheaf, 0.2.4, 1.2.9 

Poincare groupoid, 1.4.1 

positive facet, 0.6.1, II. 7.1 

positive flag, II. 7.1 

positive m-tuple of weights, IV.8.3 

principal stratification, II.7.1, II.7.14, III.7.9, IV.3.2, V.16.3 

quantum commutator, II. 2. 20 

quantum group with divided powers, IV.6.1 

real arrangement, 1.3.1 

refinement, II. 3.4 

regular object, 0.16.1 

regular representation, 0.12.3, V.10.1 
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regular sheaf, 0.13.3, V.14.2 

relative singular n-cell, 1.2.7 

rhomb diagram, 0.3.5 

ribbon category, 0.2.23 

rigidity, IV.4.4 

rigid object. III. 15.3 

root datum, 0.2.1 

semiinfinite Ext, Tor, 0.9.7, IV.4.7 

sewing morphism, 0.14.20 

shape (of a tree). III. 7. 2 

simple sewing, 0.14.20 

sign local system, 0.3.9 

skew-antipode, 0.2.10 

skew-E^-equivariant morphism, II. 6. 12 

small quantum group u, 0.2.10, u^, 0.2.12 

standard local system, 0.3.10, (X-colored, over D), 0.7.5 

standard braiding local system (over the configuration space ^(2)°), 0.5.6 

standard sheaves, 1.4.5, III. 6.1 

Steinberg module. III. 16 

Steinberg sheaf, III. 16 

substitution isomorphism. III. 7. 3 

tensor product of categories. III. 10.2 

tensor structure (rigid), 0.2.14 

thickness, III.7.2 

toric stratification, III.2.7, III.7.9 
tree, III.7.2 

two-sided Cech resolution, IV.8.5 

unfolding, 0.3.1, II.6.12 

universal Heisenberg local system, 0.14.18 

vanishing cycles, 1.2.11 

vanishing cycles of /C across F, 0.6.2 

vanishing cycles at the origin, 0.6.7 

variation map, 0.6.6, 1.3.11, II. 7. 10 

Verma module, II. 2. 15 
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weight, 11.2.1 

Weyl group, 0.2.2, III. 18.3 
X-colored local system over T>, 0.7.3 
young tree, III. 7. 2 



